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Abstract

We present a theory of strategic voting that predicts (1) elections are more likely to
be close, and (2) voter turnout is more likely to be high when citizens possess better
public information about the composition of the electorate. These findings are disturb-
ing because they suggest that providing more information to potential voters about
aggregate political preferences (e.g., through pre-election polls, political stock markets,
or expert forecasts) may actually undermine the democratic process. We analyze both
small and large elections. We show that if the distribution of preferences is common
knowledge, then the unique type-symmetric equilibrium leads to a stark neutrality result
in which the probability that either alternative wins the election is % We demonstrate
that this neutrality result is endemic to large elections. By contrast, when citizens
are ignorant about the distribution of preferences, the majority is more likely to win
the election and expected voter turnout is lower. Welfare is, therefore, unambiguously
higher when citizens possess less information about the distribution of preferences.
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The time has come, I think, to advocate the unspeakable in a forthright and
unapologetic manner, and not in the facetious or peripheral way that tradition
and circumstance have heretofore demanded. By our rules of procedure, and by
any scientific method of counting or reckoning under these rules, the race for
the presidency has ended in a flat tie and should be decided by the toss of the

coin ...

—Stephen Jay Gould, Boston Globe, November 30, 2000.

1 Introduction

The U.S. presidential election of 2000 between George W. Bush and Al Gore resulted in a
virtual tie. Gore won the national popular election by 532,994 votes or just 0.35%. Bush
won the popular election in the decisive state of Florida by 537 votes or just 0.008%. Bush’s
ultimate margin of victory in the Electoral College was a mere 5 of 537 votes, the thinnest
margin since Hayes beat Tilden by a single vote in 1876. While the U.S. presidential contest
of 2000 is one of the most notable elections in recent history to result in a virtual tie, it
is not the only one. The Washington State gubernatorial race of 2004, for example, was
decided by 129 votes in a hand recount of over 2.9 million ballots.! Similarly, the 1997 race
for the U.K. House of Commons seat for Winchester resulted in a deadlock, the official count
separating the top two candidates by only 2 votes out of 52,198 cast. The two vote margin
was disputed and the election was ultimately decided by a court-ordered special runoff.?
Indeed, as Barone (2006) notes, close elections appear to be an increasingly common part
of the political landscape in modern democrracies. The very contentious 2006 national
elections in Mexico and Italy were each decided by a margin of less than 1%. Also, Canada
and Germany have governments headed by leaders of center-right parties that have only
a plurality of parliamentary seats that came in ahead of their center-left predecessors by
small margins.

In this paper we present a theory of strategic voting that predicts that elections are more
likely to be close and voter turnout is more likely to be high when citizens possess better
public information about the composition of the electorate. These findings are disturbing

because they indicate that providing more information to potential voters about aggregate

See http://www.cnn.com/2005/allpolitics/01/12/washington.governor.ap,/#contentarea.
2See http://news.bbc.co.uk/vote2001/hi/english /voting_ system/newsid_1171000/1171887.stm.



political preferences (e.g., through polls, political stock markets, or expert forecasts) may
actually undermine the democratic process.

To further motivate this idea, it is worth noting that a simple analysis of the 27 election
outcomes since 1900 indicates that the U.S. presidential race has become more closely
contested over time as citizens have gained access to new sources of information such as:
radio, television, and the Internet. Specifically, let t = 1,2, ... ,27 and let y; be the fraction
of the popular vote received by the winner in election ¢, where ¢ = 1 represents the election

of 1900 and ¢ = 27 the election of 2004.2 An ordinary least squares regression of the equation

yr = Bo + Bit

yields the following estimates: ;5 = 0.5971 with T-statistic 34.7, and 87 = —0.0107 with
T-statistic 2.27.* Hence, there is support at the 95% level of confidence for the hypothesis
that the margin of victory in presidential elections has fallen over the past century. While
this is, of course, not a direct test of our model, it does provide intriguing prima facie
support for the idea that increased voter access to information over time is associated with
closer elections.’

Our theory is built on a model in which citizens possess private valuations over electoral
outcomes and in which voting is costly.® Within this framework we explore two informa-
tional regimes, one in which the distribution of political preferences is common knowledge
(the informed-voter setting) and one in which citizens are symmetrically ignorant about
this distribution (the uninformed-voter setting). In each regime we characterize a unique
type-symmetric Bayesian Nash Equilibrium (BNE) in which all citizens randomize between
voting for their preferred alternative and abstaining.” We further show that this is the
only behavior consistent with a symmetric BNE of the voting game when the population of

citizens is sufficiently large.

3The source for the data is http://presidentelect.org.

4This is obviously an overly simplistic analysis since the fraction received by the winner must always be
non-negative and in a two-party race must be no less than 50%.

SFor direct statistical evidence that polls influence voter turnout, see Sudman (1986) AND West (1991).
Klory and Winterz (2006) present evidence (from experiments and recent U.S. gubernatorial elections) that
the publication of poll results may actually help the majority win when the population is closely divided.
They find that members of the majorty are most likely to abstain in very lopsided electorates.

SCitizens in our private-values model are differentiated by their intrinsic preferences over political alter-
natives. Hence, we do not study the information aggregation problem that is the focus of common-value
models such as Feddersen and Pesendorfer (1997, 1998).

"Mixing arises from the assumption that all citizens possess the same cost of voting. As we discuss in
the Conclusion, however, our main findings are robust to a ‘purified’ version of the model in which voting
costs are independently and privately drawn from a continuous distribution.



We compare expected equilibrium outcomes across the two informational environments
and find stark differences. First, in the informed-voter setting, the probability that either
alternative wins the election under the mixed-strategy BNE equals % regardless of the
distribution of political preferences or the cost of voting. This neutrality result stems from
the fact that individuals who expect to be in the minority vote with higher probability
than those who expect to be in the majority in equilibrium. In other words, individuals
who expect to be in the minority suffer less from the free-rider problem. Indeed, their
lower expected numbers are offset exactly by their greater expected participation, so that
the expected equilibrium number of votes for each alternative is the same regardless of the
actual distribution of preferences.®

In the uninformed-voter setting, however, citizens are not able to base their voting
decisions on the distribution of political preferences, since they know only their own types.
In fact, given a symmetric common prior over the parameter governing the distribution of
tastes, it follows that all citizens vote with the same probability regardless of type. This
equilibrium probability of voting is strictly positive, and the majority group, therefore, wins
the election with probability strictly greater than % Importantly, it is also possible to show
that expected equilibrium voter turnout is lower in the uninformed-voter setting. Hence,
the uninformed-voter setting gives rise to elections involving higher expected social benefits
and lower expected social costs. In other words, when citizens possess less information
about the political landscape, elections are both more democratically efficient (the majority
is more likely to win) and more economically efficient (fewer resources are expended in the
election).

Since many — if not most — important elections involve a large number of potential voters,
it is crucial to know whether the uninformed-voter setting continues to yield higher welfare
in the limit as the number of citizens tends to infinity. In this context, it is possible to show
that the equilibrium number of votes for each alternative correspond to independent random
variables following Poisson distributions with endogenously determined means.’ Armed
with this fact, it is straightforward to verify the asymptotic superiority of the uninformed

voter setting. Indeed, our strongest result holds in the limit as the number of citizens

8The stark nature of this neutrality result arises from the simplifying assumptions underlying our model.
A qualitatively similar finding would, however, continue to hold in a less stylized but less transparent setting.

9This finding is reminiscent of Myerson (1998, 2000). There are, however, two important differences.
First, the means of the Poisson distributions in our model are determined endogenously. Second, they are
finite when voting costs are positive.



tends to infinity and the relative cost of voting approaches zero. In this key situation, the
alternative favored by the majority wins the election with probability arbitrarily close to 1
when citizens are uninformed but only with probability % when they are informed.

Our private-values costly-voting model follows in the tradition of the pioneering works
by Ledyard (1984) and Palfrey and Rosenthal (1983, 1985). Ledyard (1984) is primarily
concerned with formalizing political competition in a setting with rational voting and en-
dogenously determined political alternatives.!® Palfrey and Rosenthal (1983, 1984) focus
on the issue of equilibrium voter turnout. In their 1983 paper, Palfrey and Rosenthal con-
sider a costly-voting model with complete information and characterize a large number of
equilibria, some of which involve significant voter turnout. In their 1985 paper, however,
they consider a modified model in which citizens are privately informed about their cost of
voting. This gives rise to a unique equilibrium in which only citizens with costs below an
endogenous threshold vote.!!

More recent papers in the private-values costly-voting paradigm include Campbell (1999)
and Borgers (2004).12 Campbell (1999) studies a model in which members of the minority
group possess stronger political preferences (higher values or lower costs) than members of
the majority. He presents a limit result that is similar in spirit to our neutrality finding in
the informed-voter setting. Specifically, Campbell finds that the minority group wins the
election with probability no less than % when the number of citizens tends to infinity. While
Campbell’s findings are both intriguing and enlightening, there are some key differences be-
tween his analysis and ours. First, our neutrality result holds even in small populations
when voting costs are not too small. Second, Campbell is primarily concerned with ex-
plaining the disproportionate influence of zealous minority groups on democratic outcomes
rather than on the informational issues at the core of our analysis. Hence, Campbell does
not consider the impact of public information on electoral outcomes or voter turnout.

