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Consider a continuous beam over several supports carrying arbitrary loads,
w(x).

Using the Moment-Area Theorem, we will analyzetwo adjoining spansof this
beam to ¯nd the relationship between the internal moments at each of the
supports and the loadsapplied to the beam. We will label the left, center, and
right supports of this two-spansegment L, C, and R. The left spanhas length
LL and °exural rigidit y EI L ; the right spanhas length L R and °exural rigidit y
EI R (see¯gure (a)).

Applying the principle of superposition to this two-spansegment, we can sepa-
rate the moments causedby the applied loadsfrom the internal moments at the
supports. The two-spansegment can be represented by two simply-supported
spans(with zeromoment at L, C, and R) carrying the external loadsplus two
simply-supported spanscarrying the internal moments M L , MC, and MR (¯g-
ures(b), (c), and (d)). The applied loadsare illustrated below the beam,soas
not to confusethe loads with the moment diagram (shown above the beams).
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Note that we are being consistent with our sign convention: positive moments
createpositive curvature in the beam. The internal moments M L , MC, and MR

aredrawn in the positivedirections. The areasunder the moment diagramsdue
to the applied loadson the simply-supported spans(¯gure (b)) are AL and AR;
¹xL represents the distancefrom the left support to the centroid of AL , and ¹xR

represents the distancefrom the right support to the centroid of AR, asshown.
The moment diagrams due to the unknown moments, M L , MC, and MR are
triangular, as shown in ¯gures (c) and (d).

Examining the elastic curve of the continuous beam (¯gure (e)), we recognize
that the rotation of the beam at the center support, µC, is continuous across
support C. In other words, µC just to the left of point C is the sameasµC just
to the right of point C. This continuity condition may be expressed

¢ L tan C

LL
= ¡

¢ R tan C

LR
; (1)

where¢ L tan C is the distancefrom the tangent at C to point L, and ¢ R tan C is
the distancefrom the tangent at C to point R.

Using the secondMoment-Area Theorem,and assumingthat the °exural rigid-
it y (EI ) is constant within each span,wecan¯nd the terms¢ L tan C, and¢ R tan C

in terms of the unknown moments, M L , MC, and MR and the known applied
loads.

¢ L tan C =
1

EI L

"

¹xL AL +
2
3

LL
1
2

MCLL +
1
3

LL
1
2

ML LL

#

; (2)

and
¢ R tan C =

1
EI R

"

¹xRAR +
2
3

LR
1
2

MCLR +
1
3

LR
1
2

MRLR

#

: (3)

Substituting theseexpressionsinto equation (1) and re-arranging terms, leads
to the three-moment equation. 1

LL

EI L
ML + 2

Ã
LL

EI L
+

LR

EI R

!

MC +
LR

EI R
MR = ¡

6¹xL AL

LL EI L
¡

6¹xRAR

LREI R
: (4)

1The three-moment equation was derived by ¶Emile Clapeyron in 1857 using the di®erential equations of
beam bending.
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L C R
EIEI

R

x
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L

L
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MM
L R

L
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C
M M

C

R3
1 L

+

=

+

qC

qC

D
tanCL

2
3 R

L
2
3

R

R
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w(x)

L
L

1
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Note that if E I L = EI R = EI , the three-moment equation is independent of
EI .

To apply the three-moment equationnumerically, the lengths,moments of iner-
tia, and applied loadsmust be speci¯ed for each span. Two commonly applied
loadsare point loadsand uniformly distributed loads. For point loadsPL and
PR acting a distancexL and xR from the left and right supports, respectively,
the right hand sideof the three-moment equation becomes

¡
6¹xL AL

LL EI L
¡

6¹xRAR

LREI R
= ¡ PL

xL

EI L
(LL ¡ xL )

Ã

1 +
xL

LL

!

¡ PR
xR

EI R
(LR¡ xR)

Ã

1 +
xR

LR

!

:

(5)
For uniformly distributed loadswL and wR on the left and right spans,

¡
6¹xL AL

LL EI L
¡

6¹xRAR

LREI R
= ¡

wL L3
L

4EI L
¡

wRL3
R

4EI R
: (6)

To ¯nd the internal moments at the N + 1 supports in a continuous beam
with N spans,the three-moment equation is applied to N ¡ 1 adjacent pairs of
spans. For example,considerthe application of the three-moment equation to
a four-spanbeam. Spansa, b, c, and d rest on supports 0, 1, 2, 3, and 4, and
carry uniformly distributed loadswa, wb, wc, and wd.
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The three-moment equation is applied to spansa ¡ b, spansb¡ c, and spans
c ¡ d.

La

EI a
M0 + 2

Ã
La

EI a
+

Lb

EI b

!

