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The Extended Least Squares Criterion: Minimization
Algorithms and Applications

Arie Yeredor Member, |IEEE

Abstract—The least squares (LS) estimation criterion on one counts only for measurement inaccuracies. While measurement
hand, and the total LS (TLS), constrained TLS (CTLS) and inaccuracies can always be attributed to model errors, they are

structured TLS (STLS) criteria on the other hand, can be viewed tan caused by unrelated mechanisms. In such cases, the dis-
as opposite limiting cases of a more general criterion, which we . . . S ) ’
tinction in (2a) and (2b) is justified.

term “Extended LS” (XLS). The XLS criterion distinguishes . .
measurement errors from modeling errors by properly weighting The well-known least squares (LS) estimation approach seeks

and balancing the two error sources. In the context of certain parameter®, which, together with the given measurements

models (termed “pseudo-linear”), we derive two iterative algo- minimize the (possibly weighted) Euclidean normgof, 6):
rithms for minimizing the XLS criterion: One is a straightforward

“alternating coordinates” minimization, and the other is an min {gT(:c 0OWg(x 9)} = O (3)
extension of an existing CTLS algorithm. The algorithms exhibit [ ’ ’

different tradeoffs between convergence rate, computational - . o - . .
load, and accuracy. The XLS criterion can be applied to popular where W is some symmetric positive-definite weight matrix.

estimation problems, such as identifying an autoregressive (AR) fLs is actually the value that bringg(x, §) as close as pos-
with exogenous noise (ARX) system from noisy input/output mea- Sible to its presumed value 6f However, no substitution of the
surements or estimating the parameters of an AR process from observed data is implied, and thus, (2b) is completely satisfied
noisy measurements. We demonstra_te the convergence properties(with equality).
and performance of the algorithms with examples of the latter. On the other hand, some well-known existing modifications
Index Terms—AR modeling, ARX system identification, con- of | S can often be regarded as taking the opposite approach.
strained total least squares (CTLS), extended least squares (XLS), Specifically, they attempt to find a vector of “presumed” data
least squares, structured total least squares (STLS), total least ~ ' : . ,
squares (TLS). % and an associated parameters veétaith which the model
equation (2a) is satisfied (with equality) while keeping to a min-
imum the deviation of the “presumed” datdrom the observed
I. INTRODUCTION datazr.
N A VAST variety of problems in engineering, it is desired To illustrate that, consider the case where the model equation

to estimate unknown parametérfrom data measurementsiS given byz ~ X6 with measurements contained in batand
z. The parameters and the data are generally related by an-&p{n the notation of (1), such a model is specified by
proximate set of model equations o X0 ~0 @)

gz, 6) ~ 0. @ The linear LS solutiords = (X?WX) X Wz yields
. . _ . the value off with which (4) is most closely satisfied without
The inequality in (1) may often be attributed to two pOSS'bl}fhange in the measurements X. However, if perturbations

distinct mechanisms: model mismatch and measurement inﬁ‘c-X as well as inz are allowed, the estimation approach

curacies. Model mismatch encompasses inaccuracies that eXSlmes the form of a total least squares (TLS) problem

in (1) even when exact measurements are used. MeasureirgJb [1]-[3] and references therein). In various engineering

inaccuracies, on the other hand, account for possible deviat o ; :
' ' : lications, structural constraints (e.g., Hankel, Toeplitz, etc.
of the measured datafrom the true (unknown) data, saywith % (e.g P )

which (1) is exact (in the absence of model mismatch). In othafe imposed on the augmented mafixX]. Since the basic

words, (1) may be broken down into two distinct (in) equalitiestLS solution is incapable of addressing structural constraints,
various modifications thereof were proposed and termed “con-
0 (2a) strained” (or “structured”) TLS, in various application-specific
0 (2b) contexts (e.g., [4]-[9] in addition to earlier works such as
Steiglitz—McBride’s [10] or IQML [11] methods, which have
wherez is a vector of “presumed” (“accurate” or “latent”) databeen shown to address an equivalent problem [12], [13]), as
so that (2a) accounts only for model mismatch, whereas (2b) aell as in more general forms, such as Cadzow’s constrained
TLS (CTLS) [14]-[16] and De Moor’s structured TLS (STLS)
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system such as in [9]), it is assumed that the underlying noise-The XLS estimate of is obtained by applying the LS crite-

less signal satisfies an exact linear prediction equation. In then to g. However, since: is obviously unknown, we have to

problem of identifying the parameters of a linear time-invariamhinimize with respect t& as well, obtaining as a byproduct the