Borgers (2004) investigates a version of our informed-voter setting in which it is com-
mon knowledge that the distribution of political preferences is symmetric (i.e., each citizen

is equally likely to prefer either alternative). In this context, Borgers shows that equilib-

OFor recent work on strategic candidacy, see Dutta, Jackson and Le Breton (2001). For an intriguing
comprehensive study of the origins and persistence of democratic institutions, see Acemoglu and robinson
(2006).

1 Aldrich (1993) surveys the three main theories of voter turnout, including strategic models with costly
voting.

12Gee also Osborne, Rosenthal and Turner (2000) who investigate strategic costly participation in meetings
rather than elections.



rium voter turnout maybe excessive, and he argues cogently that compulsory-voting laws,
therefore, make little sense. While Borgers’ model is elegant and his findings regarding
equilibrium expected voter turnout are significant, his analysis differs markedly from ours.
First, because it focuses on symmetrically distributed types, Borgers’ model cannot address
the electoral bias at the heart of our analysis. Second, Borgers (2004) does not consider
the impact of public information on expected turnout or electoral outcomes. Finally, Borg-
ers restricts attention to small populations of potential voters while our results are most
powerful in large elections.

Two other recent papers related to this investigation are Krasa and Polborn (2005) and
Goeree and Grosser (2006). Krasa and Polborn generalize the Borgers (2004) model to
incorporate a general distribution of political preferences and a large electorate. They also
derive an asymptotic neutrality result, which leads them to recommend subsidizing voter
participation. Our findings, by contrast, illustrate that political neutrality can be broken
with even lower turnout than in the Krasa and Polborn model if voters are uncertain
about the distribution of political preferences. Goeree and Groser (2006) also study the
impact of information on electoral outcomes. Several of their findings regarding the effect
of information in small elections have analogues in our analysis. Goeree and Groser do not,
however, investigate large elections, the setting in which our most important findings are
demonstrated.

Finally, Bernhardt, Duggan, and Squintani (2004) investigate a setting complementery
to ours in which candidates learn about voter preferences through polls. They find that
citizens prefer private polls to public ones because public polls induce the candidates to
cluster their platforms around the preferences of the median voter. Hence, the electorate
may be better represented when candidates possess less information about voter preferences.

In the next section we set out the model. Sections 3 and 4 contain the analysis of
the informed-voter setting and the uninformed-voter setting respectively. In Section 5 we
perform welfare comparisons across the two regimes. Section 6 contains an extension in-
vestigating the impact of increased uncertainty on the equilibrium in the uninformed-voter
setting. We conclude in Section 7 with a brief discussion of three avenues for possible future

research. Several technical lemmas and the proofs of all results appear in the Appendix.



2 The Model

Suppose that there are n > 2 risk-neutral agents who may cast a vote in an election
between two alternatives, A and B. Each agent is one of two types, one who prefers A or
one who prefers B. A type t agent receives a gross payoff normalized to 1, if alternative ¢ is
implemented and 0 otherwise for ¢ = A, B.!3 The cost of voting is ¢ € (0, 1] for all agents.'*
Hence, each agent possesses two (relevant) actions, to abstain or to vote for his preferred

alternative.'> The ex post payoff of a type t agent is given in Table 1.

t wins | ¢ loses
Abstain | 1 0
Vote l1—¢c |0—c

Table 1: Ex post Payoffs

Agents simultaneously choose whether to vote. The election is decided by majority rule
and ties are broken by a fair coin toss. Each agent privately knows his type but believes
that the preferences of the other agents are determined by realizations of 4.i.d. random
variables where the probability that an agent is type ¢ is Ay € (0,1) and A4 + Ap = 1.

We compare type-symmetric Bayesian-Nash Equilibrium (BNE) outcomes of the class
of voting games just described across two informational settings. In the informed-voter
setting, the value of )\; is common knowledge among all agents. In the uninformed-voter

setting, all agents possess a non-degenerate common prior over possible values of \;.

3 Informed Voters

Let ¢ € [0, 1] be the probability that a type-t agent votes (i.e., he abstains with probability
1 — ¢¢). A symmetric BNE in this setting is a pair of probabilities (¢4, ¢p) such that it
is optimal for a type t agent to vote with probability ¢; when all other agents adhere to
this strategy. To find such an equilibrium, note that a type ¢ agent compares the expected
payoff from voting, U}, to the expected payoff from abstaining, UL.1® Let A; = U} — UY

denote the net expected utility for a type t agent from voting.

BTo avoid repetition, whenever we use t and t' below, we mean ¢,t' = A, B and t # t'.

14 Assuming an identical fixed cost for all agents is clearly a simplification. However, as we discuss in the
Conclusion, our main results , especially those pertaining to large elections, would not change, if we extended
the model to allow for heterogenous private costs of voting across agents as in Palfrey and Rosenthal (1985).

15 Abstaining strictly dominates voting for one’s less preferred alternative.

6The expressions for these expected payoffs are recorded in the proof of Lemma 1 in the appendix.



In order to write A; in a more useful form, let the exr ante probability that a type
t agent votes be denoted by oy = A;¢:. Hence, the ex ante probability of abstaining is
1— a4 —ap. Also, recall that the number of ways k4 agents can vote for A, kp can vote for

B, and n—1—k4 — kp can abstain is given by the trinomial coefficient ( ka kg nn__ll_ ko ks) =
(n—1)!

Falkp(n—1—ka—kp)!"

LEMMA 1. The net expected utility to a type t agent from voting can be written as

Ay = %Pt(at,at,,n) —c, "
where
=,
Pi(ag, ap,m) = kz_o <I<:, bom—1— 2k>afaf§,(1 o — a1 o)
[222) . . »
+ pr <k=k+17n—2—2k>atat' (1— oy — o) 7

for t =A,B, t #t, and |-| is the usual operator that rounds a number to the lower

integer when necessary.

This lemma has a very intuitive interpretation. It says that the net expected utility to
a type t agent from voting is composed of three parts. Specifically, P;(ay, oy, n) is the ex
ante probability that his vote is pivotal. The first summation in (2) is the probability that
his vote breaks a tie (i.e., the event that k of the other agents vote for each alternative and
n — 1 — 2k of them abstain). The second summation is the probability that his vote creates
a tie (i.e., the event that k of the other agents vote for alternative t, k + 1 vote for ¢/, and
n — 2 — 2k abstain). In each case, the agent’s vote raises the probability of winning by %
The third term in equation (1) is simply the agent’s cost of voting.

A convenient feature of Lemma 1 is that the net expected utility from voting can be
expressed entirely in terms of the ex ante probabilities, a4 and ap. This derives from
the fact that A4 and Ap are common knowledge. In other words, each agent knows the
probability that each of the other citizens will vote for alternative ¢ is ay = A¢¢¢. This along
with the symmetry of the net-expected payoff functions given in (1) imply the following

result.

PROPOSITION 1. (Weak Neutrality in Small Elections) Suppose (¢4, ¢p) is a symmetric
BNE in totally mized strategies; i.e., 0 < ¢ < 1 for t = A, B.



(a) The ex ante probability that an agent votes for alternative A equals the ex ante proba-

bility that he votes for B,

Aaga = Apodp.
(b) Both political outcomes are equally likely in equilibrium,

1
Pr{t wins|\} = 3

This result is disturbing. It says that in a mixed-strategy symmetric BNE, the proba-
bility that either alternative is implemented does not depend on \;. Hence, the alternative
that is preferred by the expected majority wins the election with the same probability as
the one that is preferred by the expected minority.

The intuition underlying this result rests on a delicate trade-off between an agent’s
incentive to win the election and his incentive to free ride on other voters who likely share
his preferences. For instance, if A4 > %, then a type A agent knows that he is most likely
a member of the majority and he has a relatively high incentive to free ride (i.e., he votes
with lower probability). On the other hand, a type B agent knows that he is most likely
a member of the minority and he has a relatively low incentive to free ride (i.e., he votes
with higher probability). Remarkably, these effects exactly balance in equilibrium leading
to a situation in which the inherently stronger position of a type A agent is completely
neutralized.!”'®

Since the neutrality result in Proposition 1 presumes that the agents play a symmetric
totally mixed-strategy BNE, it is important to determine the conditions under which such

an equilibrium exists. Let o denote the ex ante probability that an agent votes for one of

17 Another way of understanding the neutrality result is to note that each agent can vote with a probability
up to 1. Hence if, in a symmetric BNE, type B agents, i.e., the minority fall short of probability 1, then
they must be “neutralizing” the majority.