M1 +
Lb

EI b
M2 = ¡

waL3
a

4EI a
¡

wbL3
b

4EI b

Lb

EI b
M1 + 2

Ã
Lb

EI b
+

L c

EI c

!

M2 +
L c

EI c
M3 = ¡

wbL3
b

4EI b
¡

wcL3
c

4EI c

L c

EI c
M2 + 2

Ã
L c

EI c
+

Ld

EI d

!

M3 +
Ld

EI d
M4 = ¡

wcL3
c

4EI c
¡

wdL3
d

4EI d

We know that M 0 = 0 and M 4 = 0 becausethey are at the endsof the span.
Applying these end-moment conditions to the three three-moment equations
and casting the equationsinto matrix form,

2

6
6
6
6
6
6
6
6
6
6
6
6
4

2
µ

L a
EI a

+ L b
EI b

¶
L b
EI b

0

L b
EI b

2
µ

L b
EI b

+ L c
EI c

¶
L c

EI c

0 L c
EI c

2
µ

L c
EI c

+ L d
EI d

¶

3

7
7
7
7
7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
6
6
4

M1

M2

M3

3

7
7
7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
6
6
6
4

¡ waL 3
a

4EI a
¡ wbL 3

b
4EI b

¡ wbL 3
b

4EI b
¡ wcL 3

c
4EI c

¡ wcL 3
c

4EI c
¡ wdL 3

d
4EI d

3

7
7
7
7
7
7
7
7
7
7
7
5

:

(7)
The 3£ 3 matrix on the left handsideof equation(7) is calleda °exibility matrix
and is tri-diagonal and symmetric. This equation can be written symbolically
asF m = d. By examining the generalform of this expression,we can write a
matrix representation of the three-moment equationfor arbitrarily many spans.
If a numbering convention is adopted in which support j lies betweenspan j
and span j + 1, the three non-zeroelements in row j of matrix F are given by

Fj j ¡ 1 =
L j

EI j
; (8)

Fj j = 2

0

@
L j

EI j
+

L j +1

EI j +1

1

A ; (9)

Fj j +1 =
L j +1

EI j +1
: (10)

Row j of vector d is

dj = ¡
wj L3

j

4EI j
¡

wj +1 L3
j +1

4EI j +1
(11)
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for the caseof uniformly distributed loads. The moments at the supports are
computedby solving the systemof equationsF m = d for the vector m.

Once the internal moments are found, the reactions at the supports can be
computedfrom static equilibrium

Rj =
1
2

wj L j +
1
2

wj +1 L j +1 ¡
M j

L j
¡

M j

L j +1
+

M j ¡ 1

L j
+

M j +1

L j +1
; (12)

where the ¯rst two terms on the right hand side correspond to a uniformly
distributed load.

Having computed the reactions and internal moments, we can ¯nd the shear
and moment diagramsfrom equilibrium equations.For example,considerspan
j betweensupport j and support j + 1. 2 The internal shearforce at support
j in span j is

Vj ;j = (M j ¡ M j +1 )=Lj ¡ wj L j =2; (13)

and the internal shearforce at support j + 1 in span j is

Vj +1 ;j = (M j ¡ M j +1 )=Lj + wj L j =2: (14)

The term wj L j =2 in thesetwo equationscorrespondsto a uniformly distributed
load.

Beamrotations at the supports may be computedfrom equations(1), (2), and
(3). The slope of the beam at support j is tan µj . From the secondMoment-
Area Theorem,

tan µj =
¡ 1
EI j

2

4
wj L3

j

24
+

M j L j

3
+

M j +1 L j

6

3

5 ; (15)

wherespan j lies betweensupport j and support j + 1. The ¯rst term inside
the brackets correspondsto a uniformly distributed load.

This method can be easily implemented in Ma tlab .

2Note that equations (7) { (12) have a di®erent numbering convention than equations (13) { (15).
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function [M,R,M_Diag,V_Diag] = three_mom(L,I,w)
% [M,R,M_Diag,V_Diag] = three_mom(L,I,w)
% solve the three-moment equations for a continuous beamof N spans.
%
% input:
% L is a vector of length N containing the lengths of each span.
% I is a vector of length N containing the momentsof inertia of each span.
% w is a vector of length N containing the uniform loads on each span.
%
% output:
% M is a vector of lenght N+1 containing the momentsat each support
% R is a vector of lenght N+1 containing the reactions at each support
% M_Diag is a vector of the momentdiagram
% V_Diag is a vector of the shear diagram
%
% This program assumes that none of the supports are momentresisting,
% that there are no hinges in the beam, that all the spans are madeof
% the same material, and that each spans is prismatic.

