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The flexibility relationship between a colocated force, F', and displacement, D,
in statically determinate systems can be determined using the principle of real

work,
% FD=U-= % [ oy (e} av . (1)

The flexlibility relationships for statically indeterminate systems, or systems
with multiple external forces or distributed loads, can not be found with the

principle of real work.

Instead, a new method must be developed.
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Castigliano’s Theorem - Part I (Force Theorem)

U= / FdD strain energy
AU oU
AD; 0D, 2)

A force, F;, on an elastic solid is equal to the derivative of the strain energy

with respect to the displacement, D;, in the direction and location of the force
F;.

Castigliano’s Theorem - Part II (Deflection Theorem)

U = / D dF complementary strain energy
AU*  oU*
D; = = 3
AF, ~ OF (3)

A displacement, D;, in an elastic solid is equal to the derivative of the comple-
mentary strain energy with respect to the force, Fj, in the direction and location
of the displacement D,.

If the solid is linear elastic, then U* = U.
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Castigliano’s Deflection Theorem: (1873)

The partial derivative of the complementary strain energy of a linearly elastic

system with respect to a selected force acting on the system gives the displace-

ment of that force along its direction.

o
For linear elastic solids
UﬁﬂlegZﬂ Zdl /Eyﬂ+
z/GfUa z/G/Ma)dk*%zggdL
So,
gU*: = / zdl+/ Eé‘ﬂg dl+/lMy%Af{z di +

8V 8T

/GZ}}ZZ dl+/GyaFdl+/GF dl .
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Superposition

Superposition is an extremely powerful method for reducing complicated prob-
lems down to a set of more simple problems. To use the principle of superpo-
sition, the system must behave in a linear elastic fashion.

The principle of superposition states:

Any response of a linear system to multiple inputs can be represented as the
sum of the responses to the inputs taken individually.

By “response” we can mean a strain, a stress, a deflection, an internal force, a
rotation, an internal moment, etc.

By “input” we can mean an externally applied load, a temperature change, a
support settlement, etc.
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Strain Energy and Temperature Changes

Consider a statically determinate system subject to only temperature change.

e What are the reactions?

e What are the internal forces and moments?
e What are the internal stresses?

e What is the strain energy?

e What are the strains?

e Are the deflections zero?
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How can we find a deflection of interest?

1. Before temperature changes are applied, apply a “virtual force”, F', colo-
cated with the desired deflection. Hold F' constant.

2. Apply the change in temperature, and find the strain energy, U, of that
constant force moving through the temperature-induced displacements.

3. Use Castigliano’s Second Theorem (D = 9U*/OF') to find an expression
for D. Evaluate D for I’ = 0.

U= [ (o} dv + [ {0} {a AT} dv (6)
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Axial Forces og=N/A dV = A dl

1, N2
U= EAdl+/NaAle

oUu NGN
YA AT
D= r= EA dl+/ o AT dl

Example

o= Fe
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Bending Moments o=—-My/I dV=Adl=0b(y)dydl o= Fe

Assume a linear variation in temperature through the cross section.

1 1
AT(y) = 5 (Aﬂop + ATbottom) + E (Aﬂop — ATbottom) y (9)
This is a big assumption.
1
U=73 dV+/0aAT()dV
1 M2 2
= L a1 o AT() b) dy di
1 MQy
=5 EP dA dl
+/ 7 %5 Aﬂop + Aﬂ)ottom) b(y) dy dl
+/ 7 %7 ATtop ATbottom) Y b(y) dy dl

Recall: T = [4y* dA=J,y* b(y) dy ...and ...0= [,y dA = [,y b(y) dy
U: . dl JMa s ATtop AThotcom) dl (10)

ou MaM
a-J o

D=
OF ~ lE[

ATicop AT’bottom) dl (11)
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Castigliano’s Theorem and Superposition
for Statically Indeterminate Systems

Recall the strain energy method formulation for a statically indeterminate sys-
tem with three redundant forces: The redundant forces are: Rp, Rc, and Rp.

