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Probability Distributions

1 Probability Distributions

Consider a continuous, random variable (rv) X with support over the domain X. The probability
density function (PDF) of X is the function fx(z) such that for any two numbers a and b with
a <b,

P[a<X§b]:/be($)da:

For fx(x) to be a proper distribution, it must satisfy the following two conditions:

1. fx(z) is positive-valued; fx(x) > 0 for all values of z € X

2. the rule of total probability; the total area under fx(z)is 1, [y fx(z) de =1

Alternately, X may be described by its cumulative distribution function (CDF). The CDF of
X is a function F'x(x) that gives, for any specified number x € X, the probability that the random
variable X is less than or equal to the number z is written as P[X < z|. For real values of z, the CDF
is defined by

b
Fx(@)=PIX <t = [ fx(@) da.

’ Pla < X < b = Fx(b) — Fx(a)

Every cumulative distribution function Fx(z) is a monotonic non-decreasing function.

By the first fundamental theorem of calculus, the functions fx(z) and Fx(x) are related as



A few important characteristics for the CDF of X are:

1. For any number a, P[X >a] =1— P[X <a]=1— Fx(a)

2. For any two numbers a and b with a < b, Pla < X <b] = Fx(b) — Fx(a) = f: fx(x)dx

2 Descriptors of random variables

The expected or mean value of a continuous random variable X with PDF fx(z) is
[e.o]
ux = E(X) :/ x fx(x) dx
—0o0

The expected value of an arbitrary function of X, g(X), with respect to the PDF fx(z) is
o0 = Elg0] = [ gla) fx(a) do

—0o0

The variance of a continuous rv X with PDF fx(z) and mean px gives a quantitative measure of
how much spread or dispersion there is in the distribution of x values. The variance is calculated as

o0

ok =V = [ @ ux)? fxlo) da

—00

The standard deviation (s.d.) of X is ox = y/V(X). The coefficient of variation (c.0.v.) of X
is defined as the ratio of the standard deviation ox to the mean ux:

ox
cx = —
nx

for non-zero mean. The c.o.v. is a normalized measure of dispersion (dimensionless).

A mode of a probability density function, fx(x), is a value of x such that the PDF is maximized;

%fx(ﬂﬁ) =0.

T=Tmode

The median value is is the value of x such that

P[X < xmedian] = P[X > xmedian] = FX(xmedian) =1- FX(xmedian) =0.5.



3 Some common distributions

A few commonly-used probability distributions are described at the end of this document: the uniform,
triangular, exponential, normal, and log-normal distributions. For each of these distributions, this
document provides figures and equations for the PDF and CDF, equations for the mean and variance,
the names of MATLAB functions to generate samples, and empirical distributions of such samples.

3.1 The Normal distribution

The Normal (or Gaussian) distribution is perhaps the most commonly used distribution function. The
notation X ~ N (ux,0%) denotes that X is a normal random variable with mean p1x and variance o'%.
The standard normal random variable, Z, or “z-statistic”, is distributed as N'(0,1). The probability

density function of a standard normal random variable is so widely used it has its own special symbol,

¢(2),

Any normally distributed random variable can be defined in terms of the standard normal random
variable, through the change of variables

X =ux+ox2.
If X is normally distributed, it has the PDF

1 7(1'*;!)()2

pete) =0 (1) = e

0Xx ok

There is no closed-form equation for the CDF of a normal random variable. Solving the integral

P(2) e /2 duy

1
B vV 27 /—oo
would make you famous. Try it. The CDF of a normal random variable is expressed in terms of
the error function, erf(z). If X is normally distributed, P[X < z] can be found from the standard
normal CDF

P[Xgac]_FX(x)_(I)(x;;LX> .

Values for ®(z) are tabulated and can be computed, e.g., the MATLAB command .
Prob_X_le_x = normcdf (x,muX,sigX). The standard normal PDF is symmetrlc about z =0, so

)
B(—2) = B(2), B(—2) = 1-(2), and PX > @] = 1~ Fx (&) = 1-& (& — pix)/ox) =  (x — 2)/0%).

The linear combination of two independent normal rv’s X; and Xs (with means p; and ps and
variances o7 and 03) is also normally distributed,

aX1 + bX, NN(am + bus, a2 + b0 ) :
and more specifically, aX — b ~ N (aux — b,a’c%).
Given the probability of a normal rv, i.e., given P[X < z], the associated value of x can be found from
the inverse standard normal CDF,

L — px

=2=0"YP[X <1]) .
ox

Values of the inverse standard normal CDF are tabulated, and can be computed, e.g., the MATLAB
command ...x = norminv(Prob_X_le_x,muX,sigX).


http://math2.org/math/stat/distributions/z-dist.htm
http://math2.org/math/stat/distributions/z-dist.htm

3.2 The Log-Normal distribution

The Normal distribution is symmetric and can be used to describe random variables that can take
positive as well as negative values, regardless of the value of the mean and standard deviation. For
many random quantities a negative value makes no sense (e.g., modulus of elasticity, air pressure, and
distance). Using a distribution which admits only positive values for such quantities eliminates any
possibility of non-sensical negative values. The log-normal distribution is such a distribution.

If In X is normally distributed (i.e., In X ~ N (i x,0mx)) then X is called a log-normal random
variable. In other words, if Y is normally distributed, e¥ is log-normal.