(LTI) system from noisy input/output observations [which iXLS estimate of the presumed data

also known as the “errors-in-variable” (EIV) model], it is as- . . .

sumed that the underlying (noiseless) input and output are re- min {f}T(:c, z, OWi(z, z, 0)} = Oxrs (-HEXLs) (6)

lated precisely by the system’s model equation. The only im-

plied errors are in the available measurements. whereW is the extended weight matrix. Often, a block-diagonal
These assumptions are often either unjustified or can be §-would be chosen as

moved deliberately to broaden the scope onto a more general

problem. For example, if the composite noiseless exponential W = {Wg 0 } @

signal does not satisfy its respective linear prediction equation,

it can be regarded as a stochastic auto-regressive (AR) procs\ﬁ]se.rewg andW . fit the dimensions o§(zx, §) andzx, respec-

If the LTI system does not satisfy its difference equation pr‘ta’ﬁlely so that the XLS minimization (6) may assume the fol-
cisely, it can be regarded as an AR with exogenous disturbance.”’

(ARX) model (see, e.g., [19]). When ordinary LS or TLS-baseI Wing form:
method.s are applied to these modelg, t'he resulting e'stim.ates be- min { g7 (&, O)W ,9(&, 0) + (x — &)W, (z — %)}

come highly erroneous due to the misfit of these estimation ap-  *:.¢

proaches to the problems in hand. = Byrs (+§XL5) _ o)

The more comprehensive extended least squares (XLS) crite-
rion proposed in this paper accounts for both error sources andvhenW, < Wt the minimization with respect t@ is
discriminates data measurement errors from model errors. dgminated by the second term and is attained &#earz so that
such, it can address these problems as well and, furthermarg, < practically minimizes the first term with replaced bye.
introduce proper balancing of the two error sources. Obviously, this coincides with the LS estimate, which is thus

The possibility of accounting for model errors separateigentified as a limiting case that “blames” all the inconsistency
from measurement errors has been addressed by others, eiih¢r) on model mismatch.
explicitly, such as by Fuller [20] in the context of EIV models, When, on the other han®, < W, minimization is at-
which is termed “EIV models with an error in the equation,” otained when the first term is nearly zeroed out. Thus, in the
implicitly in application-specific contexts, such as by Lim andecond term, the minimal perturbation of the measured data is
Oppenheim [21] in estimating the poles of noisy speech. Mogeught, for which the model equations can be completely sat-
recently, De Moor and Lemmerling proposed a similar “misfisfied with some value o8. This approach is, in a sense, the
versus latency” approach [22] in the context of linear systerapposite of LS, as it blames all the inconsistency on measure-
identification. However, frameworks for the general problemnent inaccuracies.
formulation and efficient minimization algorithms have yet to The selection of the weight matrices often also affects the
be established. It is the purpose of this paper to fill this void. complexity of the minimization problem, as well as the exis-

We note in passing that like LS and TLS, the XLS critetence of local minima. WheW ; < W, the problem is more
rion is purely based on deterministic considerations. HoweverS-like” and is therefore “easier” and usually (in the context of
LS and TLS often have statistical interpretations. For exampl@seudo-linear models” to be defined immediately) has a unique
when the model errors (or the measurement errors) are assuigiebal minimum. AW , increases, the problem becomes more
zero-mean Gaussian, LS (or STLS, respectively) is known 18TLS-like,” and local minima begin to emerge. This behavior
have the statistical interpretation of the maximum-likelihoo demonstrated in Fig. 1. The model used is an AR(2) process
(ML) criterion. The XLS criterion also has an interesting statign noise. The (log) criterion surface is drawn as a function of
tical interpretation that will not be pursued here. See [23]-[25he two free parametets= [f; 62]” (following further mini-

This paper is organized as follows: In Section I, we formulat@ization with respect té at each9). The weight matrices used
the XLS criterion and identify existing criteria as limiting casesrere W, = I andW, = w,I (wherel denotes the identity
thereof. In Section Ill, we define a family of “pseudo-linearmatrix) with w, = 0.2, 1, 5 for Fig. 1(a)—(c), respectively (all
models with which efficient iterative algorithms for XLS min-three figures were calculated using the same aaganerated
imization can be derived. Such algorithms are developed anith 6, = 0.2, 6, = —0.15). It is seen that withu, = 0.2, the
outlined in Section IV and then illustrated in application exanmsurface is unimodal, smooth, and nearly parabolic, whereas an
ples in Section V. Our concluding remarks comprise Section Mhcrease inu, “wrinkles” the surface and creates local minima.

