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1  The Principle of Real Work

External distributed external loads w distributed over the surface S
of an elastic object give rise to displacements distributed over the surface
v (consistent with the support conditions of the object), internal stresses
{0} and internal strains {€}.

For any general (possibly nonlinear) elastic stress-strain relationship

{o({€})} (where {o} = {042, 0yy, Oszy Tuy, Ty, Tur } and {€} = {€ra, €yys €220 Vays Vyzs Yoz })s

the work of the external loads W is stored completely as strain energy U
within the object.

The internal strain energy is the integral of o;;de;; from g;; = 0 to
€ij = €, integrated throughout the volume of the solid,

_ {e}= {6} T
U=, oy (oD} {de} av (1)
and may be thought of as the area under the stress-strain diagram up to a

certain value of strain e.

The work of the external forces w moving through displacements v is
the integral of (w dv), integrated over the surface of the object

W= [ [ w) dvds (2)

and may be thought of as the area under the load-displacement diagram,
up to a certain value of displacement, v.
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The principle of real work may be thought of as the equivalence of the
areas under the 0;; — ¢;; diagrams with the area under the w — v diagram.

For linear elastic solids, the areas under the o — ¢ and the w — v
diagrams are triangular, and the expressions for the internal strain energy
and the external work simplify to

U= V; (o) e} dv (3)

and

1
W:/SQwvdS. (4)

The work of the external loads w(v), increasing as they pass through
displacements v, on an elastic solid is stored completely as strain energy
within the solid. By itself, the principle of real work has limited potential
for solving engineering problems. Nevertheless, a number of extremely
useful methods may be developed by expanding upon this fundamental
concept.
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2 Castigliano’s Theorems

Using the fact that external work W is conserved as internal strain
energy U, the area under the load-displacement displacement diagram may
be represented exactly as the strain energy U.

Consider a solid carrying n point forces F; resulting in n colocated
displacements D; (i = 1,---,n). Each force F; acts in the same location
and in the same direction as each corresponding displacement D;.

Because U = W, the strain energy may be expressed as the sum of the
areas below the individual force-displacement diagrams,

U=y [FdpD,. (5)

Differentiating both sides of this expression with respect to a particular
displacement D; results in Castigliano’s First Theorem,

oU
oD;

F . (6)
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Now, define the complementary strain energy U* as the sum of the
areas to the left of the force-displacement diagrams,

U*:ﬁj/DidFi. (7)

Differentiating both sides of this expression with respect to a particular
force Fj results in Castigliano’s Second Theorem.

oU*
5 = Di- (8)

The gradient of the strain energy with respect to a displacement is the
value of the force colocated with that displacement. The gradient of the
complementary strain energy with respect to a force is the displacement
colocated with that force.

Internal forces (axial forces, bending moments, etc), stresses, and
strains may be related to the external loads on the solid using methods
of structural analysis. So the strain energy may also be expressed in terms
of the external loads.

If the solid is linear elastic then the areas below the stress-strain dia-
grams and the areas below the force-displacement diagrams are triangular,
the value of the strain energy is equal to the value of the complementary
strain energy, U = U*, and Castigliano’s second theorem may be written

ou
OF;

= D; (for linear elastic solids only). 9)
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3 The Principle of Virtual Work

Consider a linear elastic solid carrying loads w distributed over the
surface. Suppose the load w is separated into two parts, w = w, + dw.
Note that if the loads w, are applied first, then these loads w, need to be
held constant as the loads dw are subsequently applied in order for the final
load to reach a value of w + dw. The load w, gives rise to displacements
v, stresses {o,} and strains {¢,}. Likewise, the load dw gives rise to
displacements dv, stresses {do} and strains {de}. The principle of real
work corresponding to the loads w, alone is

1 1

5 J Ao} {eoy AV = 5 Jwo v dS . (10)
The principle of real work corresponding to the loads dw alone is

1 1

5 J {603 {5e} dV = 5 J 6w bv dS . (11)

Now, with the external forces w, applied to the system and held constant,
additional forces dw may be applied, increasing the total load to w, + ¢ w,
the total stresses to {o,} + {00}, the total strain to {¢,} + {de} and the
total displacements to v, 4 dv. With this additional load, the strain energy
is now

; [ Ao} (e} av + ; JA00Y {56} dV + | {o} (st dv,  (12)

and the external work is now

;/lw(x) v(x) dl + ;/15111(%) ov(x) dl + /lw(a:) ov(x) dl . (13)

Corresponding terms of the strain energy and the external work are equal
to one another. Canceling equal terms (equations (10) and (11)) results in

/V{JO}T{&} dV = /S w, §v dS . (14)

The work of constant loads w, passing through displacements dv is equal to
the strain energy of the stresses {o,} corresponding to the loads w, passing
through the strains de corresponding to the displacements dv.

This is a statement of the principle of virtual work. The principle of
virtual work holds for linear elastic solids as well as for nonlinear elastic
solids.
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4 The Principle of Minimum Potential Energy

Define the potential energy function of external forces (F; and w) act-
ing through displacements (D; and v) on the surface S of an elastic solid
as

V=3 FDi+ [wuvdsS. (15)
=1

Note that the potential energy of the external forces is not the same as the
work of external loads, increasing as they pass through the displacements.
The potential energy of external forces is the work of constant loads w and
F; passing through displacements v and D;.