¥Partial evidence in favor of our neutrality result comes from the frequent failure of pre-election polls in
predicting the election outcomes. For instance, Jowell, Hedges, Lynn, Farrant and Heath (1993) report that
in the 1992 British election, while all polls predicted a very close finish, with the Labor Party victory, the
Conservatives in fact won with a significant lead of 7.6 percent. Similarly, Durand, Blais and Vachon (2001)
record that in the 1998 general elections in Quebec, public polls overwhelmingly predicted an easy victory
for the ruling Parti Quebecois, a party dedicated to Quebec sovereignty. Yet, the Quebec Liberal Party
ended up winning. Finally, Durand, Blais and Larochelle (2004) note that in the 2002 French presidential
elections, although polls consistently predicted a matchup between the incumbent president, Jacques Chirac,
and the incumbent prime minister, Lionel Jospin, in the second round, Jean-Marie Le Pen from an extremist
right-wing party instead finished second. Interestingly, a common defense by the pollsters has been the weak
turnout by the expected majority on the election day.



the two alternatives in a symmetric totally mixed-strategy BNE (when one exists). Since
the ex ante probability that he votes at all is 2«, it must be that 0 < a < % In order to
find a mixed-strategy equilibrium, it is, therefore, necessary to find a solution in this range

to the polynomial indifference equation
1
§P(a,n) —c=0, (3)

where P(a,n) = Py(a, a,m).
The function P(a,n) gives the probability that a given agent’s vote is pivotal when the
other n — 1 agents vote for each alternative with ex ante probability « and abstain with

probability 1 — 2a.
LEMMA 2. P(a,n) is strictly decreasing in a € |0, %]

Hence, the probability that a given agent’s vote is pivotal is lower when all other agents
vote with higher ex ante probability. An important implication of this result is that there is
at most one solution to the polynomial indifference equation (3). Furthermore, there exists
a solution if and only if 3P(0,n) > ¢ and $P(3,n) < c. Let a*(c,n) denote the solution
when it exists. Note that existence of a*(¢,n) is necessary but not sufficient for existence
of a totally mixed-strategy BNE. In particular, existence of a totally mixed-strategy BNE
also requires 0 < ¢y = a*(¢,n)/ A < 1.

PROPOSITION 2. (Characterization) There exists a unique symmetric mized-strateqy BNE
if and only if

c(n) <ec<

(4)

N —

and

a*(e,n) < <1—a"(e,n), (5)

<n7;11> <%> , ifn is odd
c(n) = n?l 1\" (6)
< n > <—> , if n is even.
5 2

10

where



Condition (4) specifies the range of voting costs for which a solution a*(c,n) € (0, 3]
to (3) exists. Specifically, if ¢ > %, then the unique BNE is for all agents to abstain. A
deviating agent would surely be pivotal (P(0,n) = 1), but deviating is still not profitable
(3P(0,n) < ¢). On the other hand, if ¢ < ¢(n), then at least one type of agent must
vote with probability 1 in equilibrium since a*(c,n) > 1.1 When (4) is satisfied, existence
of a symmetric totally mixed-strategy BNE also requires that A; not be too extreme. In
particular, if (5) fails, then the agents in the expected minority will be unable to neutralize
the expected majority even when voting with probability 1.

As an illustration of Proposition 2, suppose n = 2. In this case o* = 1 — 2¢. Hence, a
symmetric mixed-strategy equilibrium exists if and only if ¢ € (i, %) and A\ € (1 — 2¢,2c).
In fact, this example corresponds to the most stringent setting possible, as we demonstrate

in Lemma 3 below.
e Large Elections

Given that many key elections involve a relatively large number of potential voters, we
now investigate the informed setting for n — co. Since we are ultimately interested in social
welfare, we characterize not only the election outcome but also the expected turnout in the
limit. But, we first record that the region of the parameter space where the totally mixed

strategy BNE prevails grows with the size of the electorate.

LEMMA 3.

(1) c¢(n) is decreasing, and converges to 0 as n — oo.

(ii) o*(¢,n) is decreasing in n, and converges to 0 as n — oo.
(iii) P(cof(c,n), a5 (e,n),n) — 2¢ as n — oo.

Next, we determine the expected turnout in the limit. To do so, let X; be the number
of votes for alternative t, and Xy = n — X4 — Xp be the number of abstentions. Using this

notation, a type t agent’s vote is pivotal if and only if X; = Xy (his vote creates a tie), or

19 And that type is more likely to be the minority. Note that the intuition in Footnote 12 now implies that
neutrality is likely to breakdown when the cost of voting is small; simply because the minority may not be
able to neutralize the majority even if they turn out to vote with certainty. However, below we show that a
totally mixed strategy BNE always exists when the population is sufficiently large.

11



X; = Xy + 1 (his vote breaks a tie). Hence, the probability that his vote is pivotal can be

written
P(caf(e,n),a;(e,n),n) = Pr{X; = Xy} + Pr{X; = Xy + 1}. (7)

Now, observe that (X 4, Xp, Xo|n) ~Multinomial(a (¢, n), a5 (¢, n), 1—a’y (¢, n)—aj(c,n)|n).
Although, for a fixed n, the random variables, X4 and Xp, are clearly correlated,?® the
following lemma shows they are independent in the limit. Let m; = lim, .o naj(c,n) be

the expected equilibrium turnout for type t citizens in the limit.?!

LEMMA 4. The limiting marginal distributions of X4 and Xp are independent Poisson
distributions with means m4 and mpg, respectively. Hence, the limiting distribution

of X4+ Xp is also Poisson with mean ma + mp.

In light of Lemma 4, let f(k|u) be the p.d.f. for a Poisson distribution with mean pu.
Recall that f(k|u) = “k,i!w for k =0,1,... Combining (7) and Lemma 4, it follows that

lim Pi(aj(n),ap(n),n) = lim [Pr{X; = Xy} + Pr{X; = Xy + 1}]

n—oo

= Zf(k!mt)f(k\mt/) —i—Zf(k\mt)f(k—F 1jmy) (8)
k=0 k=0
= o (my, my).

Moreover, using part (iii) of Lemma 3, eq.(8) implies that the equilibrium limiting

turnouts (in the Informed regime), m/, and m%, must solve
! (ma,mp) = 2c and &L (mp, m4) = 2c. 9)

PROPOSITION 3. (Strong Neutrality in Large Elections) In the informed regime, for any
voting cost ¢ € (0, %) and any distribution of preferences Ay € (0,1), there exists a

critical population size m such that n > 7 implies the existence of a unique symmetric
BNE. Moreover,

(a) lim, . Pr{Alternative t wins|\;} = 3.

I .
(b) mi =mb = MT, where the expected aggregate turnout, M’ € (0,00), uniquely solves
I(M My _
)] (7, 7) = 2c.
20The correlation coefficient is —na*?(c, n).
21Tt can be easily verified that these limits exist and they are finite.
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Part (a) of Proposition 3 is a direct implication of Lemma 3, and shows that the neutral-
ity result identified in Proposition 1 is endemic to elections with large populations. In other
words, when the distribution of voter preferences is common knowledge, large elections are
likely to be close even when the expected fraction of the population preferring one of the
alternatives is arbitrarily close to one and the cost of voting is arbitrarily close to zero. As
explained in Proposition 1, this disturbing neutrality result is a consequence of the strategic
voting behavior that arises when agents have good information about voter preferences. In
particular, when informed, agents tailor their voting decisions to reflect the relative size of
the group to which they belong.

Part (b) of Proposition 3 points to an additional kind of neutrality result, which is absent
in small elections. It says that in large elections, the expected turnouts for both groups
are independent of the distribution of voter preferences.?? That is, two large elections with
At = % and \; = % result in the same expected turnout for each alternative, even though
intuition suggests that the first one should be closer.

Next, we characterize the strategic voting behavior in the uninformed-voter setting.

4 Uninformed Voters

Consider a setting in which \; is not common knowledge. Specifically, suppose that before
learning their types, the agents’ beliefs about A; correspond to a non-degenerate common
prior distribution. For ease of exposition, assume that the prior is symmetric and defined
over a finite set of values, A! > A2 > ... > X, where r > 2.2 Symmetry of the prior
requires Pr{\; = \'} = Pr{\y = '} = 0° € (0,1), for s = 1,...,7. This implies that
E[N] = % Also, after learning their types, agents’ updated beliefs are

Pr{\; = X[t} = 20°\".

Notice Pr{\; = X[t} > Pr{\; = A’} if and only if A’ > 1. That is, upon observing their

220f course, the equality of turnouts is an artifact of the assumption that the cost of voting is the same
for both types of agents. However, it should be clear from (9) that even if costs were different, the limit
turnouts would still be independent of the distribution of political preferences, i.e., A;. Moreover, this result
is robust to an extension with private cost of voting, where each agent draws his cost from a distribution.
For more on this point, see the discussion in the Conclusion and in Taylor and Yildirim (2006) for a formal
derivation.

23Symmetry of the prior is assumed both for simplicity and in order to isolate the role of information as
distinct from any ez ante advantage. It is worth emphasizing, however, that the welfare results presented
below are conditioned on the realization of \’; i.e., we do not assume that actual political preferences are
symmetrically distributed.
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own types, agents put more weight on being in the majority—a fact that will be useful in
developing the intuition below.

As in the informed-voter setting, a symmetric BNE in this context corresponds to a pair
of voting probabilities (¢4, ¢p). Moreover, (¢4, ¢p) is a symmetric BNE in totally mixed

strategies if and only if it satisfies the indifference conditions

1

S B[P (Mide, by )] — ¢ =0, (10)
where P;(-,-) is defined in (2).

PROPOSITION 4. (Non-neutrality) Suppose (¢4, ¢p) is a symmetric BNE in totally mized

strategies. Then,
(a) da=dp=29.

(b) For n < oo, Pr{t wins|\; = A’} > L if and only if X' > 3.

