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Consider column vectors x and y, both of length n, and a square n by n

matrix 7
T Y1 Zn Zi2 Zn
o | 2 R Y2 Cand Z— Z.21 22 Zon
T, Yn Z.m Zn2 Znn

Vector and Matrix Transpose
The transpose of the vector x and the matrix Z are
Zn Loy oo Zm
x! = r1 Ty ... Tp and Z' = Z:12 Z:22 Z:m
Zin Zon .. T

For column vectors x and y

For matrices A, B, C, D of appropriate dimensions,
T T | T
AB| |A|C
cC D| |BTD"|"

Symmetric Matrices

A square matrix Z in which Z;; = Zj; is called symmetric.
For all symmetric matrices Z = Z” .
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Products

The scalar product of the column vectors x and y is x’y and is a scalar,
Y1

Y2
Xy=|2T1 T2 - xn} : =T+ T T =Y X

Yn

The product Zx of the matrix Z and the column vector x is a column
vector
[ Zn Zh ... Zin Ty

Zor Ly ... Zop || T2
Zx = S . :
i an an ce Znn Tn

[ 21101 + Zisxs + ...+ L1200
291X, + ZLogxo + ... + Loy,

i 21 X1+ Lpoxo + ...+ LypTn

> 7
> Zoixi

X Znix

Likewise, x’'Z = [ Y xiZin XXl ... LTl

Fact: The transpose of a product is the product of the transposes,
Zx])T = xTZT

Proof:
zx]" = [Zzliﬂfi 3 Zoiwi ... szrz]
Z1 Zan ... Zm
Zva  Zz2 ... Zn2
xT'zT = [a:l To o+ Tp . . . .
Zln ZQn Znn
= [$1Z11+1‘QZ12+'“+1‘nZ1n T1421 + 22222 + -+ TnLon - I12n1+1322n2+'“+1‘n2nn]

[Z%‘Zu SwiZai ... Z%Zm]

[Zx]"
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The product x’ Zx is called a quadratic form and is a scalar.

x'7Zx = [331 To T

= [ Tr1 T2 Tk

121171 + x1 21222 + - -
ToZ91T1 + xolooxy + - -
TR L1 1 + Tp Lo + - - -

TnZn1T1 + Tplpoxo + -+

= [$1 x2 L

TIn

Zik
Loy,

Zln
Z2n
o |

Lk Zin

Zn? an Znn

[ Z11x1 + Z1gxe + - -
Zo1x1 + Logxog + - -

Zp111 + Zpaxo + -

| Zn1®1 + Zp2xo + -

+ 1 Z1pT) 4 -+ 21 L1 xn+
+ X9 ZopTp + - + T2 ZopTy + - +
+ TR Ly + o+ T LTy + -+
+ TnZpkxg + -+ TpLpnTn

[ > Zviw
> Zoix;

> L

L > ZniTi

+ Zigwp £ -
+ Zopay + -

-+ Zppr + -

A+ Ly -

= @1 Zuti+ 32y Zoiti+ Tk D Znii -+ Tn Y niy

Zj
1

Zji;
1

n
=

n

n o on
= Z Z ZCiZij.%j

i=1j=1

I
T2

Tk

In

+ Z1inxn
+ Zopxy

+ ZgnTy

+ ZpnTy
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Gradients

The derivative of a scalar ¢ with respect to a column vector x is called the
gradient and is a row vector.

Jq

1 { 9  9q¢ .. 9q }
6X 8:51 (3'£E2 al’n
If .,
g(x) =y X = y121 + Yoo + -+ Yoty = Y Yi;
then 5
9q _ T
Ix [ Yi Y2 Yn } Yy
If

q¢(x) = x'Zx

1 Z0%1 + 121270 + - -+ 21 21Tk + -+ D1 21T+

o 562221331 + QSQZQQICQ + o+ SUQZQkSCk + -+ Il?QZQnICn + -+
TRl + TplraXe + -+ TplpkTr + -+ TpLgnTn + o+
annlxl + ann2x2 + e+ annk‘xk; + e+ annnxn

then
dq
Or 0121+ Tolog + - Tp L -+ T Lpg +
Zml‘l + Zk2l‘2 + ot Lyt + Zkpy
= lez ik Z Zii;
and

dq
S - X L+ =x"Z+77] .

If g(x) = xTZx and Z is symmetric (Z = ZT) then

dq T
— =2x"7 .
ox X



