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Consider a cortinuous beam over seeral supports carrying arbitrary loads,
w(X).

Using the Momern-Area Theorem, we will analyzetwo adjoining spansof this
beamto nd the relationship between the internal momens at ead of the
supports and the loadsappliedto the beam. We will label the left, certer, and
right supports of this two-spansegmen L, C, and R. The left spanhaslength
L. and °exural rigidity El; the right spanhaslength Lr and °exural rigidity
Elr (see gure (a)).

Applying the principle of superposition to this two-spansegmen we can sepa-
rate the momerts causedby the appliedloadsfrom the internal momerts at the
supports. The two-spansegmeh can be represemted by two simply-supported
spans(with zeromomert at L, C, and R) carrying the external loads plus two
simply-supported spanscarrying the internal momerts M, Mc, and Mg ( g-

ures(b), (c), and (d)). The appliedloadsare illustrated belon the beam,soas
not to confusethe loadswith the momert diagram (showvn above the beams).
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Note that we are being consiste with our sign corvertion: positive momerns
createpositive curvature in the beam. The internal momerts M, M¢, and Mg
aredrawn in the positive directions. The areasunderthe momert diagramsdue
to the applied loadson the simply-supported spans( gure (b)) are A_ and Ag;
%X, represetis the distancefrom the left support to the certroid of A, and kg
represeits the distancefrom the right support to the certroid of Ag, asshown.
The momert diagramsdue to the unknown momerts, M, Mc, and My are
triangular, asshavn in gures (c) and (d).

Examining the elastic curve of the cortinuous beam (' gure (e)), we recognize
that the rotation of the beam at the certer support, uc, is cortinuous across
support C. In other words, |c just to the left of point C is the sameas ¢ just
to the right of point C. This continuity condition may be expressed

¢LtanC: i ¢RtanC; (1)
L, Lr

where ¢ | «an ¢ IS the distancefrom the tangert at C to point L, and ¢ gianc IS
the distancefrom the tangernt at C to point R.

Using the secondMoment-Area Theorem,and assumingthat the °exural rigid-
ity (E1) is constart within ead span,wecan nd theterms¢ | ;anc, and ¢ rianc
in terms of the unknown momerns, M, M¢, and Mr and the known applied

loads. "
) ¢ —19<A+2|_1|v||_+1|_1|v||_#- (2)
LtanC—EIL LML 3 L2 CLL 3 L2 LLL
d ;
" ¢ -19<A+2L1ML+1L1ML#' (3)
RtanC—EIR R/MAR 3 R2 CLR 3 R2 RLR -

Substituting theseexpressionsnto equation (1) and re-arrangingterms, leads
to the three-momen equation. *

A !
L, L, Lr LR 6k AL  6XRAR
=M +2 ——+ _—— Mc+ _——Mg=| i L (4)
ElL El., EIr Elr LLEIL.  LgEIR
1The three-momert equation was derived by Emile Clapeyron in 1857 using the di®erertial equations of
beam bending.
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Note that if EI,. = ElIgr = EI, the three-momen equation is independert of
El.

To apply the three-momen equation numerically, the lengths, momerts of iner-
tia, and applied loads must be speci ed for eat span. Two commonly applied
loads are point loads and uniformly distributed loads. For point loadsP, and
Pr acting a distancex_ and xg from the left and right supports, respectively,

the right hand side of the three-momen equation becomes
A ! A !

6%k AL 6%XRAR XL XL XR XR
i i =i PL=—(LLj X0) 1+ — j PR="(Lgj Xg) 1+ —
"LLEI. LgEIR ' LEIL(L' L) L, REIR(R' R) Lr
©))
For uniformly distributed loadsw, and wg on the left and right spans,
6%k AL 6XrAR WL LE WRL%
i i =i i : (6)

"LLEI. ' LgElr ' 4EI. ' 4EI)°
To nd the internal momerts at the N + 1 supports in a cortinuous beam
with N spans,the three-momen equationis appliedto N j 1 adjacen pairs of
spans. For example,considerthe application of the three-momen equation to
a four-spanbeam. Spansa, b, ¢, and d rest on supports 0, 1, 2, 3, and 4, and

carry uniformly distributed loadsw,, wy, We, and wy.
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The three-momen equation is applied to spansaj b, spansbj c, and spans
cj d.