Part (a) of this result indicates that any symmetric BNE in totally mixed strategies must
be strongly symmetric in the sense that all agents vote with the same probability regardless
of type. The intuition is straightforward. When the prior is symmetric, an agent who
discovers that he is type A learns as much about the environment as an agent who discovers
that he is type B. Hence, both types vote with the same probability in equilibrium. This
contrasts sharply with part (a) of Proposition 1 where it is shown that agents in the expected
minority vote with higher probability than those in the expected majority. This effect is
absent in the uninformed-voter setting because no agent expects to be in the minority
conditional on learning only his own type. In particular, E[\|t] = 2E[\7] > 1.

Next, consider part (b). Because both types of agents vote with the same probability,
it follows that the alternative with the expected majority is strictly more likely to win the
election. Again, this contrasts with Proposition 1 where it was shown that each alternative
was equally likely to win when \; was common knowledge.

In order to characterize a symmetric BNE in totally mixed strategies in the uninformed-
voter setting, we use ¢4 = ¢ = ¢ and note that the expected probability of being pivotal

in equilibrium is

|75
Q(¢,n) = E[Pi(A\g, (1= M), n)lt] = Y 20°T(¢,n|Aa = X) (11)

i=1
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where we define

T(¢,n[da = XN)=XPa(Ng, (1 —N)g,n)|A] + (1 = N)Pp((1 — N)$, N, n)|B] (12)
=), o
= Z <k, kon—1— 2k> (N(1— )\Z))k(b2k(1 _ ¢)n—1—2k

k=0
[252

n—1 i1 \iyk+L 2K+ \n—2—2k
023 (s tom g gp) O XD g

Hence, the equilibrium ¢* must solve
1
5Q(6.m) —c=0. (13)

PROPOSITION 5. In the uninformed setting, there exists a unique symmetric BNE in totally

mized strategies if and only if c(n) < c < %, where

nt+1
c(n)2"E (N2 (1— )\t)zl] , if nis odd,
c(n)2"E |(Ae(1 — )\t))%] ) if n is even.

Similar to Proposition 2 of the preceding section, this result characterizes the region of
the parameter space where the unique symmetric BNE in totally mixed strategies obtains.
Specifically, if ¢ > %, then no agents vote in equilibrium, and if ¢ < ¢(n), then they all
vote with certainty.?? In order to facilitate comparison with the informed-voter setting, it

is necessary to know how ¢(n) compares with ¢(n).
LEMMA 5. For any n, c(n) < ¢(n).

Lemma 5 indicates that if a symmetric BNE in totally mixed strategies obtains in the
informed-voter setting, then an analogous BNE obtains in the uninformed-voter setting as
well. This is because agents are more likely to follow a mixed strategy when they are in the
majority. In the uninformed regime, this is exactly what all agents think after updating
their beliefs about \; based on their own types.

Next, we consider the large election properties of the uninformed regime.

e Large Elections

24Recall, however, that in the informed-voter setting, if ¢ < ¢(n), then agents in the minority group vote
with certainty, whereas agents in the majority might still mix.
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The analysis in this section essentially mimics that presented for the informed regime.

We first note the following intuitive observation regarding the probability of voting.
LEMMA 6. ¢*(n) strictly decreases in n, and converges to 0, as n — oo.

That is, the equilibrium probability of voting becomes negligible in large elections.

Now, recall that X; and Xy denote the number of votes for alternative ¢, and the number
of abstentions, respectively. It is clear that (X 4, X5, Xo|n) ~Multinomial(A4¢*(n), Apé*(n), 1—
¢*(n)|n). The following result parallels Lemma 4.

LEMMA 7. The limiting marginal distributions of Xa and Xp are independent Poisson

distributions with respective means AaM and ApM, where M = lim, . n¢*(n).

We now re-write the pivot probability in (11) in terms of X4 and Xp. To do so, we first

observe that
T(¢*(n),n|da = X) = Pr{Xp = Xa} + 2\ Pr{Xp = X4 +1}. (14)

Hence,

+

L]
lim Q(¢*(n),n) = Y 20’ lim [Pr{Xp = Xa} +2)\ Pr{Xp = Xa + 1}]

n—oo

i=1
|5 o0 00

= > 20" [ FRINM)F(R|(1 = N)M) + 227> F(RINM) f(k + 1](1 — X)M)
=1 k=0 k=0

= oY (M|6, A

;From (13), the expected aggregate turnout, MY, is determined by
dY(MA,\) = 2¢. (15)

PROPOSITION 6. In the uninformed regime, for any voting cost ¢ € (0, %) and any distrib-
ution of preferences (\,0), there exists a critical population size T such that n > T implies

the existence of a unique symmetric BNE. Moreover,
(a) limp—oo Pr{t wins|\; = X'} > I if and only if X' > 3.

(b) lim,, o lime_,o Pr{t wins|\; = X'} = 1if and only if \' > %
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(c) mY = AaMY, and mY = A\ MY, where the aggregate turnout, MY € (0,00), uniquely
solves (15).

Part (a) of Proposition 6 indicates that the non-neutrality result identified in Proposition
4 remains valid for large elections. The reason is that while the probability of voting becomes
negligible, the aggregate turnout is still significant, and without an electoral bias under the
uninformed regime, large elections favor the majority. In fact, as the cost of voting converges
to zero, the aggregate turnout grows so large that the majority wins with virtual certainty,
which is recorded in part (b). The last part of Proposition 6 simply says that the expected
turnout by each type of citizen is proportional to the fraction of that type in the population.
This contrasts with the informed case where the expected turnout is equal across groups

regardless of the initial distribution of preferences.

5 Welfare Comparison

Armed with the equilibrium outcomes of the two informational regimes, we are now ready to
investigate their implications for social welfare. The expected social welfare in this context
is the difference between the expected social benefit and the expected social cost. Given
the payoff structure in Table 1, and conditional on A4 = A, the expected social benefit is
B(¢,n|Aa = \) = Pr{A wins|] A} \in + Pr{B wins|1 — \'}(1 — A\¥)n, whereas the expected
social cost is C(¢,n|Aa = AV) = eXign+c(1—A)¢5n. Hence, the expected social welfare is
W (p,n|Aa = \') = B(n|]As = \) — C(n|Aa = A\Y). From an ex ante point of view however,
since the realization of A4 is unknown, we compare the ex ante social benefit, cost and

welfare for a given 6, which we write as

B(6,A\,n) = > 6'B(¢,n|rs =N,
i=1

C0.xn) = ) 0°C(g,nra =X,
i=1

W(0,\,n) > 0W (g, nlra = N).
=1

The following result lays out a central finding of this paper.

PROPOSITION 7. (Welfare) Suppose (4) and (5) hold so that a symmetric totally-mized

strategy BNE obtains in either informational setting. Then, for all n < oo
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(a) T (0,\,n) >T" (6, \n),
(b) B'(0,\,n) < B" (6, \n),

(c) WI(H,)\,n) < WU(H,)\,n).

Part (a) reveals that the expected social cost of voting is strictly greater under the
informed regime, which is equivalent to saying that the expected turnout is higher. The
intuition behind this result is easily grasped. For any ), the expected equilibrium voter
turnout is 2a*n in the informed-voter setting and ¢*n in the uninformed-voter setting.
To see that 2a* > ¢*, consider a situation in which agents vote with the same ex ante
probability, 2a = ¢, in each setting. In this case, a voter in the informed situation has a
higher probability of being pivotal than one in the uninformed situation, P(a,n) > Q(¢,n).
The reason is that when agents have better information, they are better positioned to vote
strategically. Specifically, with better information, agents who expect to be in the minority
vote with higher probability and agents who expect to be in the majority vote with lower
probability. This voter-composition effect leads to a closer election and higher probability
of being pivotal in the informed-voter setting when the ex ante probability of voting is the
same across regimes. Of course, in equilibrium the probability of being pivotal must equal
2c¢ in both settings. This, however, requires agents to vote with higher ex ante probability
in the informed-voter setting, 2a* > ¢*.

Part (b) of Proposition 7 says that the ex ante social benefit is strictly higher in the
uninformed regime than in the informed one. The expected social benefit is maximized
when the alternative that is preferred by the majority group wins. As explained above,
this is more likely to be the case with the uninformed regime. In particular, in a large
election with a small cost of voting, the majority wins with probability close to 1 under the
uninformed regime whereas this probability still remains at % under the informed regime.
Together with part (a) and (b), it follows that expected welfare is unambiguously higher
when agents are uninformed about the composition of the electorate, as recorded in part
(c).

An implication of this finding is that the public release of information that resolves all
uncertainty about the distribution of voter preferences reduces welfare. The reason for this
inefficiency is twofold. First, when the distribution of voter preferences becomes common

knowledge, each agent knows exactly whether he belongs to the expected minority or the
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expected majority group. In this instance, as explained following Proposition 1, each agent
tailors his voting strategy to his expected group size so that in equilibrium each group is
equally likely to win the election. When no information about the distribution of voter
preferences is provided, however, each agent votes with the same equilibrium probability,
making the expected majority more likely to win, which is obviously better for expected
welfare. Second, as Proposition 7 reveals, the expected total cost of voting is smaller when
voters are uninformed. The reason is that when uninformed, all agents put more weight on

being in the majority and hence possess less incentive to vote.