% H.P. Gavin, Civil and Environmental Engineering, Duke University, 1/24/00

N = length(L); % number of spans

E = 2e4; % modulus of elasticity
E = 33*150^1.5*sqrt(5000)*12*12; % concrete modulus of elasticity (psf)

F = zeros(N-1,N-1); % initialize the matrix to be zero

for j=1:N-1 % create the flexibility matrix (8)-(10)
if ( j > 1 )
F(j,j-1) = L(j) / I(j);
end

F(j,j) = 2 * ( L(j) / I(j) + L(j+1) / I(j+1) );

if ( j < N-1 )
F(j,j+1) = L(j+1) / I(j+1);
end
end

for j=1:N-1 % create the right-hand-side vector (11)

d(j) = - w(j)*L(j)^3 / ( 4 * I(j) ) - w(j+1)*L(j+1)^3 / (4 * I(j+1) );
end

m = inv(F) * d(:); % compute the internal moments (7)

for j=1:N-1 % compute the reactions (12)
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r(j) = w(j)*L(j)/2 + w(j+1)*L(j+1)/2 - m(j)/L(j) - m(j)/L(j+1);

if ( j > 1 )
r(j) = r(j) + m(j-1)/L(j);
end

if ( j < N-1 )
r(j) = r(j) + m(j+1)/L(j+1);
end
end

R = [ w(1)*L(1)/2 + m(1)/L(1) r(:)' w(N)*L(N)/2 + m(N-1)/L(N) ];

M = [ 0 m' 0 ]; % end momentsare zero.

for j=1:N % compute the slopes (15)
slope(j) = -( w(j)*L(j)^3 / 24 + ...
M(j+1)*L(j) / 6 + M(j)*L(j) / 3 ) / (E*I(j));
end

if ( abs ( sum(R) - sum (w .* L) ) < 1e-9 )
disp (' yes! ') % equilibrium check ... should be close to zero
end

% ---------- shear, moment, slope, and deflection data and plots -----------

for j=1:N % x-axis data for shear, moment, slope, and deflection diagrams
x(:,j) = [ 0:L(j)/55:L(j) ]' ;
end

[row,col] = size(x);

for j=1:N
Vo = ( M(j) - M(j+1) ) / L(j) - w(j)*L(j)/2; % shear at left
V_Diag(:,j) = Vo + w(j)*x(:,j);
M_Diag(:,j) = M(j) - Vo*x(:,j) - (1/2)*w(j)*x(:,j).^2 ;
s_Diag(:,j) = cumtrapz( M_Diag(:,j) ) * x(2,j) / (E*I(j)) + slope(j) ;
d_Diag(:,j) = cumtrapz( s_Diag(:,j) ) * x(2,j) ;
end

% ------------- print key results to screen --------------
fprintf('--------------------------------------------------------- ---------\n');
fprintf(' Moment Shear Deflection\n');
fprintf(' Maximum %12.5e %12.5e %12.5e\n', ...

max(max(M_Diag)), max(max(-V_Diag)), max(max(d_Diag)) );
fprintf(' Minimum %12.5e %12.5e %12.5e\n', ...

min(min(M_Diag)), min(min(-V_Diag)), min(min(d_Diag)) );
fprintf('--------------------------------------------------------- ---------\n');
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for j=1:N % x-axis data for shear and momentdiagram plots
x(:,j) = x(:,j) + sum( L(1:j-1) ) ;
end

V_Diag(row+1,:) = zeros(1,col); % close the polygon for shaded plots
M_Diag(row+1,:) = zeros(1,col);
V_Diag(row+2,:) = zeros(1,col);
M_Diag(row+2,:) = zeros(1,col);
x(row+1,:) = x(row,:);
x(row+2,:) = x(1,:);

% " matrix " of four figures, 4 rows, 1 column
subplot(4,1,1)
fill ( x , -V_Diag , -V_Diag ) % shaded plot
grid on
xlabel('span (ft)')
ylabel('Internal Shear (lbf)')

subplot(4,1,2)
fill ( x , M_Diag , M_Diag ) % shaded plot
grid on
xlabel('span (ft)')
ylabel('Internal Moment(lbf.ft)')

subplot(4,1,3)
plot ( x(1:row,:) , s_Diag , '-b', 'LineWidth', 2 ) % line plot
grid on
xlabel('span (ft)')
ylabel('Slope')

subplot(4,1,4)
plot ( x(1:row,:) , d_Diag , '-b', 'LineWidth', 2 ) % line plot
grid on
xlabel('span (ft)')
ylabel('Deflection (ft)')

% ------------------------------------------------------------------- THREE_MOM
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