Careful selection oW, andW . would normally reflect the
optimal sharing of inconsistency between model mismatch and
measurement errors. When statistical assumptions as to the na-
Forming the concatenation of (2a) and (2b), we get ture of the model mismatch and measurement noises are incor-

porated, specific selection of weights reflects specific statistical

2

[l. EXTENDED LEAST SQUARES(XLS) CRITERION

- 1We use «” loosely to compare matrices of possibly unequal dimensions in
i(z, &, 0) a 9(z, 0) ~0 (5) the sense of comparing eigenvalues. All the eigenvalues of the smaller matrix
P z—z ) are much smaller than all the eigenvalues of the other.
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whereAy, A;, --- Ay is a set of constant matrices, are the
elements of, and

o(6) = m (10b)

wherewvg is some constant. The role of the free mat#fix and

the free constant, is to provide optional terms that are purely
linear in@ andz, respectively. In the absence of such terms in
the model, A, or vy are set to zero. Without loss of generality,
we may also set; = 1 whenwy is nonzero. In that way, all the
scaling is taken care of in th¥(%) term. Note that ifiy = 0, the
model equations can be made exact with a trivial ch8iee0,
which renders such cases uninteresting, as the XLS criterion (6)
would be minimized (zeroed out) by setting in additibe= «.
Since we are only interested in interesting cases, we assume
Vo = 1.

IV. ALGORITHMS FORMINIMIZATION OF THE XLS CRITERION

Despite the restriction of the general model to be
pseudo-linear, no closed-form expression for minimiza-
tion is currently known. In this section, we develop two
iterative algorithms for minimizing the XLS criterion under the
assumption of a “pseudo-linear model” (9).

We assume the simplified form (8) of the XLS minimiza-
© tion criterion. The cost function under minimizatioi{z, ) is

Fig. 1. Log of the criterion surface for an AR(2) process in noise. The surfaliderefore given by
is drawn as a function of the two parameters, following further minimization
with respect to the “latent” data at each point. The figures demonstrate theC'(£, @) :gT (%, O)ng(;i7 0)+(x— ;E)TWQC (x — %)

0 -2 -2 [}

effect of the relative weights attributed to the mod®, = w,I) and to 1
the data(W, = I). Asw, increases, the surface “wrinkles,” moving from — [1 0T} AT (P W A% VW (— 7
a parabolic “LS-like” surface to a multimodal “STLS-like” surface. All three ( ) g ( ) 0 +( ) “”( )

figures were drawn using the same datd¥ , =0.2, 1, and 5 in Fig. 2(a)-(c),

respectively. (11)

Thus, for pseudo-linear modets{z, @) is quadratic inz for
interpretations for the obtained estimate. These interpretatiof8y fixedd, and vice versa. The first algorithm exploits that fact
as well as a statistical analysis of performance, can be foundy alternating between minimization with respectitgiven a
[23]-[25]. previous value of and minimization with respect #, given
the previous value at.

While analytically appealing and plain in concept, the
alternating coordinates minimization requir@$N?) or even

The presentation of the XLS criterion above did not restri@(N3) multiply-add operations per iteration. We therefore
the structure of the model functiong(z, #). In order to propose another minimization algorithm that requi@&)
pursue computationally appealing algorithms for the requiregherations per iteration. It dwells on the close relation of
minimization, we now restrict our discussion to pseudo-linex|.s minimization to an existing algorithm mentioned earlier,
models, which are applicable in a variety of engineerir\game|y' Cadzow's CTLS ([14]-[16]), whose optimization
problems such as ARX system identification or AR parametgfoblem was identified as a limiting case of our more general
estimation. XLS problem. Our proposed algorithm is thus termed extended

By the term “pseudo-linear models,” in this context, we refet TS (ECTLS). The computational relief is attained at the cost
to model functiong(z, @) that are linear in the datafor any of a drawback inherited by ECTLS from CTLS in the form
fixed value of the paramete#s and vice versa. It is easy t0of possible off-minimum convergence. We elaborate on that
observe thag(#, #) complies with that definition iff it can be drawback in the sequel.
expressed in the form Throughout this presentation, we will assume tH&f) is

px(g+1) (p > q) sothatf is ¢ x 1. The data vectorg and
9(%, 0) = A(z)v(0) (9) z are assumed x 1.