6 Uncertainty and Welfare

To this point we have compared two informational regimes, and showed that the uninformed
regime outperforms the informed one in expected social welfare. Under the uninformed
regime, agents are ignorant about whether they belong to the majority or minority. Al-
though this uncertainty leads them to vote less vigorously and keep social cost lower than
under the informed regime, it also reduces electoral bias and increases the probability that
the majority wins. Staying within the uninformed regime, a natural question is then to ask
whether greater uncertainty results in higher social welfare. To investigate this issue, we

first define the degree of uncertainty via a mean-preserving spread over 6.

r41

DEFINITION. (Mean-Preserving Spread) Let ¢ = (0V,... ,HL P J/,... ,0) and 6 =

r+1 r41

6. .. ,HL 2 J, ,07) be two symmetric distributions over {\!,. .. ,/\L P J, S AT

Distribution 0" is said to be a mean-preserving spread of 6 if there is some ig €
{1,... | =]} such that

0" > @', ifi=1,... i
0" <0, if i=ig+1,...,[=2].

The following result shows that increasing uncertainty about political preferences not
only improves the chances of the majority winning the election but also reduces the expected

cost of voting by reducing the incentive to turnout.

PROPOSITION 8. Let 0’ and 0 be two symmetric priors that induce respective equilibrium
voting probabilities ¢'* and ¢*. If 0’ is a mean-preserving spread of 6, then for any

n (finite or infinite),
(a) ¢ < ¢
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(b) B(0',\,n) > B(0,\,n)
(c) W(0',\,n) >W(0,\n).

The intuition behind part (a) is obvious. When agents are more uncertain about political
preferences, they expect that the election is less likely to be close, which, in turn, makes
their votes less pivotal, curbing the incentive to turnout. This reduces the expected social
cost. Part (b) is, however, less obvious. To see this, recall that the expected social benefit
increases if and only if the probability of winning for the majority increases. However, by
encouraging fewer citizens to vote, greater uncertainty adversely affects this probability.
What part (b) shows is that the positive direct effect of greater uncertainty outweighs the
negative strategic effect. The last part then follows from part (a) and (b).

7 Conclusion

In this paper we have explored the impact of public information about the composition of
the electorate on equilibrium voting behavior. Our theoretical findings demonstrate that
providing more information of this kind to potential voters harms the democratic process.
It biases electoral outcomes toward the alternative preferred by the minority and it leads
to higher expected aggregate voting costs.

Although we have employed a standard costly voting model where voters possess intrinsic
preferences (i.e., private values) over electoral alternatives and a fixed identical cost of
voting, the model can be extended in various ways to lend additional realism and provide
guidance for policymakers. In what follows, we briefly discuss three possible extensions of

the basic model.

e Cost Uncertainty. Our assumption that all agents possess the same cost of voting
is clearly a dramatic simplification. We have, however, investigated a more realistic
setting where agents’ costs are drawn independently from a continuous distribution
G(-) defined on [cg, ¢1] as in Palfrey and Rosenthal (1985).2> Our analysis revealed that
all results except for the weak neutrality finding in Proposition 1 remain essentially
unchanged. In particular, the strong neutrality result under the informed regime, and

the main welfare conclusions continue to hold under cost (or benefit) hetrogeneity. The

2°In a companion paper [Taylor and Yildirim (2006)], we study a model much like the one under the
informed regime but with cost uncertainty.
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breakdown of weak neutrality under the informed regime implies that the majority is
more likely to win the election when the population is finite, although an under-dog
effect still obtains that gives the minority a disproportionate probability of winning.
The intuition is as follows. As noted in Proposition 1 (see also footnotes 7 and 14),
weak neutrality requires that voting cost not be so small as to violate the mixed
strategy equilibrium. Otherwise, even if the minority agents vote with probability 1,
they will be unable to completely neutralize the majority, and thus for small costs, the
majority is more likely to win. When costs are drawn from a continuous distribution,
the equilibrium must account for all possible cost realizations (including the small
ones), implying that the majority wins with probability greater than % In a large
election, however, only the agents whose costs are close to the lower bound ¢y vote.
In this case, the equilibrium conditions coincide with the setting studied above with
voting cost equal to ¢y. Hence, the probability that either side wins is 1/2 independent

of X\ in this case.

e Common values. It seems plain that in many elections voters are motivated pri-
marily by their fundamental ideologies. Party affiliations and political labels such as
Liberal and Conservative obviously connote intrinsic differences in ideological princi-
ples. Hence, in elections where ideologies are especially important, the findings pre-
sented in this paper regarding the release of public information sound a precautionary
note.?6 Nonetheless, it is reasonable to suppose that some fraction of citizens may be
non partisans whose objective is to elect the “best” or “most qualified” candidate. It
would, therefore, be very interesting to investigate the role of public information in a

richer model that allows for both partisan and nonpartisan citizens.

e Endogenous Source of Information. To the extent that opinion polls, political
stock markets, and expert forecasts contain real information about voter sentiment,
our analysis reveals that their publication may actually impede efficiency, giving rise to
closely contested elections with excessive voter turnout. Before firm policy conclusions
can be drawn, however, future research must investigate the endogeneity of the source
of information about political preferences. In particular, given the feedback we find

between information and equilibrium voting behavior, it is important to understand

26See Hansen, Palfrey and Rosenthal (1987) for empirical evidence in favor of private-values costly-voting
models.
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the incentives for individuals to report their true preferences to pollsters and the

incentives for pollsters and pundits to disclose publicly and fully any information they

obtain.2’

2TOttaviani and Sorensen (2005) consider competition among forecasters whose payoffs depend on the ez
post accuracy of their forecasts. The difference in an election context is that accuracy depends on the voters’
endogenous behavior.
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Appendix
Proor or LEMMA 1: First, note that a type ¢ agent’s respective expected payoffs from

voting and abstaining are given by

n—1
U£=Z< L )At (L= 2)"1" kZ( ) AR
k=0
Rl n—1—k kyr n—1l—k—k,, n—1-— ki n—1—k—k¢
<D )=o) o (M) eka - o)
k=0 v i
t
Lin—=1=k\ r+ n—2—k—ky
+2< ke + 1 > AR -

n—1
Uto _ (nk >)\t1_ nlkz< > _¢t)k_kt

k=0
ke—1 Sk , ) L
’ |:kzo <n ky >¢§t (- gby)"_l_k_kt’ + 2 <n ky >¢kt(1 — v )n_l_k_kt .
Thus,
n—1
At Ut th0 — Z <n k >At At n—1—k Z < > _ qbt)k_kt (A-l)

k=0

B enearn()

1/n—1- kt'i‘l n—2—k—ky 1 _
+§< ki + 1 >¢ (1= 4v) (2” -

Now, recall that ay = A\@y. Define 8, = A(1 — ¢¢). By substituting these and noting the
following facts,
AR = ARk
(1 _ /\t)n—l—k — (1 _ /\t)kt(l _ /\t)n—l—k—kt
(1 _ /\t)n—l—k — (1 _ /\t)kt—i-l(l _ )\t)n—2—k—kt’
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equation (A-1) reduces to

12 =1\ < [k
_ = - ki nk—kt
At—2z <k‘>z<kt> b
k=0 k+=0
n—1-k ke an—1—k—k; n—1—Fk kt+1”2kkt _
X<< kt )O‘t e RS e ‘
t

2_:<n—1>< ><n_;_k>aft04§tﬁf ktﬁn 1—k—ky
poard t
L72

— n—1 n—1—k k¢ kt+1kktn2kkt
Ok:< ><k’t>< ki +1 >t By By c.

Moreover, given the following two combinatorial identities

S IO RAREIN e
(R s ) (3732

Ay simplifies to

M\‘

Il
=)

l\DI»—\
| I—

and

nl

n—1 aktaktri:l — 2k Bi—hi g1k
kt,k‘t,n—l—Qk t ' = k—k t

k=0
1 < n—1 >aktakt+ln§_:l<n_2_2kt>ﬁk kugn-2-k=ke _
2&:0 keke +1n—2—2k) " " =\ k= ky !
1 Lz n—1 k_k n—1-2k
=3 > <I<: kon — >at@t/(ﬁt+ﬁt')
n2|

n—1 okt n—2—2k
2 <k,k+1,n—2 2/<;> (Be + Br) “

where, w.l.0.g., we change index of summations to k.

