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Fig. 3. Average squared error (Markov Yz).
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Abstract—An evaluation is made of a proposed adaptive step-size
random search method to minimize a quadratic function, and the
computational results are replicated and improved. Comparing this
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method to the Fletcher—Powell technique, it is shown that the re-
quired number of function evaluations grow linearly with dimension
for both algorithms, with the Fletcher—Powell method superior
to the proposed random search technique. In addition, several
interesting characteristics of the Fletcher-Powell method are
experimentally noted.

INTRODUCTION

Recently Schumer and Steiglitz [4] proposed a method of adaptive
step-size random search (ASSRS) for minimizing a given function.
Their criterion for comparison was the number of function evalua-
tions required to locate the minimum of the function to within some
prespecified accuracy. This criterion is one that is generally accepted;
e.g., see Box [1].

Schumer and Steiglitz used their ASSRS algorithm to minimize a
number of test functions, where the number of function evaluations
required were compared to those of the Newton-Raphson method
and the simplex technique of Nelder and Mead [3]. The functions
they used were the hypersphere, F(x) = ) ,7_; x:% the hyperellipsoid,
Fz) = 2 F_1 ai(z:)% and the function F(z) = Y7 ai(z:)* For the
hypersphere, it was found that when the dimension n exceeded 78,
ASSRS required fewer function evaluations than the Newton-
Raphson method to reduce the function to within 1078, Similar
results were obtained for the other functions, and for comparisons
to the simplex method. In addition, a theoretical analysis was made
for the hypersphere function, which proved the asymptotic supe-
riority of ASSRS to the Newton-Raphson method in terms of func-
tion evaluations.

Intuitively, these results seem surprising. The implication is that
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when the dimension of the function to be minimized is sufficiently
large, this minimum can be located more effectively by disregarding
all information that can be obtained from the function values and
gradients at previous iterations, and proceeding at random, rather
than using this information in some deterministic manner.

1t is the purpose of this short paper to show that the Fletcher-
Powell method [2] is superior to ASSRS even for large dimensional
problems. The Fletcher—Powell method is well known for its property
of converging to the minimum of a quadratic function in = itera~
tions, if one neglects computer round-off error. The number of func-
tion evaluations per iteration are 3(n + 1). However, we wish to
show that for the class of functions considered by Schumer and
Steiglitz, the number of iterations required to converge to within
some prespecified value of the minimum of a quadratic function
are nearly independent of n.

ADAPTIVE STEP-SIZE RANDOM SEARCH

Schumer and Steiglitz proved in [4] tha$, for the hypersphere
function F(z) = Z}Ll z;%, the number of function evaluations re-
quired to obtain F(z) < ¢, for some prespecified ¢ (such as 1073), are
asymptotically a linear function of n as » becomes large. The al-
gorithm they consider is as follows.

The search for the minimum is started at some initial point v,
%2 = 0, and Fo = F(). A random step u; of unit length is found from
the current position ¢;. This random step is obtained by selecting a
vector uniformly from the surface of a unit hypersphere. A scalar s;
is determined so as to maximize the expected reduction of F(v;)
and is defined as the optimum step size. If the scaled random step
reduces F, viq is set to (v; + sis); if not, v is set to v:. The itera-
tion is repeated until F(2:;) < e. ~

An expression was found for the maximum expected improvement

Imax = k/ny = (.406.
Using this expression, they find the number of function evaluations m
for which F, = F(vn) < ¢ to be asymptotically given by

m = [—(1/k) log (Fu/Fo)ln.

Thus if Fr < ¢ and Fp is a constant, then the number of function
evaluations are asymptotically a linear funetion of n.

However, the necessity of finding an optimum step size at every
iteration requires excessive computation. Thus Schumer and Steig-
litz developed a practical version of this algorithm called adaptive
step-size random search. This version is next discussed.

An initial value of s for the step size is chosen before each itera-
tion. Two random steps of size s and s(1 + a) are taken, where @ is
a uniform random number 0 < g < 1. The step size that produces
the most improvement in the function is chosen as the step size for
the next iteration. If neither step results in improvement, the step
size remains unchanged and the iteration is repeated. If no improve-
ment is obtained for p successive iterations, the step size is multiplied
by a factor & < 1 and the sequence is repeated. Thus the algorithm
tends to adjust the step size toward its optimum value. In addition,
each time ¢ iterations have passed, a step with the current step size
is compared to a step K times as large. This test guards against the
possibility that the step size has become excessively small.

The present authors programmed the ASSRS algorithm in PL/1
and tested this code on an IBM 360/75 computer in order to replicate
the experiments of Schumer and Steiglitz. For each dimension
tested, five independent trials were made. The starting point for
each trial was determined by choosing a point in a random direction
one unit away from the origin so the initial value Fo was the same
for each trial. The procedure was terminated when F < ¢ = 1072
Since the parameters p, 8, ¢, and K were not specified by Schumer and
Steiglitz, through extensive experimentation the authors found that
the following values yielded the best results:

P =3, 8§ =1/2, g=>50, K =50

For the case of a hypersphere function, Fig. 1 shows that not

Fig. 1. Comparison of the results of Schumer and Steiglitz to the pre=ent study
for ASSRS applied to & hypersphere, convergence criterion F < 108

only were the experimental results replicated but also improved
upon. The authors obtained a slope of 62, somewhat less than the
slope of 80 in the original experiments. This improvement is prob-
ably partly due to the use of different algorithm parameters, and
although the same stopping criterion was used, also partly due to the
selection of the initial vector. Schumer and Steiglitz used an initial
vector of ones, whereas the authors used a unit vector of random
direction, sinee a vector of ones corresponds to an increasing dis-
tance from the origin with increase in dimension. Recalling the argu-
ment requiring F,./F; to be constant, the effect of the increasing
distance of the initial position may be a very slight convexity ob-
served in their data.

The other experimental results of Schumer and Steiglitz were also
replicated with slight improvement by the authors.

ExPERIMENTAL RuEsuLTs—A COMPARISON

In order to compare the ASSRS algorithm to that of Fletcher—
Powell [2], a program called FLEPOW was written in PL/1 and
implemented on the IBM 360/75 computer. The termination condi-
tion was decreased to ¢ = 10712 and in order to compare these
algorithms for large dimensions, each function was minimized
by FLEPOW for n = 20 to 240, in steps of 20 dimensions. The
slopes of the lines for ASSRS had to be adjusted for the different
termination condition and were found by means of the expression
for slope

- (l/k) lOg (e/"Fn).

Fig. 2 shows a comparison of ASSRS and FLEPOW for the
hypersphere funection. Note that clearly the Fletcher-Powell algo-
rithm generates a number of function calls that are linear with
dimension in order to satisfy the terminating condition F,, < ¢ =
1012, The data points determining this linear relation are labeled
by the number of iterations required for FLEPOW to terminate.
The required number of iterations grow so slowly with » that one
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