I1l. PSEUDG-LINEAR MODEL

where A. Alternating Coordinates Minimization (ACM) Algorithm

N The alternating coordinates minimization (ACM) strategy al-
A(E) = Ag + Z A, (10a) tNernaJ(;s between minimization with respect to the “coordinates”
Z andé.
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The quadratic minimization always results in a unique globModel and data weight matrices: W, and
minimum (assuming the other coordinates fixed) so that in eachW,, (resp.)
iteration the value of’(%, @) is guaranteed not to increase (UsUmitial guess: ;2[01 (Initializing with o

ally to decrease). Sinc€(z, ) is bounded below (e.g., by s also possible, running the algorithm
zero), convergence is guaranteed. Furthermore, the convergenggom part I1)
point is guaranteed to be a (local) minimum (or, at most, & gori t hm

saddle-point, being minimum with respectdt@nd@ separately For k=1, 2, --- repeat until convergence:
but notjointly) since these are the only possible stationary points|. Minimize with respect to 0
of the alternating minimization operation. Construct
We will now derive explicit expressions for the minimization N
in each phase. Gived, the quadratic expression éhis readily AR — 4 a1l
available as the first term in (11), which is uniquely minimized = Aot ;x "
by
Form the partition:
0(z) = —B~(2)b(z (12) LT
(€) () Hl’j o’ } AN A
whereB(%) (g% ¢) andb(z) (¢ x 1) are defined via the following b B
artition of the(¢ + 1) x (¢ + 1) matrix A (2)W ,A(z): Tk
p (g+1)x(g+1) (@)W, A(z) obtain &%
T o _ [v@ ¥ (@) 1K) Ntk
A" ()W, A(Z) = [b(:&) B(E) | (13) 0 = _ B plk
Givend, extraction of the quadratic expressiomifrom (11) ~ !l- Minimize with respect to z.
is a little more subtle. Define the following vectors: Let
71T
/ K _ |1 g™
tnw)éAnm W01, N (14) v ‘{” }
. - Construct
whereA,, are the model matrices of (10a). Substituting (14) and
(10a) into (11),C(%, @) can be written in the form tg“] — A, lH = |:A1v[k1 DA ANv[’“]}
N r N
C(&, 0) = |to(0)+> azntnw)] ARG azntnw)] Obtain
n=1 n=1
2 [k 2T 3 -1 2T ;
4 (z— &)W (z— &) a5 &= [T W W) (W - T W]

Constructing the matrix ALK

Upon convergence ( k£ = K), [Is’(]at 05 = 0
/ . o As a by-product, Fxis = &
T(6) 2 [tl(ﬂ):tQ(ﬂ):---:tN(ﬂ)} (16)

. Various convergence criteria may be used, e.g., monitor the
so thatzfz;l Zntn(0) = T(@)x, the criterion (15) may be amount of the change th z, or C(z, ) between iterations and

rewritten as compare it with a reasonably small threshold.
In Fig. 2, we demonstrate typical convergence paths, as well
O, 0) = (=, 0) + 2 [tJ (OW ,T(0) — =" W,] & as sensitivity to initialization, of the ACM algorithm, using the
+z7 [TT(o)WgT(o) + Wac] i (17) same AR(2) model and data as in Fig. 1. Iterations are presented

as connected points in the 2-D parameter space, using different
wherec(z, #) contains all the terms that are independent.of initialization values (placed on a grid), which are denoted by
The minimizingz is then given by “0.” The terminal values are denoted hiyl:” Fig. 2(a) and (b)
) 1 show the results witlw, = 0.2, 5, respectively. Contour lines
z=[TYOW,TO)+W.] [W.z—T"@)W,to(0)]. of the XLS criterion under minimization are superimposed. It
(18) is seen that whem, is small, the problem is LS-like, and a
The iterative ACM algorithm therefore assumes the followingnique (global) minimum is reached in a few iterations, with the

form. minimum’s vicinity approached in the first iteration, regardless
of initialization. However, whew, is large, the problem is more

Alternating Coordinates Minimization (ACM) STLS-like, and several minima can be reached, depending on

Prelimnaries: initialization. Moreover, more iterations are generally required,

The measurements: =« and the vicinity of the minimum is reached gradually.