A

! 3 3
Ela AEIa Elbl Elp AE1,  4Ely
: 3 3
Elp AEIb EICI El. 4El,  4El.
: 3 3
El, El. Elg Elq AEI. ' 4E14

We know that My = 0 and M4 = 0 becausethey are at the endsof the span.
Applying these end-momen conditions to the three three-momen equations
and casting the equationsinto matrix form,

2 M f 3 2 3
La + Ly Lp 2 3 . Wal3 WbLg
2 gt En Elp 0 M | 261, | 20,
K 1
Ly Ly 4 L Le — 8 . owplp . owel?
I 2 lpb = Elg El. E M2 I 2E1, | 2E1,
U 1
0 Le 2 Le 4 La Mj I Wl g i Wl g
El¢ El Elg 4E1. 4E 14

(7)
The 3£ 3 matrix onthe left hand sideof equation(7) is calleda °exibility matrix
and is tri-diagonal and symmetric. This equation can be written symbolically
asF m = d. By examiningthe generalform of this expressionwe can write a
matrix represemation of the three-momen equationfor arbitrarily many spans.
If a numbering corvertion is adopted in which support j lies betweenspan|
and spanj + 1, the three non-zeroelemerts in row j of matrix F are given by

L.
RN (8)
0
L' L'+]_
F.. = 2@ 4 J A 9
H El; Elju ®)
_ Ljw
Row j of vectord is \ ;
d =i WiL?  Wally (11)

BT R T=T
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for the caseof uniformly distributed loads. The momerts at the supports are
computed by solving the systemof equationsF m = d for the vector m.

Once the internal momerts are found, the reactions at the supports can be
computed from static equilibrium

Mj  M;

i Mji1, Mju,
Li

+ : (12)

1 1
R = zwWiLj + sWj+alj+1 i
] i Lj j+1bj+1 | I—j+1 LJ I—j+1

2 2

where the rst two terms on the right hand side correspnd to a uniformly
distributed load.

Having computed the reactions and internal momerts, we can nd the shear
and momert diagramsfrom equilibrium equations. For example,considerspan
j betweensupport j and support j + 1. 2 The internal shearforce at support
j In spanj is

Vijg = (Mji Mja)=Lji wil;=2 (13)
and the internal shearforceat support | + 1in spanj is

Vj+1;j = (Mj i Mj+1):Lj T W Lj:22 (14)

The term w; L; =2 in thesetwo equationscorrespndsto a uniformly distributed
load.

Beamrotations at the supports may be computedfrom equations(1), (2), and
(3). The slope of the beamat support j is tan ;. From the secondMomert-
Area Theorem,

) 2 3 3

i 1 4Wj Lj + Mij + Mj+1Lj 5;

tanpy =
MB=EL 24 T3 6

(15)

where spanj lies betweensupport j and support j + 1. The rst term inside
the bradkets correspndsto a uniformly distributed load.

This method can be easilyimplemerted in Matlab .

2Note that equations (7) { (12) have a di®erent numbering corvertion than equations (13) { (15).
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function [M,R,M_Diag,V_Diag] = three_mom(L,I,w)

% [M,R,M_Diag,V_Diag] = three_mom(L,l,w)

%solve the three-moment equations for a continuous beamof N spans.

%
% input:

% L is a vector of length N containing the lengths of each span.

% | is a vector of length N containing the
% wis a vector of length N containing the
%

% output:

momentsof inertia

of each span.

uniform loads on each span.

% Mis a vector of lenght N+1containing the momentsat each support

% Ris a vector of lenght N+1 containing the reactions

% M_Diagis a vector of the momentdiagram
% V_Diag is a vector of the shear diagram
%

at each support

% This program assumesthat none of the supports are momentresisting,
all the spans are made of
%the samematerial, and that each spans is prismatic.