The expressions in (1) and (2) then follows by simply observing that 84 + g = 1 —
ag —ap. B

PrROOF OF PROPOSITION 1: In a symmetric BNE in totally mixed strategies, we must

have A; = 0, or equivalently

1
§Pt(at7at’) —c=0 (A—2)
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for t,t’ = A, B and t # t'. Solving (A-2) for ay, we obtain

252

2c— 3. (k,k,zzi—zk)afaf’(l — oy — )"

2
> (k,k+1737:i2—2k) Ozfozf,(l —ay — ay )22k

Hence, a4 = ap, or equivalently a4 = Apop.
To prove part (ii), let ay = « in equilibrium. Note that the probability that alternative

A wins given that an odd number k of citizens vote is

(D)1 = 20a)"*(2a)k <Za:0 (lj)o‘k_jaj>
(M (1 = 2a)n=F (20 (E?=o (7)ot~ aj) |

Factoring o out of the summations and canceling like terms in the numerator and denom-

inator yields

>0 (5)

If an even number k£ > 0 of citizens vote, then a tie occurs in the event that j = % of them
vote for alternative B, in which case the election is decided by a coin toss. Hence, the

probability that alternative A wins is

L

o )+ (1) (3)
=0 (5)

Finally, if k£ = 0 citizens vote, then A also wins with probability % |

1
5
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PRrROOF OF LEMMA 2: We simply differentiate P(«, n) with respect to «

[%5]
0 B (n—1)! _ el
5o Plasn) = 2 (k!)2(n—1—2k)!2ko‘2k Y1 — 2a) 172k
Lz (n—1)! 2% n—2—2k
-y (1o 2(n — 1 —2k)(1 — 2a)

k=0
252 ]
(n—1)! o
" o El(k + 1)(n —2 — 2k)! (2k + 1)a2k(1 — 2a) 2-9k
s (n—1)!
=D WD i 2= 2= 2k - 207

Next, we combine the first summation with the last one and the second summation with

the third one,

23]
) 2% . S
8—aP(a,n) <(n-1)! ; (k‘!)Q(n—l—Qk)!a% L(1 — 20)n 172
SR 2(n — 2 — 2k) 2t (1 _ gyn—3-2k
- kzzo Kk + 1)l(n—2 — 2k~ o
[222)
2k + 1 2(n — 1 — 2k) o
+(n— 1) kZ:O </<;!(/<;+1)!(n—2—2k)!_(k;!)2(n—1—2/<;)!> - 20
2t |-
B 2(k + 1) e
= (S ECES T ) A U A
|23
2n — 2 — 2k) s
N kZ:O k!(k+1)!(n—2—2k)!a2k+l(1_2a) o
( 1)|LnTZJ< 2k +1 2 > 2k(1 9 )n—2—2k
tin= L kzzo Kk+ Dln—2—2k)!  (&)2m-2—2k0) " ©
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2(n — 2 — 2k) 2(k +1) g
< (n— 1) kz:% (k;!(k: T —2-2k)  ((k+1)2(n—1-2(k+ 1))!) o1~ 20)7
132

2k + 1 2 o
+(n—1) 2 (k:!(k T —2—20)!  (B)2n—2- 2k:)!> o (1 - 20)" .
Because

2(k+1) 2(n — 2 — 2k) o

(F+ 102 —1—-2k+ 1) Kk+1D(n—2—2k)!

and

2k + 1 B 2 o 1
Elk+1)!(n—2-2k)! (ND2n—2-2k)!  Kl(k+1)!(n—2—2k)
it follows that

, 222 1
Y < _ _ I 2k _ n—2—2k .
ga (@) s —n—1) kzzo R DI —2 =2 2 <0.®

PROOF OF PROPOSITION 2: Since, from Lemma 2, P(a,n) is strictly decreasing in
a € [0, 4], there is at most one solution to 3P(a,n) — ¢ = 0. Moreover, a solution exists
if and only if 2P(0,n) — ¢ > 0 and $P(3,n) — ¢ < 0. It is easy to verify that P(0,n) =1
and %P(%,n) = ¢(n) as given in (6). Hence, there is a unique solution o*(¢,n) to equation
(3) if and only if ¢(n) < ¢ < % For a*(¢,n) to be part of an equilibrium, it also needs
to satisfy: (1) 0 < ¢y = w < 1, and (2) 0 < ¢p = O‘;SC)’\?) < 1, or equivalently

t

a*(e,n) < <1l—a*(e,n). A

PRrROOF OF LEMMA 3: To prove part (i), note that

c(n+2) _{ i, ifnis odd

c(n) Z—I;, if n is even,
which, given ¢(2) = ¢(3) = 1, reveals
o
LTI %, if n is odd
— k=0
=13 (A-3)
% %, if n is even.
k=0
Since % < 1, ¢(n) is decreasing. Moreover, ¢(n) < b(n) for some sequence b(n) =
n
k+1 . . 1 . . . . .
kgo wrs- Simple algebra shows b(n) = NaESL which implies nh—>H<;lo b(n) = 0. Hence,
lim ¢(n) = 0.
n—oo
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To prove that a*(¢,n) is decreasing in n, it suffices to prove P(a,n) is decreasing in n.

By definition,

L2 B
P(a,n) = P(ayn+1) = » (k;!)2((:— 11)l %)!oﬂ’fu — 2q)n 12k (A-4)
k=0
+ anT:QJ (’I’L — 1)' 2k+1(1 —9 )n—2—2k _ % n! 2k(1 _9 )n—2k
2 Bk Di(n—2— 2k “ 2 (RD2(n — 2k)1 “

| "5 ol

a kZ:O kl(k+ 1D)(n — 1 — 2k)!

a2k+1(1 . 205)n_1_2k.

Before signing this expression, we suppose that n is odd, and re-write the third summa-

tion:
EI
: a2k 1 20 n—2k
2 (k1)2(n — 2K)! ( )
n—1
N 2k (n—1)! ok _—
n—1
=N
(n — 1)! 2k n—1-2k
==z 1-2
oz 2o (B2 (n —1—2k)1" (1=20)
n—1
=R
(n — D! 2k—1 n—2k
+2a§:: (k‘—l)!k:!(n—%)!a (1—-2a)
n;l
(n — 1)! 2k n—1-2k
=(1=2 1-2
. = (k)?*(n—1- 2k)1 " (1=20)
nfl_l

2 (n—1)!
20 kZ:O Mk + 1)l(n -2 — 2k)!

2k+1 (1 o 2a)n—2—2k2.
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Inserting this into (A-4) and canceling terms yield

n—1
2
(n—1)! n—1—
P(a,n) — Play,n+1) = 2@2 02— 1 2]{:)'@%(1 — 2a)" 12k
(k! !
n=l_g
2
(n—1)! 2k+1 —2-2%
1-2 1—2a)"
+{1-2) kzzo RET )2 = (72
n—1
n! 2k+1 n—1-2k
— 1-2
kz:% T D =12 (72
nfl_l
: 2 1 (n—1)! ki1
— 1-2 n—1-2k
kZ:O <n—1—2k * /<;+1> TEm—2—o (172
n—1
<= n! oo 2(n —1)!
— Z o?F (1 — 2a)n 172k 4 ——-a"
— El(k +1)!(n —1—2k)! (251)
nfl_l
2
(n—1)! 2%h+1 n—1-2k
= 1) — 1-2
kzzo (1) =n) gma =T o (2
2(n —1)! !
+ (: ) a” — " 'a" > 0.

(4 1)
Given that a*(c,n) is decreasing in n and bounded below by 0, it converges to some cy >
0. Suppose ay > 0. Since P(a,n) is continuous in «, it follows that lim %P(Oég, n)—c =0,
n—oo
or lim P(ay,n) =2c > 0.
n—oo
We now argue that for ay > 0, lim P(ay,n) = 0. To see this, note that since P(ay,n)
n—oo
is decreasing in n, it converges to some h(ay) > 0, and so does its subsequence P(ay,n+ 1),

where, by definition

z n!
Play,n+1) = ﬁ(mzk(l — 2(14)”_%
2 (k1)2(n — 2K)!
n;l
n! 2k+1 n—1—2k
1-2
* kz:% R D =1 =2 (120
LR (n—1)!
=(1=2 2k 1-—9 n—1-2k
(1= 2a) kz_o w2k R =1 — 2 (20
n—1
— n (n—1)! 2%-+1 2-2k
1—2ap)" "
) TG T i e (4 2e0)

k=0
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Since, for a fixed k, hm ﬁ = lim —'=; = 1, we have nh_)ngo Ploy,n+1) = (1 —

n—~0o0
20y) lim P(ay,n), or, equlvalently 2ah(cy) = 0, yielding h(ay) = lim P(ay,n) = 0. This
n—oo
contradlcts lim P(ay,n) = 2c # 0. Hence, ay = 0. The same exact arguments hold for an

n—oo

even n.

The last part simply follows from (3). B

PrOOF OF LEMMA 4: Note that (X4|Xp) ~ Binomial(n — Xp, lfégz)n)). Since

lim [(n— Xp) ca(n)

s T—af(ny|

it follows (see Billingsley 1995, Theorem 23.2) that
(Xa|lXB) 2, Poisson(m 4),
which is independent of Xp. The same argument shows
(XB|Xa) D, Poisson(mp).
Hence, the limiting distributions of X4 and Xp are independent, which further implies
(Xa+ XB) D, Poisson(ma +mp). A

PROOF OF PROPOSITION 3: Proposition 2 and Lemma 3 directly imply the existence
of a unique symmetric BNE for a sufficiently large n and any (A, ¢) pair. Similarly, part
(a) follows from Proposition 1 and Lemma 3.

To prove part (b), first note that eq.(9) implies m% = mbL. This means, after substituting
for mf = mb = %, eq.(9) reduces to @I(%, %) = 2c. Next, we show that <I>I(A24, 1‘2/[) is
strictly decreasing in M. Differentiation yields

d =M M =1 21<;M2k1 =1 (2k+1)M*
S =e [Z 2222

a5 b G DRIk + 1)

1 M2k 0 1 M2k+1
~ 2 e 2
2k (|1)2 2(k+1) ! |
prd 22k (k!) =2 (k+1) El(k + 1)!

ol 1 2(k 4 1)MARFD-T 1 (2k+1)M?*
=€ [Z 20+ ((k+1)1)? T 22 220:+1) " fl(k + 1)!

k=0
et o M2k+1

1 M2k 1
DIETEEE)Y
P 22k (k)2 P 22(k+1) El(k + 1)!
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Since the first and last summations cancel out, we have

d M M 2k & 2k
M u 22 1 (2k+1)M 1 M
d 27 22(

—H TN — _ -
( DRIk + 1)) 2 22 (k1)2

2

© 11 2k
. §(2/<;+1)_ 1M
Z[ kvl e <

k=0

It is easy to verify that H(0,0) = 1 and limp/—oo H(%, &) = 0, which imply

) —2¢] <0.