Ay, Ap, ---Ay—the set of px(g+1) matrices of When no particular initial guess fdé is available, it is rea-

. ~[0
the pseudo-linear model. sonable to usé[ - x.
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B. XLS Minimization via the Extended CTLS (ECTLS)
Algorithm

The minimization algorithm developed in this subsection is
based on an extension of the existing CTLS algorithm that was
originally proposed in 1991 by Cadzow ([14]-[16]) for solving
the “constrained total least squares” problem. For the sake of
readers unfamiliar with CTLS, we will briefly review the CTLS
problem and solution strategy and proceed to formulate a more
general problem, which we term the ECTLS problem, proposing
a general iterative solution thereof. We will then tie the knot be-
tween ECTLS and XLS by transforming the XLS criterion into
an ECTLS problem, which warrants application of our ECTLS
algorithm in XLS minimization.

1) CTLS Problem:The CTLS problem is aimed at finding
the nearest rank-deficient approximation of a given marso
that the approximating matri8 belongs to a specified set of
“properly structured” matrices (e.g., Hankel, Toeplitz, Block,
etc.).

Explicitly stated, let’3 denote a set of “properly structured”

p X ¢ matrices (we us@ as an arbitrary dimension to be later
related tog via ¢ = ¢q + 2). Given ap x ¢ data matrixA4, find
another matrixB € B and a nonzerg x 1 vectory such that
||B — Al|% is minimize& subject toBy = 0:

. _ 2 N _
sl |B— Aly st: By=0 (19)
possibly with an additional constraint on the scalg.of
2) CTLS Solution:The CTLS solution, which is based on
Cadzow’s concept of a composite property mapping ([26]), is

an iterative process in which each iteration involves two phases. -2 -1 0 1 2
In the first phase of the first iteration, the structural constraint is 2
ignored, and the nearest rank-deficient approximaiwof A (b)

IS founq using the TLS approach. Whi# satisfies the Imegr Fig. 2. Typical convergence paths of the ACM algorithm for an AR(2) process
constraint, it may not be properly structured. Therefore, in thenoise. Fig. 2(a) and (b) use the same data, with= 0.2, 5, respectively.

second phase, the linear constrang =0is ignored, and a “o” denote initial values, and@” denote terminal values. Intermediate results

“ e . . - are denoted by points (connected). With smag]| the problem is “easier,” and
properly structured € B nearest approximation B’ is fewer iterations are required. With large,, more iterations are required, and

found. local minima can be reached.
B” may not satisfy the linear constraint, but among all “prop-
erly structured” matrices, it is the closestB, which, on its addition to thep x § matrix A, a full-rank s x § matrix T

phart, is the cIosEsttﬂand saﬁ“ﬁf'is th?t C(?nrs],tralr_\t._Thle |de§1 % specified, and the CTLS problem is to be solved subject
thus to repeat the process with the role of the origina maﬁrlxto Ty = 0. The necessity of this extension will unfold as

H /
taken over by the most_ recent f";\_pprox_lmatlah. _ we transform the XLS minimization problem into an ECTLS
Under some regularity conditions, it was shown in [16] th{ﬁroblem in the sequel

this algorithm is guaranteed to converge to a matrix (and aSSOC'EpricitIy stated, letB denote the set of all “properly struc-

ated vector) that satisfies both the structural and the linear C?ﬂ'r'ed"p x § matrices. Given the x § data matrixA and ans x §
straints. However, that matrix is not guaranteed to be the near, est §) full-rank matrixT', find anotherp x § matrix B € B
to A among all matrices that share that property. In other wor d a nonzerg x 1 vectory such tha{| B — A||2 is minimized,
the obtained solution is not necessarily at a true minimum— iibject toBy = 0 andTy = 0 F
though it is often “close enough” in the sense that its deviation
from a true minimum is often negligible with respect to inherent min ||B- A% st: By=0, Ty=0 (20)
statistical estimation errors associated with applications that in- Bc5,y#0
volve the CTLS problem.

