
SHORT PAPEFS 475 

3.0 

2.0 I 
1.0 1 I 

I 

I 

i 

/ O P T ~ ~ $ ~ t G * ’  

(UP TO 10 STEPS) I PSEUDO-OPTIMAL 
ESTIMATOR OF 

I ~ PAPER 
I 

I 
I 
I 

0 2 4 6 8 10 12 14 16 18 20 

k- 
Fig. 3. Average  squared  error  (Markov 78) .  

REFERENCES 
[I] D. Middleton  and  R.  Esposito  ”Simultaneous  optimum  detection  and 

estimation of signals  in  noise,” iEEE Trans. Inform. Theory, vol. IT-14, 
pp. 434-448, May 1968. 

121 N. E. Naht,  “Optimal  recursive  estimation  with  uncertain  observation,’’ 
IEEE Trans. In/:rm. Theory. vol. IT-15 pp. 457-462. Julv 1969. 

[31 R. E. Kalman, A new approach to finear  filtering and prediction  prob- 
lems,”  Trans. A S X E ,  J .  Basic Eng., ser. D,  vol. 82, pp. 35-45, Mar. 1960. 

141 G. A. Ackerson and K. S. Fu “On state estimation  in  switching  environ- 
ments.”IEEE Trans. Autollaat: Contr., vol. AC-18, pp. 10-17, Feb. 1970. 

[51 1’. C. Ho and  R. C .  K. Lee, “A  Bayesian  approach to problems In stochastic 
estlmation  and  control,” IEEE Trans.  Automat. Contr., vol. A C 9 .  pp. 

[61 A. G. JAffer 8ndS .  C .  Gupta.  “Recursive  Bayesian  estimation nTith uncer- 
333-339 Oct. 1964. 

tain observatlon. IEEE Trans.  Inform. Theory (Corresp.), vol. IT-17, pp. 
614-616 Sept.. 1971. 

[71 A. P. Sage,  Optimum  Systems Control. Englea700d  Cliffs, N. J.: Prentice- 
Hall. 1968. 

An Evaluation of Adaptive Step-Size Random Search 

Abstract-An evaluation is made of a  proposed  adaptive stepsize 
random  search method to minimize  a  quadratic  function, and  the 
computational results  are replicated and improved. Comparing this 

mended  by J. AI. Mendel,, Chairman of the  IEEE S C S  Adaptive  and  Learning 
Manuscript  received  August 17,  1970; revised May 7, 1971. Paper recom- 

Systems,  Pattern  Recognltlon  Committee.  This work u’as supported  in  part  by 
NSF Grant   GN 534.1. 

Ohio State  Univenity  Columbus, Ohio 43210. 
L. J. White is  with  the  Department of Computer  and  Information Science, 

R. G. Day  is  with  the  Digital  Equipment  Corporation,  htaynard.  Mass. 01754. 

method  to  the Fletcher-Powell technique, it is shown that  the  re- 
quired  number of function  evaluations grow linearly with dimension 
for both  algorithms,  with the Fletcher-Powell method superior 
to  the proposed random  search technique. In addition, several 
interesting  characteristics of the Fletcher-Powen method are 
experimentally  noted. 

INTRODUCTIOK 
Recently  Schnmer and St,eiglitz [4 ]  proposed a met.hod of adaptive 

step-size random  search (ASSRS) for minimizing a given function. 
Their criterion for comparison was t.he number of function  evalua- 
tions  required to locate the minimum of t,he function to within  some 
prespecified accuracy. This criterion is one that is generally  accepted; 
e.g., see Box [ 11. 

Schumer and Steiglitz  used their M S R S  algorithm to minimize a 
number of test functions, where t.he number of function evaluations 
required mere compared to those of the Newton-Raphson met.hod 
and t.he simplex  technique of Welder and  Mead [3]. The functions 
they used mere the hypersphere, F ( x )  = x:=, z,z, the hyperellipsoid, 
F ( z )  = x?==, ai(zi)z, and  the function F ( x )  = x:= 1 ai(zi)*. For the 
hypersphere, it  was found t.hat, when the dimension n exceeded 78, 
ASSRS required fewer funct.ion evaluations than  the Newton- 
Raphson method to reduce the function to within lo-@. Similar 
results mere obtained for the  other funct,ions, and for comparisons 
to  the simplex  method. In addition,  a  theoretical  analysis was made 
for the hypersphere funct.ion, which proved the  asymptotic supe- 
riority of MSRS to  the Newton-Raphson method  in terms of func- 
tion  evaluations. 

Intuitively, these  results  seem  surprising. The implication is that 
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when the dimension of the function to  be minimized is sufficiently 
large, this minimum can  be located more effectively by disregarding 
d information that can be obtained  from  the function  values and 
gradients a t  previous iterations, and proceeding at random, rather 
than using this information in some deterministic  manner. 