Note that in this problem the reaction forces do not move (or settle) in the
direction of the reaction forces. The reactions are fixed.
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From the principle of superposition:

M(z) = M,(x)+ mi(x)Rp + mo(z)Rc + ms(z)Rp
N = N,+nRg+noRc+nsRp

10
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The total strain energy, U, in systems with bending strain energy and axial

strain energy is,
1 L M(x)? 1 N?>H

= d — 14
2h Bl P T 32 TEa (14)
We are told that the displacements at points B, C, and D are all zero and we

will assume the structure behaves linear elastically, therefore, from Castigliano’s
Second Theorem,

D=5 = oF,
we obtain three expressions for the facts that Dgp =0, Do =0, and Dp = 0.
Dp=0= %
Do =0= 88}[3]0
Dp=0= ;?UD

Inserting equation (14) into the three expressions for zero displacement at the
fixed reactions, noting that FI and FA are constants in this problem, and
noting that the strain energy, U, depends on the reactions R, only through the
internal forces, M and N, we obtain

1 OM(a) H 0N
1 OM(x) H 0N
De=0=pr b MO 5p 4+ 5aNore

OM (z) N H 0N

1 /L
Dp=0=— | M d N
p=0 EI/O (z) ORp " EA ORp

Now, from the superposition equations (12) and (13), OM (x)/ORp = m(x),
OM (x)/0Rc = ma(x), OM (x)/ORp = m3(x), ON(z)/0Rp = ni, ON(z)/0Rc =

ne, and ON(x)/ORp = ns3. Inserting these expressions and the superposition

equations (12) and (13) into the above equations for Dg, D¢, and Dp,
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H
—[No + anB + TLQRC + TLgRD] nq

1 L
DB:O:E/O {Mo—leRB—FngC—FngD] my de+EA

1 /L H
DCZOZE/ [Mo+m1RB+m2Rc—l—m3RD] mo dx+7

A [Ny +n1Rp + noRe + ngRp| n

E]—il [Ny +n1Rp + naRec + n3Rp| n

These three expressions contain the three unknown reactions Rp, R¢, and Rp.
Everything else in these equations (mq(z), ma(z) ... n3) can be found without
knowing the unknown reactions. By taking the unknown reactions out of the
integrals (they are constants), we can write these three equations in matrix
form.

Dp=0= EI/ M +m1RB+m2Rc+m3RD] ms dx +

L mimq niniH L mimg ninaH L mims ninsH L M,m1 Non1H
fOL rde + EAH foL Frode + EAH fOL Frde + EAH Rp foL MEI dx + NEAH
momi n2n1 momso n2n2 mams ngng mo n9
0 Fr-dr 4+ = 4 Jo Frodr + = 4 Jo Frodr 4+ = 4 Rc OLMEId+N°H
m3m1 n5n1 m3m2 n3n2 m3m5 n5n3 md nd

fo dx + EA fo dx + EA fo dx + Rp fo pride + =5

(15)
This 3-by-3 matrix is called a flexibility matriz, F. The values of the terms in
the flexibility matrix depend only on the responses of the structure to unit loads
placed at various points in the structure. The flexibility matrix is therefore a
property of the structure alone, and does not depend upon the loads on the

1

structure®. The vector on the right-hand-side depends on the loads on the

structure. Recall that this matrix looks a lot like the matrix from the three-
moment equation. All flexibility matrices share several properties:

e All flexibility matrices are symmetric.
e No diagonal terms are negative.

e Flexibility matrices for structures which can not move or rotate without
deforming are positive definite. This means that all of the eigenvalues of a
flexibility matrix describing a fixed structure are positive.

e The unknowns in a flexibility matrix equation are forces (or moments).

e The number of equations (rows of the flexibility matrix) equals the number
of unknown forces (or moments).

IThere are some fascinating cases in which the behavior does depend upon the loads, but that is a story for
another day!

|
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It is instructive to now examine the meaning of the terms in the matrix, F

L
F11 = /0 mlmldx +

ET

L momy
Fo =
21 0 E]
L mimo
o= | ol
L m3my
Foy =
31 Bl

The fact that Fio = Fb is called Mazwell’s Reciprocity Theorem.

ngan
EA

nsni H
EA

= 521

= 031

13