M M
H(0,0) —2c>0and lim [H(—,

—00 2

Hence, there is a unique M7 € (0,00) that satisfies H(¥, &) =2c. B

PROOF OF PROPOSITION 4: To prove part (a), suppose (¢4, ¢p) is a symmetric BNE
in totally mixed strategies. Then, eq.(10) implies

E[Ps(Aada, (1 —Aa)op)|A] = E[Pp((1 — Aa)¢B, Aaga)|Bl. (A-5)
Next, we establish
E[Pp(1 — Aa)¢p, Aaga)|B] = E[Pa(Aadp, (1 — Aa)gpa)|Al. (A-6)

To see this, note from (2) that

22,
E[Pp((1 = Aa)¢B,Aaga)|Bl = K’f Eon—1— 2k>
k=0 T

X 2292 — M) NP (1= N)pp)F (1 — Npa — (1 — Ai)qu)“—l—%]

) .
* kzzo [(k‘,k‘—l—l,n—Z—ka)

% 2262(1 _ )\2)()\Z¢A)k+l((1 . Al)(bB)k:(l o )‘Z(bA o (1 o )\i)qu)n—Z—Zk] )
i=1
Now, by symmetry of the prior

2201 = X)) (1= N)gp)" (1 = Nga— (1= N)pp)" 712

Z 20N () E (1= A=) ga) (L= At — (1= A+ )pa)" T ]
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and

ZQ@i(l - )\i)()\i(ﬁA)k—i—l((l _ )\Z)(ZﬁB)k(l _ )\i(lsA _ (1 _ Ai)¢B)n—2—2k

i=1

= Z [292')\@14()\"HJ(;SB)'“((l — )\T+1*i)¢A)k+1(1 — Nr+imigp — (1 — )\T-+17i)¢A)n—2—2k ‘
i=1

Substituting these equalities into the above expression for E[Pg((1—\)¢p, Aad4)|B] yields
(A-6). Next, combine (A-5) and (A-6) to get

E[Pa(Aada, (1 — Aa)¢B)|A] = E[Pa(Aads, (1 — Aa)pa)lAl.

To derive a contradiction to this, suppose w.l.0.g. that ¢4 > ¢5. We show that this implies

E[Ps(Aada, (1 — Aa)¢B)|A] — E[Pa(Aads, (1 — Aa)pa)lA] < 0.

(From (2) we have

E[Py(Aa¢da, (1 —Aa)¢B)|A] — E[Pa(Aadn, (1 — Aa)pa)|A]
e n—1 " S )
- Z [<k bom—1— %) Z26W(A’(1 —\)paop)"
k=0 T i=1
x ((1 o )‘Z(bA _ (1 _ Ai)¢B)n_1_2k _ (1 _ )\2qu . (1 . )\i)qu)n—l—Zk)]

|52

n—1 iy i k
s [<k7k+1,n—2—2k>;20)‘()‘ (1= XN)padp)

k=0
X (1= M)om(1l = Na = (1= X)pp)" 272 — (1= X)pa(l = Ngp — (1= N)ga)" 2]

Both of the double summations in this expression are negative. To see that the first one is
negative, consider the inner summation
D 200N (N (1L = N)pagp)
i=1
% ((1 . )\Z(bA _ (1 _ Ai)¢B)n_1_2k _ (1 _ )‘Z(bB . (1 . )\i)qu)n—l—Qk) )

Use symmetry of the prior to combine terms 1 and r, 2 and » — 1, and so on, to get

=)
> 200N = DN (1= A)gagn)

=1
X <(1 — AZ@A _ (1 _ Ai)¢B)n—l—2k _ (1 _ >\Z¢B _ (1 _ Ai)¢A)n—1—2k) )
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(If r is odd, the expression is still valid in this case since the term involving )\Lr_ﬂ | = %
2

is automatically zero.) If k = ”T_l, then each term in this summation is evidently zero. If

k< "T_l, then each term is negative. To see this, note that 2\’ — 1 < 0 because we are

summing over the left half of the distribution. Moreover,

6a>p = (1-2X)¢a > (1-2X\)¢p
= 1= Nopa—(1—A)gp >1—Nop—(1—\)pa
= (1 . )‘Z(bA . (1 . )\i)(bB)n—l—Qk > (1 _ )\Z(bB _ (1 _ Ai)¢A)n_1_2k-

A similar argument shows that the second double summation in the above expression is
also negative.

The proof of part (b) closely follows the proof of its counterpart in Proposition 1. Given
$A = ¢p = ¢ from part (a), the probability that alternative A wins when an odd number

k of citizens vote is
(1= o4k (555 (YA ((1 = Ao
(D)1= 6 ¥k (Thg (Yaeli(1 = Aa)oy)

Factoring ¢* out of the summations and cancelling like terms in the numerator and denom-
inator yields

520 (AT (1 = Ay
P (PYRICEPYIEN

Since zj —0 ( ))\k (1 = A4)7 = 1, the probability that A wins is equal to

()

which is greater than % if and only if A4 > %

Fﬁf

If an even number k > 0 of citizens vote, then a tie occurs in the event that j = % of

them vote for alternative B, in which case the election is decided by a coin toss. Hence, the

(3)

probability that alternative A wins is

<k> AT A+ <g> SEPY

J

-1

[N

[SIEa

i=0
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To evaluate this probability, note that

z (=i (5w + (E)ria -t (3)]
B (G- (oo ()]

Since (];) = (kﬁ j), the probability that A wins is strictly greater than % if and only if
/\A > %
Finally, if £ = 0 citizens vote, then A wins with probability % |

PROOF OF PROPOSITION 5: Recall from (11)

2] |

Qon) = 3 W T(p,nlrg = N,

i=1
where T'(¢,n|Aa = A!) is defined in (12). First, we show that Q(¢,n) is decreasing in ¢
for ¢ € (0,1). To do so, it suffices to show each term T'(¢,n|As = \) is decreasing in ¢.
Differentiating yields

9 R n—1) | |
8—¢T(¢7n|/\A = )\Z) =2 Z:: (k; — 1)|kl(n 1 2k)' ()\1(1 _ )\Z))k¢2k—l(1 o ¢)n—1—2k
= (n—1)! . ,
_ Z (k')2(n —9_ Qk)! ()\’(1 — )\Z))k(b2k(1 - ¢)n—2—2k
k=0

252)
o 2k + 1)(n—1)!
XA =AY kzzo Rk + 1)(n —2 — 2k)!

L= (n—1)!
—2X\(1 = X)) kZ:O Kk + 1)!(n — 3 — 2k)

(/\2(1 _ )\Z))k¢2k(1 _ ¢)n—2—2k

'()\2(1 - )\2))k¢2k+1(1 o ¢)n—3—2k.

Since
S S R T
2o ki~ 1)IK(n — 1 - 2k)!
= e CE ] (1 gty _ gynetei
=2)\1(1 - \Y) kZ:O (k)!(k+1)!(n_3_2k)!(A(1—A))<z5 (1-9¢) :
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we have

9 i (n—1)! i i\k 12k n—2—2k
+ 2)\2 )\z 2k +1 (Tl — 1) ()\Z(l - AZ))k¢2k(1 - ¢)n—2—2k

k-'k:+1 )W(n — 2 — 2k)!

=y
Z ()\i(l — X))k (1 — )22k

= k=0 )2(n — 2 —2k)!
[%32]
1 (2k +1)(n — 1)! Z i o
+§ k=0 El(k+ 1)!(n — 2 — 2k)! ()‘( )\))k(b2k(1_¢) 22k
%52
1 (n—1)! i ,' .
o2 k=0 El(k+ 1)!(n — 2 — 2k)! ()‘ (1—)\))k¢2k(1_¢) 2-2k _ ().

where we use the fact that 2X(1 — A1) < 1.

Given that Q(¢,n) is decreasing in ¢ € (0, 1), (13) has a unique solution ¢*(n) € (0,1)
if and only if %Q(O,n) —c¢ > 0 and %Q(l,n) — ¢ < 0. Noting Q(0,n) = 1 and defining
c(n) = $Q(1,n), the result follows. W

Proor oF LEMMA 5: When n is odd, note that

n—1

2“292 (AT (1 - )T 2”29%( >T
n—1

:g(n)2"% (i) = ).

The same argument proves the case for n even. H

PROOF OF LEMMA 6: Since Q(¢,n) is decreasing in ¢, it suffices to show Q(¢o,n) is
decreasing in n for a fixed ¢ € (0,1). To do so, we prove that each term T(¢,n|As = \?) is

decreasing in n. But this just mimics the proof of the similar result for a*(n) in part (ii) of

35



Lemma 3. In particular,

[%5*

=
T(p,n|da =) = T(p,n + 1|Ag = X)) = Z (k!)2((g:11)i 571 (N (1 = AD))Eg2R(1 — g)n1-2k
k=0 :
- (n—1)! i1 viv\k+1 2K+l . \n—2—2k
22 Tz N AT = 9)
k! ! !
[5] o - N
_kzo (kl)2(n_2k,)|(/\ (1 /\)) ¢ (1_¢)
|25 o | |
“2 ) T D ST e AT =g
k=0

5] ol ' '
];)M()‘Z(l _ )\2))k¢2k(1 o ¢)n—2k

= 2 (1 + 2k > (n - 1) (N (1 — X))k 2R (1 — g)n—2k

— n—2k) (k")2(n—1—2k)!
=(1-29¢) nf (n—1)! ()\i(l _ )\i))kqb%(l _ ¢)n—1—2k
2 (R)2(n — 1 — 2h)!
! (n—1)!

