THE THEOREMS OF CASTIGLIANO
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The flexibility relationship between a colocated force, F', and displacement,
D, in statically determinate systems can be determined using the principle

of real work,

; FD=U-= ; [ 4oy (e} av . (1)

The flexlibility relationships for statically indeterminate systems, or sys-
tems with multiple external forces or distributed loads, can not be found

with the principle of real work.

Instead, a new method must be developed.
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Castigliano’s Theorem - Part | (Force Theorem)

U= /F dD strain energy
AU oU
= — 2
" AD;, 0D; 2)

A force, F;, on an elastic solid is equal to the derivative of the strain energy
with respect to the displacement, D;, in the direction and location of the
force Fj.

Castigliano’s Theorem - Part Il (Deflection Theorem)

U = / D dF complementary strain energy
AU* U~
D; = = 3

A displacement, D;, in an elastic solid is equal to the derivative of the
complementary strain energy with respect to the force, Fj, in the direction
and location of the displacement D;.

If the solid is linear elastic, then U* = U.
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Castigliano’s Deflection Theorem: (1873)

The partial derivative of the complementary strain energy of a linearly

elastic system with respect to a selected force acting on the system gives

the displacement of that force along its direction.

oU”

=D,
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For linear elastic solids
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Superposition

Superposition is an extremely powerful method for reducing complicated
problems down to a set of more simple problems. To use the principle of
superposition, the system must behave in a linear elastic fashion.

The principle of superposition states:

Any response of a linear system to multiple inputs can be represented as
the sum of the responses to the inputs taken individually.

By “response” we can mean a strain, a stress, a deflection, an internal

force, a rotation, an internal moment, etc.

By “input” we can mean an externally applied load, a temperature change,
a support settlement, etc.
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Strain Energy and Temperature Changes

Consider a statically determinate system subject to only temperature change.

e What are the reactions?

e What are the internal forces and moments?
e What are the internal stresses?

e What is the strain energy?

e What are the strains?

e Are the deflections zero?
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How can we find a deflection of interest?

1. Before temperature changes are applied, apply a “virtual force”, F,
colocated with the desired deflection. Hold F' constant.

2. Apply the change in temperature, and find the strain energy, U, of
that constant force moving through the temperature-induced displace-

ments.

3. Use Castigliano’s Second Theorem (D = 0U*/OF) to find an expres-
sion for D. Evaluate D for ' = 0.

U — ; [{oY"{e) av + [ {o}"{a AT} av (6)
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Axial Forces og=N/A dV = A dl
vt + / N a AT dl
2hEA “
ou NaN
D = — a AT
oF —hpa N / a Al dl

Example
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Bending Moments o=—-My/I dV =Adl=b(y)dydl o= FEe

Assume a linear variation in temperature through the cross section.

1 1
AT(y) = 5 (Acrtop + AT’bottom) + E (ATicop - AT’bottom) Yy (9)
This is a big assumption.

1

U = 5 VEdV+/JocAT( ) dV
B ; v ]\22]22 dA di+ /V —T a AT(y) by) dy di
— ; ]\221922 dA dI
+/ 7 %5 ATtOp + ATiottom) b(y) dy dl
+/ 7 %y ATtOp ATottom) Yy b(y) dy dl

Recall: I = [4y* dA = [,y? b(y) dy ...and ...0 = [4y dA = [,y b(y) dy

U = ! —MQ dl— | M ! AT, ATj dl 10
§ I BT /l & E ( top — bottom) ( )
oUu  MZE aM

T oF b EBI )
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Castigliano's Theorem and Superposition for Statically Indeterminate Systems

Recall the strain energy method formulation for a statically indeterminate
system with three redundant forces: The redundant forces are: Rp, Rc,

and Rp. Note that in this problem the reaction forces do not move (or
settle) in the direction of the reaction forces. The reactions are fixed.
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From the principle of superposition:

M(x) = MO(ZL‘) —+ my (QZ)RB + mQ(ZL')R(j + mg(ZL‘)RD (12)
N = N,+nRg-+nsRc+ nsRp (13)