It is the purpose of this short, paper to show t.hat, the Fletcher- 
Powell method [2] is superior to ASSRS even for large  dimensional 
problems. The Fletcher-Powell method  is well known for its property 
of converging to t.he minimum of a quadratic funct.ion in n itera- 
tions, if one neglects computer round-off error. The number of func- 
tion evaluations per iterat,ion are  3(n + 1). However, we wish to 
show t.hat for the class of functions considered by Schumer and 
Steiglitz, the number of iterations required to converge to within 
some prespecified value of the minimum of a quadrat,ic function 
are nearly independent of n. 

AD.UTIVE STEP-SIZE KANDOM  SEARCH 

Schumer and Steiglitz proved in [4] that, for the hypersphere 
function F(z)  = 22, the  number of function evaluations re- 
quired to  obtain F(z) < E, for some prespecified E (such as are 
asymptotically a linear funct,ion of n as n becomes large. The al- 
gorithm t.hey consider is as follows. 

The search for the minimum is started a t  some initial point. VO, 

i = 0, and FO = F ( Z ? ~ ) .  A random  step u; of unit  length is found from 
the  current positioll 8, .  This  random  step is obtained by selecting  a 
vector uniformly from t.he surface of a unit hypersphere. A scalar s; 
is determined so as to maximize the expected  reduction of F ( v , )  
and is defined as  the optimum step sire. If the scaled random  step 
reduces F ,  vi,l is set  to (v i  + siui); if not, vi+l is set  to si. The it,era- 
t,ion is repeated until F ( o i j  < E .  ‘ 

An expression was found for the maximum  expected improvement 

I,,, = k/n,  k = 0.406. 

Using this expression, they find the  number of function  evaluations m 
for which F,  = P(v,,,) < e t.0 be  asymptotically given by 

m = [-(l/k) log (F,/Pdln. 

Thus if F,,, < E, and FO is a constant,  then  the  number of function 
evaluat.ions are asymptotically a linear  function of n. 

However, the necessity of finding an  optimum  step size a t  every 
iteration requires excessive computat.ion. Thus Schumer and Steig- 
litz developed a practical version of this algorithm called adaptive 
step-size random search. This version is next discussed. 

An initial value of s for the st,ep size is chosen before each  itera- 
tion. Two random  steps of size s and s ( l  + a)  are  taken, where a is 
a  uniform random  number 0 < a < 1. The  step size that produces 
the most improvement in the function is chosen as  the  step size for 
the  next  iteration. If neither  step results  in  improvement, t.he st.ep 
size remains  unchanged and  the  iteration is repeat.ed. If no improve- 
ment is obtained for p successive iterations, t.he step size is multiplied 
by a fact.or 6 < 1 and  the sequence is repeated.  Thus  the algorithm 
tends to adjust  the  st,ep size toward its opt.imum value. In addition, 
each  time q iterat.ions  have passed, a step with the current. step size 
is compared to a step K times as large. This test guards against the 
possibility that the  step size has become excessively small. 

The present authors programmed  t.he ASSRS algorithm in PL/1 
and  tested t,his code on an IBM 3 6 0 / i 5  computer in order to replicate 
the experiments of Schumer and Steiglitz. For  each dimension 
tested, five independent  trials  xere made. The  starting point for 
each trial was determined by choosing a  point  in a random direction 
one unit away  from the origin so the init,ial value FO was the  same 

F ‘ig. 1. Comparison of the  results of Ychumer and Steiglitz to the  present study 
for ASSRS  applied t o  a hypersphere,  convergence  criterion F < 10%. 

only were the experimental  results  replicated but also improved 
upon. The aut.hors obtained a slope of 62, somewhat less than  the 
slope of 80 in t.he original experiments. This  improvement is prob- 
ably  partly  due  to  the use of different  algorithm parameters,  and 
although  the  same  stopping criterion was used, also partly  due to the 
selection of t.he init.ial vector. Schumer and Steiglitz used an initial 
vector of ones, whereas the  authors used a unit  vector of random 
direction, since a  vector of ones corresponds to  an increasing dis- 
tance from the origin with increase in  dimension.  Recalling t,he argu- 
ment requiring FJFo to be constant, t.he effect oE the increasing 
distance of t.he init.ial posit,ion may  be a very slight  convexity ob- 
served in their  data. 

The  other experimental  results of Schumer and Steiglitz were also 
replicat.ed with  slight  improvement by  the  authors. 