+2¢ kZ_O G T 22 (N (1 — N))RT g2kt () _ gyn—2-2k

Inserting this fact and simplifying terms yield

. . = n—1)!
T(¢,nda =) =T(g,n+1Aa=N) =) (k:')2((n — i)— 2k)
k=0 V"

'()\Z(l _ /\i))k¢2k+1(1 _ ¢)n—1—2k

2y )
+ 2)\1’(1 _ /\z) Z k'(k — 1(;(n i)'z — 2k)' ()\1(1 _ Ai))k¢2k+l(1 _ ¢)n—l—2k
= ! !

i i n! i1 vivk 2kl 12k
2N (1 A)Z%k!kﬂ' TN (1= A1 - ) > 0.

The same exact argument follows for n even. Finally, similar arguments for lim o*(n) =

0 show lim ¢*(n) =0. W
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PrROOF OF LEMMA 7: This uses the exact lines in the proof of Lemma 4, except that
we replace ayq(n) with Ag¢*(n), and ap(n) with Agp¢*(n). B

PrOOF OF PROPOSITION 6: The existence of a unique symmetric BNE follows from
Proposition 5, Lemma 5, and the observation that lim, . c¢(n) = 0 by part (i) of Lemma

3. Now, we prove the remainder of the proposition.
(a) Observe that X4 ~ Poisson(AMY) and X ~ Possion((1—A\)MY). Now, for \g = \Y,
. ; 1
Pr{A wins|\'} > 3

o Pr{X4 > Xg} + %Pr{XA — Xp} > Pr{Xp > X4} + %Pr{XB — X4}

& Pr{X4 > Xp} > Pr{Xp > X4}

D A =AM FERNMY)Y > FEINMY) (R - X)MY).
=0 k=j+1 =0 k=j+1

Now, suppose ! > % and consider the following sequence of implications where k # j:

> % e N> 1-)N) e AT > 1 - AH)kd
& (MU= A)MYY > (MY (1 - XY MY
& FEIL=X)MY) FRINMY) > FGINMY) f(kI(1 = A)MY)
SN G =AM FENMT) SN FEINMY) f(RI(1 = X MY,
J=0k=j+1 J=0k=j+1

The same arguement shows that Pr{A4 wins|A\’} < 3 if and only if A\* <

Pr{A4 wins|\'} = } if and only if A = 3.

1
29

and

(b),(c) Here, we first prove part (c). The fact that mY{ = AaMY, and m% = A\pMY
follows from Lemma 7. Moreover, one can easily show as in the proof of part (b) of
Proposition 3 that (1) ®Y(M|\, 6) is strictly decreasing in M, (2) ®Y(0|A,0) = 1, and
(3) limps oo ®Y(M]A, ) = 0. Hence, there exists a unique MY € (0,00) that solves
®Y(M|A,0) = 2c. From here, it also follows that MY is strictly decreasing in ¢, and
becomes arbitrarily large as ¢ — 0. Together with part (a), this proves part (b). Bl

PROOF OF PROPOSITION 7: Suppose (4) and (5) hold so that a symmetric totally-mixed

strategy BNE obtains in either informational setting. Each part is proven in turn.
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(a) Suppose n < oo. Since for Ay = A, CT(n|]As = \?) = 2nca*(n) by Proposition 1, and
[ WA * e : * ¢*(n
CY(n|Aa = X') = nce*(n) by Proposition 4, it suffices to show that a*(n) > #
Define ¢ = & and Pa(¢|n, Aa = \') = Pa(\'20, (1 — \)2¢,n). Then,

|2z
5 (7 iy _ n—1 o vifq vk T2k(1 o \n—1—2k
Pa(dln, Aa = ') = k; <k7k7n_1_2,€>2 (N(1 =)™ (1 = 20)
1232 01 .
- 2k+1/yiNk Ok 2E+1 _ Nn—2—2k
* <k‘,k‘—|—1,n—2—2kz>2 ()P = X)L — 29) ‘

k=0

Since 2A*(2(1 — \Y)) < 1, we have

[z
P j -1 ~
Pa(pln,Aa =\ < Z (k: N ;Z_ . 2k:> G2 (1 — 9yn—1-2k
k=0 5 vy
L]

RV n—1 k11 o \n—2-2k
+2(1-X) kZ:o <k‘,k‘+1,n—2—2kz>¢ (1-2¢) ’

T L. T L. .
Moreover, since 2310’)\’ =1 and 2:1 0N 2(1 — \%) < 1, it follows that
1= 1=

N in R RPN 1~
S ONPA(GInAx = X) = 2Q(23,m) < 3 P(,n)
i=1
Finally, Lemma 2 and the proof of Proposition 5 established that both P(¢,n) and
Q(2q/5, n) are decreasing in ¢, implying that o* > % where %P(a*,n) —c¢ =0 and
5Q2(%),m) —c=0.

For n — oo, we have C!(¢*(n),n|Aa = \') — cM! and CY(¢*(n),n|As = ') — MY,
where M! and MY satisfy ®/(&,2L) = 2¢ and ®Y(M|),0) = 2c, respectively. Since (1)
both @I(%, %) and ®Y (M|, 0) are strictly decreasing in M, (2) ®7(0,0) = ®Y(0|),0) = 1,
and (3) 3 0'A" = 3 and Y 0'A2(1 — ') < 3, a similar comparison to the case with n < oo

i=1 i=1

implies M1 > MV,

(b) Suppose n < oco. From Proposition 1 and 4, it is obvious that B!(¢,n| s = \) <
BY(¢,n|]Aa = X¥), and hence FI(G,)\,n) < FU(H,/\,n). This result also holds for
1

n — oo, because Bz A - ~ < 1hb
) BU (¢,n[Aa=N\) Pr{A winsAa=N N +Pr{B wins| A a=N }(1-N\) y

Proposition 4.
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(c) It directly follows from part (a) and (b). B

PROOF OF PROPOSITION 8. Let 6 be a symmetric distribution over a fixed support
A, and ¢*(6) be the equilibrium voting probability, which satisfies (13). Decomposing the

summation for some ig < LMJ, we re-write (13)

'r+1 7‘+1

t0—1 J T

Zel n),n|As = \) + Z 0)T(¢"(n),n|Aa = X0) + > 0'T(¢"(n),n|ha = X') =
1710 1=ip+1

(A-7)

Totally differentiating both sides of (A-7) w.r.t. some 6; (j # i, and j < L%J ), we obtain

0,T,(¢*(0), n|[Aa = M) + (4 — ; 09Ty (6" (60), n|A s = Aio)

To sign ¢;(0), first recall from the proof of Proposition 5 that %T(.) < 0. Moreover,
it is easy to verify from (12) that T(¢*(n),n|]Aa = ) is increasing in A' for A < 1,
stationary at \! = 2, and decreasing in \* for \' > % Thus, for any j < g9, we have
T(¢*(n),n|Aa = A®) — T(¢*(n),n|]Aa = M) > 0, which implies %(b*w) < 0. A similar
argument for any ig < j < LT’—JQAJ shows that %g‘b*(e) > 0.

These two observations reveal that if 8’ and 6 are two symmetric distributions such that
0’ is a mean-preserving spread over 6 as defined in section 6, then ¢*(0") < ¢*(9), proving
part (a).

To prove part (b), we recall the definition B(6, A\, n) and w.o.l.g., use a similar decom-

position as in part (a). This implies

'r+1 r+1
i0—1 J LTJ
B0, ), 6,n) Z 0°B(¢p,n|hs = \) Z 0)B(X°,¢,n) + > 6'B(¢,n|Aa = X)
i#£ig i=ip+1

(A-9)

where
B(¢,n|Aa = \") = Pr{A wins|Aa = X }\'n + Pr{B wins|Aa = AX'}(1 — \X)n.  (A-10)

Moreover, we have

Pridwinsiia = M =20 S (") (- N @) -

k=0 k'=k+1
Pr{B wins|]Aq = M} =Pr{A wins|As=1-\'}.
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Inserting (A-11) into (A-10), and then into (A-9) yields
B(0,6"(0)) = B0, A,6"(6).n).
Differentiating w.r.t. some 1 < j < ig implies

a o) * ) * *
87]_3(9@ 9)) + 53(9425 (0) 59" (6).
It is easy to show that gﬁ(@, ¢*(0)) > 0 because gB(gb,nMA =) >0, and

0 = N >0if1 <j<ig

(A-12)

iFrom the proof of part (a), this means for 1 < j < 4p, while the first term in (A-12) is

positive, the second term is negative. However, a tedious algebra shows that it is overall

positive. A similar argument shows that the overall sign is negative for ig < j < L%J

Together these two observations prove part (b).

The last part directly follows from part (a) and (b). B
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