%that there are no hinges in the beam, that

%H.P. Gavin, Civil and Environmental Engineering,

N = length(L); % number of spans

E = 2e4; % modulus of elasticity

Duke University,  1/24/00

E = 33*150"1.5*sqrt(5000)*12*12; % concrete modulus of elasticity (psf)
F = zeros(N-1,N-1); %initialize the matrix to be zero

for j=1:N-1 %create the flexibility matrix (8)-(10)

if (j>1)

FG-1) = LG 7 10);

end

FGj) =2=*( LG 71G) + LG+ /7 1G+1) )

if (j <N-1)

FG.j+1) = L(+1) [/ 1(+1);

end

end

for j=1:N-1 %create the right-hand-side  vector (11)

d@) =- w@LO™3 /7 (4*1G) ) - w(+D)LG+)r3 7 (4 *IG+) )
end

m=inv(F) * d(:); %compute the internal moments (7)

for j=1:N-1 % compute the reactions (12)



The Three-Moment Equation

rG) = w()*L()/2 + w(+1)*L(j+1)/2 - m@)/L() - m()/L(+1);

if (j>1)

r@) =r@ + m@-1)/L0);

end

if (j <N-1)

r@) =r@ + m@+1)/L(+1);

end

end

R=1[ w(@)*L(1)/2 + m(1)/L(1) r(:)' W(N)*L(N)/2 + m(N-1)/L(N) I;

M= 0 m'0]; %end momentsare zero.

for j=1:N %compute the slopes (15)

slope(j) = -( w()*L{*3 [ 24 + ..
M@G+)*LG) 7 6 + M@G)*LG) 1 3 ) 1 (E*());
end

if ( abs ( sum(R)- sum(w .* L) ) <1le9 )

disp (' yes! ') %equilibrium check ... should be close to zero
end
% ---------- shear, moment, slope, and deflection data and plots  -----------

for j=1:N %x-axis data for shear, moment, slope, and deflection diagrams
X)) =1 O:L@)/55:L() 1
end

[row,col] = size(x);

for j=1:N
Vo= ( M@ - M@+1) ) / LG - w(@)*LG)/2; %shear at left

V_Diag(:,j) = Vo + w()*x(:,j);

M_Diag(:,j) = M(@) - Voxx(:,j) - (L/2)*w()*x(:,])."2 ;

s_Diag(:,j)) = cumtrapz( M_Diag(:,j) ) * x(2.) [ (E*I()) + slope(j) ;

d_Diag(:,j) = cumtrapz( s_Diag(:,j) ) * x(2,) ;

end

% ------------- print key results to screen --------------

fprintf(----mm-mmmrmmmm s e \n’);

fprintf(' Moment Shear Deflection\n');

fprintf(’ Maximum %12.5e %12.5e %12.5e\n’,
max(max(M_Diag)), max(max(-V_Diag)), max(max(d_Diag)) );

fprintf(’ Minimum %12.5e %12.5e %12.5e\n’,

min(min(M_Diag)), min(min(-V_Diag)), min(min(d_Diag)) );
1101111 (e \nY:
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for j=1:N %x-axis data for shear and momentdiagram plots
X)) =xG) A+ sum(L(Lj-1) )
end

V_Diag(row+1,:) = zeros(1,col); % close the polygon for shaded plots
M_Diag(row+1,:) = zeros(1,col);

V_Diag(row+2,:) = zeros(1,col);

M_Diag(row+2,:) = zeros(1,col);

x(row+1,:) = x(row,:);

X(row+2,:) = x(1,);

%" matrix " of four figures, 4 rows, 1 column
subplot(4,1,1)
fil ( x, -V_Diag , -V_Diag ) %shaded plot
grid on
xlabel('span  (ft)")
ylabel('Internal Shear (Ibf)")

subplot(4,1,2)

fill ( x, M_Diag, M_Diag) % shaded plot
grid on

xlabel('span  (ft))

ylabel('Internal Moment(Ibf.ft)")

subplot(4,1,3)

plot ( x(lrow,) , s _Diag , '-b', ‘'LineWidth’, 2 ) %line plot
grid on

xlabel('span  (ft)")

ylabel('Slope")

subplot(4,1,4)

plot ( x(Lrow,;)) , d_Diag, '-b', ‘'LineWidth’, 2 ) %line plot

grid on

xlabel('span  (ft)")

ylabel('Deflection (ft)")

% THREE_MOM
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