Next define the total potential energy as the difference between the
strain energy U and the potential energy of external forces V/,

M=U-V. (16)

As an introductory example, consider the strain energy U and the po-
tential energy function V' of a linear elastic spring with stiffness k£ carrying
a tensile load F' resulting in a displacement D.

1
H:U—V:§Mﬂ—FD. (17)

Unlike the difference between strain energy and external work (U — W),
which is identically zero in a state of equilibrium, the total potential energy
is minimized in a state of equilibrium. This may be seen by plotting the

parabola U = %RD% the line V = F'D, and the parabola Il = U — V with
respect to D.
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The principle of minimum potential energy states that the total poten-
tial energy Il = U — V' is minimized in a state of stable static equilibrium,

SII=0. (18)

To examine this principle further, consider the following three force — dis-
placement diagrams for a linear elastic solid. In the first diagram the dis-
placements are greater than those required for equilibrium. In the second
diagram the displacements are less than those required for equilibrium. In
the third diagram the displacements satisfy equilibrium. By comparing the
areas corresponding to U, V', and II, it can be seen that the area beneath
IT is minimized (is most negative) in the condition of static equilibrium.

excessive displacements

insufficient displacements

equilibrium
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Similar graphical arguments for the principle of minimum potential energy
can be made for nonlinear elastic solids.

excessive displacements

insufficient displacements

equilibrium
For linear or nonlinear elastic solids, the minimum value of II is the com-
plementary strain energy in the solid. For the special case of linear elastic
solids, V. = 2W soll = U — V = U — 2W. In a condition of static
equilibrium, U = W, and the minimum value of [T is —U (or —W), which
is the negative of the strain energy (and the work done) on the solid.

The external virtual work W can be thought of as a variation of the
potential function of external loads 0V'. Likewise, the internal virtual work
0U can be thought of as a variation of the strain energy oU.
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5 Application of the Principle of Minimum Potential Energy

If the actual displacement at any point of the structure is expressed by
an “assumed” displacement in terms of a set of unknown coefficients, then
the principle of minimum potential energy results in a system of equations
for the unknowns.

5.1 Example 1: A linear elastic bar in tension

- Z

L
uy, is the unknown displacement at the end of the bar. This assumed

Assume that the axial displacement along the bar is u(z) uy, where

displacement satisfies the boundary condition that «(0) = 0.

M(uy) = ;/V OuaandV — Fug (19)
T

— ;EA " (“;)2 dx — Fuy, (21)

= ;ELAui — Fuy, (22)

oIl = giduL = ELAuL —F=0 (23)
u = (24)

Note that 2271% = FA/L > 0, so the stationary point is a minimum and the

equilibrium point is stable. The minimum value of the potential energy

o _1EA 2 _ 1L 12 s - - -
is —55u; = —554F, which is the negative of the elastic strain energy

stored in the bar. This is the correct solution for the axial displacement of
a bar, and our original assumption was correct.
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5.2 Example 2: A linear elastic bar in tension, wrong assumption

What if we assumed that u(z) increased quadratically with 7 u(z) =
(x/L)?ur. This assumption still meets the criterion that u(z = 0) = 0. In

this case,
2FA
oIl 4FA
Ml =—-du, = ——u, —F=0 26
ou "t T 3L (26)
3FL
= —— . 2
YT 4EA (27)
The minimum value of the potential energy is now —%ETAU 7= —%ﬁ}ﬂ,

which is not as negative as the value of II found using the correct assump-
tion for u(x). In this way two assumptions for u(x) may be compared, and
the better assumption may be retained.

5.3 Example 3: A cantilever beam

The assumed transverse displacement of the beam satisfies the bound-
ary conditions specified by the supports (v(0) = 0, v/(0) = 0).
1 3
v(x) = 2L3(3Lx — x°)up
L

UB

v(@
v(@
V(z

The total potential energy is

)
)
0)
0)

1
Imm:2k%%W—mB (32)
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2

= ; ;0 EI (az;ff)) dx — Pup (33)

= ; lio EI (61;2;361‘)21)% dx — Pup (34)

oIl = gid”B = 0= (35)

v = f:EL; : (36)

which is the correct displacement of a tip- 10;;%(? cantilever beam. The

minimum value of the potential energy is —¢* 5.

5.4 Example 3: A cantilever beam, wrong assumption

Now assume that the beam takes on the following displaced shape
v(z) = vp(1l — cos(57)). This assumed shape still meets the conditions

imposed by the fixed end, v(0) = 0 and ¢'(0) = 0. This displacement
function results in an end displacement of

32 PL? PL3
——— =~ 0.3285—— .
VB = i hT 0.3285 ol (37)
This answer is within two percent of the correct value. The minimum value
16 P2L3 1p2L3

of the potential energy is now — 3<% which is not as negative as — "5

Moreover, the incorrect displacement function does not satisfy equilibrium,
2

since M (z) = P(L — z) # Elddﬂ).
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