EXPERIMEKTAL RESULTS-A COMPARISOX 

In order to compare the ASSRS algorithm to  that of Fletcher- 
Powell [ 2 ] ,  a  program called FLEPOW rras writ.ten in PL/1  and 
implemented on the I B N  360j75 computer. The t.erminat.ion condi- 
tion was decreased to E = l O - l 2 ,  and in order to compare t,hese 
algorit.hms for large dimensions, each funct.ion was nlinimized 
by  FLEPOW for n = 20 to 240, in steps of 20 dimensions. The 
slopes of t.he lines for ASSRS had  to  be  adjusted for the different 
termination condition and were found by means of the expression 
for slope 

- ( l / k j  log ( e i F e j .  
for  each trial.  The procedure was terminated when F < E = 

Since the paramet.ers p ,  6, q, and K were not, specified by Schumer and 
Steiglitz, through extensive  experimentation the ant,hors  found that, 
the following values yielded the best  results: 

Fig. 2 shows a comparison of ASSRS aud  FLEPOW for the 
hypersphere funct.ion. Note  that clearly the Fletcher-Powell algo- 
rithm  generates a  number of function calls that  are linear with 
dimension in order to satisfy t.he terminating condition F ,  < e = 

p = 5, 6 = 1/2, q = 50, K = 50. 10-12. The  data points determining  this linear  relation are labeled 
by the number of iterations required for FLEPOW t.o terminate. 

For  the case of a hypersphere funct.ion, Fig. 1 shows t.hat not  The required  number of iterations grow so slowly with n that  one 
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Fig. 2. Comparison of ASSRS and FLEPOW for a hypersphere  function; 
P < 10-12. 

might easily consider a  bound on the  number of iterations t.0 be 
dependent.  upon E ,  but. independent of n. 

Fig. 3 illustrates a  similar comparison for the hyperellipsoid 
funct,ion F ( z )  = 1 ai(ri)2, where the coefficients a; were randomly 
chosen from a  uniform distribution on [0.1, 11, as done by Schumer 
and Steiglitz.  Clearly, in both  studies  the Fletcher-Powell algorithm 
is superior,  with the slopes shown in Table I. 

It might  be argued that if t.he paramet,ers  in the ASSRS algorithms 
were optimized, a line of lower slope than of the line for FLEPOW 
could be obtained. At  least for the hypersphere, this argument is not 
valid.  Schumer and Steiglit,z found that for the  optimum  step size, 
asymptotically  that slope is 

- log (e lFo) .  

Substitut,ing k = 0.406, which they obtained, t.he smallest slepe 
for any choice of ASSRS parameters is 

- (U0.406) log (lO-lz/'l) = 68. 

Consequently, for any choice of parameters for the ASSRS algo- 
rithm,  FLEPOW will require fewer function evaluations  than  this 
realization of ASSRS. Alt.hough no  similar  analysis has  yet been 
made for hyperellipsoid funct,ions, Fig. 3 shows such a drastic differ- 
ence  between FLEPOW  and ASSRS in terms of the  number of func- 
tion  evaluations that  it does not  appear  that t,he parameters of 
ASSRS could be optimized so as to reverse t.his superiority. 

FURTHER EXPERIMEXTS WITH FLEPOm' 

In  an elaboration  on the observation that  the  number of function 
evaluations are linear  with dimension n for the Flet,cher-Powell 
algorithm, the necessity becomes evident for the  number of required 
iterations to be  independent of n, since 3(n f 1) function evaluations 
are  made for each iteration.  The  number of iterations  are  constant 
if the objective  function  is  reduced by a  const.ant percentage  with 
each  iteration, i.e., 

Fig. 3. Comparison of ASSRS and FLEPOW for  a  hyperellipsoid  function; 
I' < lo-'". 

TABLE I 

Slope for Slope for 
Method Hypersphere Hyperellipsoid 

ASSRS (Schumer and Steiglita) 120 126 
ASSRS -(present, st.udv) 94 122 
Optimal step-size ranaom search 68 not known 
Fletcher-Powell 63 58 

where A is const.ant. Then if Fo and F,,, are  the  initial  and final 
values, respectively, 

F,  = A"Fo 

where m is the required number of iterations. 
To determine experirnent,ally whet.her t.his hypothesis is true, 

graphs of the objective  function  versus  it,erations  required  were 
plotted on semilog paper for n = 220 and 240. Fig. 4 shorn  the 
result of t.his experiment for the hypersphere function; similar re- 
sults  Rere obt.ained for the hyperellipsoid and  other funct,ions. 

It can be seen that.  after  the first two or three it.erations, log F 
is quite linear with respect to required iterat.ions. Since we are dealing 
with  quadratic functions, their minima will be found to  be  within  the 
limits imposed by round-off error inn.  iterations  by  FLEPOW. It has 
been  observed that  after  about n./2 iterations, F begins to decrease 
extremely  rapidly, and above  t,hat,  point,  t,he  linear relationship 
no longer holds. 

CONCLUSIOKS 

In  this  paper  the aut.hors have replicated t.he comput.ationa1 
results of the ASSRS algorithm of Schumer  and Steiglitz. These 
results showed that., at. least for a very  narrow class of functions to  be 
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