The Theorems of Castigliano 11

The total strain energy, U, in systems with bending strain energy and axial
strain energy is,

1L M(x)? 1 N2H
=oh "Bl ™t 32 ga (14)

We are told that the displacements at points B, C, and D are all zero
and we will assume the structure behaves linear elastically, therefore, from
Castigliano’s Second Theorem,

ou* oU
D’L = ===,
OF;, OF;
we obtain three expressions for the facts that Dg = 0, Do = 0, and

Dp =0.

oU
D p— = —-——
5=0 ORp
oU
D = = —
c=0 ORc
oU
D p— = —-—
p=0 ORp

Inserting equation (14) into the three expressions for zero displacement at
the fixed reactions, noting that £l and E A are constants in this problem,
and noting that the strain energy, U, depends on the reactions R, only
through the internal forces, M and N, we obtain

1L OM (z) H ON
Dp=0= | M(z) o de + EANaRB
1L OM (z) H 0N
DC_O_E[/O M (z) o dr + ﬂN—aRC
P OM (x) H ON
DD_O_EI/O M(z) DR de + EANaRD

Now, from the superposition equations (12) and (13), oM (z)/0Rp =
my(x), OM(x)/0Rc = ma(x), OM(x)/ORp = mg(x), ON(x)/0Rp = ny,
ON(x)/0Rc = ng, and ON(x)/ORp = n3. Inserting these expressions and
the superposition equations (12) and (13) into the above equations for Dp,
Dc, and DD,
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1 L H
Dp=0= E/O [Mo+m1RB+TTL2Rc+TTL3RD] my da:—i—ﬂ[NoanlRB—i—nch—i—ngRD] n

N0+H1RB+HQR0+H3RD] Mo

1 [L H
DC =0= ﬁ/ [M0+m1RB+m2RC+m3RD] mo dl’—l—ﬂ[

£4[NO+R1RB+MRC+”3RD] ns3

These three expressions contain the three unknown reactions Rp, R¢, and
Rp. Everything else in these equations (mq(z), ms(x) ... n3) can be found
without knowing the unknown reactions. By taking the unknown reactions
out of the integrals (they are constants), we can write these three equations
in matrix form.

DD =0= E[/ M +m1RB+m2Rc+m3RD] ms dx+

L mimq nini H L mim ninaH L mim,

L
0 EI dx + za - Jo B dr + za - Jo prdr + n%ﬁz Rp 0 ZETI dx + Z(g}xg
m2m1 noni mgmg nan m2m3 nans m2 n2
fOL dr + i fOL dx + A fOL dx + 7 Rc f(}: M" dr + N%JAH

mgml n3ni m3m2 n3na m3m3 n3n3 ms3 ng
0 “hrdr + Sk 0 “hrdr + SRS 0 “hrodr+ SRR Rp 0 “prodr+ =5

(15)
This 3-by-3 matrix is called a flexibility matriz, F. The values of the terms
in the flexibility matrix depend only on the responses of the structure to
unit loads placed at various points in the structure. The flexibility matrix
is therefore a property of the structure alone, and does not depend upon

the loads on the structure!.

The vector on the right-hand-side depends
on the loads on the structure. Recall that this matrix looks a lot like
the matrix from the three-moment equation. All flexibility matrices share

several properties:

e All flexibility matrices are symmetric.
e No diagonal terms are negative.

e Flexibility matrices for structures which can not move or rotate with-
out deforming are positive definite. This means that all of the eigen-
values of a flexibility matrix describing a fixed structure are positive.

e The unknowns in a flexibility matrix equation are forces (or moments).

e The number of equations (rows of the flexibility matrix) equals the
number of unknown forces (or moments).

IThere are some fascinating cases in which the behavior does depend upon the loads, but that is a
story for another day!
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It is instructive to now examine the meaning of the terms in the matrix, F

L mimy nyn H
= =9
11 o ET L EA 11
L momy non H
= =0
21 EI EA 21

The fact that Fio = Fb is called Mazwell’s Reciprocity Theorem.