My = Hin X
2 2
Oy =0mx

The mean and standard deviation of a log-normal variable X are related to the mean and standard
deviation of In X.

1,
pnx =Inpx — 50 x
oty = (14 (ox/px)?)
If (ox/px) < 0.30, omx = (0x/px) = cx
The median, xy,, is a useful parameter of log-normal rv’s. By definition of the median value,
o (lnwm—ulx> — 05
Oln X

So,
In 2y, — pin x

Oln X

and, N Ty = pinx ¢ Tm = exp(inx) < fx = Tmy/1 + &%

For the log-normal distribution yede < Tmedian < X -

=o710.5)=0

If In X is normally distributed (X is log-normal) then (for cx < 0.3)

Inz — Inzy,
P[ng]:q><m>

cx

Ifln X ~ N(pmx,0% ), and InY ~ N (py,08,y), and Z = aX™/Y™ then
InZ=Ina+nlnX —mnY ~N(unz, 0L, ;)

2 2 2
where p,z =Ina+nu,x —mpny  and  of , = (nowx)® + (Moy)*.



4 Random variable generation using the Inverse CDF method

A sample of a random variable having virtually any type of CDF, P = Fx(z) can be generated
from a sample of a uniformly-distributed random variable, U, (0 < U < 1), as long as the inverse
CDF, x = F )}1(13) can be computed. There are many numerical methods for generating a sample of
uniformly-distributed random numbers. It is important to be aware that samples from some methods
are “more random” than samples from others. The MATLAB command u = rand(1,N) computes a
(row) vector sample of N uniformly-distributed random numbers with 0 < u < 1.

If X is a continuous rv with CDF Fx(z) and U has a uniform distribution on [0, 1], then the random
variable F' )El(U ) has the distribution F'x. Thus, in order to generate a sample of data distributed
according to the CDF F, it suffices to generate a sample, u, of the rv U ~ [0, 1] and then make the
transformation = Fy ' (u).

For example, if X is exponentially-distributed, the CDF of X is given by Fy(z) = 1 — e ** so

Fy'(u) = —In(1 — Fx(x))/)\. Therefore if u is a value from a uniformly-distributed rv in [0, 1], then
x = —In(1 —u)/A is a value from an exponentially distributed random variable.

Note that since expressions for ®(z) and ®~!(P) do not exist, the generation of normally-distributed
random variables requires other numerical methods. The MATLAB command ...

x = muX + sigX*randn(1,N) computes a (row) vector sample of N normally-distributed random num-
bers.

5 Monte Carlo Simulation

The probability distributions of virtually any function of random variables can be computed using the
powerful method of Monte Carlo Simulation (MCS). MCS involves computing values of functions with
large samples of random variables.

For example, consider a function of three random variables, X, X3, and X3, where X; ~ N(6,2).
In X5 ~ N(2,1), and X3 ~ U(5,8). The function

Y =sin(X1) + v X2 —exp(—X3) = 5

is a function of random variables and is therefore also random. Given samples of N values of X7,
X9 and X3, a sample of N values of Y can also be computed. The statistics of Y, (mean, vari-
ance, PDF, and CDF) can be estimated by computing the average value, sample variance, histogram
and ogive (emperical CDF) of the sample of Y. The probability P[Y > 0] can be estimated by
counting the number of positive values in the sample and dividing by N. The MATLAB command
P_Y gt_0 = sum(y>0)/N may be used to estimate this probability.



Uniform X ~ Ua,b] Triangular X ~ Tri(a,b,c) Exponential X ~ Exp(N)

X=R,b>a X=R,a<c<b X=R", A>0
2/(b-a) L
1/(o-a)
a b 0 a c b 0 0
1 1 1
0 a b 0 a c b 00
2(x—a)
1 (b—a)(c—a)’ x € [a7 C]
— b—ar TE [a7 b] — 2(b—x) — \p— AT
f@) = { 0. otherwise @7 wap @<l fle) = e
0, otherwise
0, r<a
0, z<a (z—a)?
—allo—a)’ € la,
Fay={ 8 velot]  F@= ToGa, Tl F)=1-e
1, z>b 1— G- L€ [c, b]
1, z>b
px = 3(a+0b) px =a+b+c) px = A1
0% = 5(b—a)? 0% = &(a® +b* + 2 —ab— ac — be) 0% =\

x = a + (b-a).*rand(1,N); x = triangular rnd(a,b,c,1,N); x = exp-rnd(lambda,1,N);
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Normal X ~ N (u,0?) Log-Normal In X ~ N (um x, 0, x)

X=R peR,0>>0 X =RF, jnx € R, o, x >0
/\ 1
0 mu G0
1 f 1
0 mu 00
L _Emw? . U
J— _T - 1 20‘n
f(x)—me 2 f(x) xme In X
_ 1 T— _ 1 Inx—pn x
F(r) =3 [1 + erf (—#02)} F(x) =3 {1 + erf <—‘“—m >]
px = px = exp [pm x + oy x /2]
0§< =0’ U_%( = (eXP[U?nX] — 1) exp[2pm x + 012nX]
x = muX + sigmaX*randn(1,N); x = logn rnd(muX,sigmaX,1,N);
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