3) ECTLS Problem:Our ECTLS problem extends the
CTLS problem to accommodate an additional fixed Iine%

constraint on the vectay. Specifically, it is assumed that in

possibly with an additional constraint on the scaleyof

4) ECTLS Solution:We indicate up front that in principle,

e ECTLS problem can be easily transformed into a CTLS

problem by redefining the set of allowable matrié@sind the
2The Frobenius norm of ap x ¢ matix P is defined as target matrixA such that thél'y = 0 constraint is contained

P22 S0, 59 | P2, = Trace{ PPT} = Trace{ P" P}. by By = 0. This is easily attained by augmenting all matrices

i=1 Luj
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in the set byT". However, that appealing strategy has a signifi- Substituting (28a) into (28b) and rescaliifigpnce again, we
cant drawback. When the ordinary CTLS algorithm is invokeabtain
using the augmented version, the convergence rate becomes ex- T ) T
tremely slow. This can be partly explained by the fact that the (AT A)y=0"y+T°¢& (29)
augmented partis extraneous to the other data involvadaind 0\ 1ot A — diag A1, o, - - A7) andU be the eigenvalues
hardly interacts with it throughout the iterative process. nd 'eigenvectors me{tricés, reqspectively,AJTA, such that

We therefore pursue a less trivial solution strategy, whichr 4 = UAUT with UTU = I (diag(-) is in the MATLAB®

properly incorporates the additional constraint into the min&'onvention and denotes thg x g identity matrix). Then, (29)
mization process. As in CTLS, we propose a two-phase iterat ' '

. ¥&n be rearranged to read
solution.

We turn now to develop the solution for the first phase. Given y=U(A- 021) -1 urrte. (30)
a data matrix4 and a constraints matrik, we seek the nearest
matrix B’ and a nonzero vectay such thatB’y = 0 and Recalling the constrairif’y = 0, we deduce that all possible
Ty = 0. We add an arbitrary constraint on the scaleyof Solutions must correspond to valuess3fsuch that the matrix
e.g.,¥¥y = 1, in order to produce a unique solution. ObviTU(A — o2I)"1UTT" is singular (sinc€ = 0 = y = 0 is
ously, such a constraint is immaterial to the original minimizanacceptable). In other words, the equation éfanust satisfy
tion problem, which is scale invariantin We begin by forming 1S
the Lagrangian _
grang TU (A - o021 UTTT| = 0 (31)
LB y,1, 51 A where| - | denotes the determinant of the enclosed matrix. We
P A will show immediately that normally, there afe- s solutions
2 T T a1
=5 > (=B )+ By—E"Ty+ 5 (y"y=1)  in o2 for (31). Onceo? is determined and (28a) and (28b) are
i=1j=1 1) solved, the resulting Frobenius norm is given by [see (22)]

P g P a
where4,; ; andB; ; denote the, j)th elements oA and B, 1B — A7 = ||| :Z ZZZQ-%Q =0’ fo Z%Q =0’

respectively, and whele¢, and) are Lagrange multipliers. Dif- i=1g=1 =t J=l (32)

ferentiating with respect to all the variables and equating Z€(0r therefore seek the value e that is the smallest among all

we get the possiblej — s solutions.
We now turn to discuss the solution of (29), which corre-

ag/L =0= B -A+ly" =0 (22) sponds to a solution of (31). Let the QR decompositiof6f
narz be given by
S =07 = "B —¢'r+F =07 (23) . : R
o ' o, i) | 5| —an (33)
9T L whereQ = [Q, : Q,] is ¢ x ¢ unitary,Q, is ¢ x s, Q, is
o = 0= Ty=0 (25)  Gx(§—s), Ris sx s nonsingular upper triangular, andienotes
oL a(q — s) x s all-zeros matrix. Therll'y = 0 iff y belongs to
N =0 = y'y=1 (26) the null space o&¥, which is spanned by the columns @f,.

In other wordsTy = O iff there exists a vectos; such that
Postmultiplying (23) withy and using (24)—(26) yields = y = Q,n. We may therefore rewrite (29) as

0. SubstitutingB’ = A — ly” (22) into (24) and (23), respec-
tively, we get (AT A) Qyn = 0’ Qun+ Q. RE. (34)

Premultiplying byQ3 , we get
Ay = (y"y)l (279) oo ,
ATl = (lTl) g+ TTg' (27b) [QQ A AQQ] n=on (35)

which identifies thej— s solutions foro? as thej—s eigenvalues

Defining o2 2 171 andz 2 1/0, usingyTy = 1, and rescaling ©f the matrix@3 A" AQ, and further identifies as the cor-
T (in order to get rid of leading nuisance coefficients, which af&sponding eigenvectors. We wish to select the smallest eigen-
irrelevant to the constraifffy = 0), we get value, which would in turn yield the smallest perturbation under
the specified constraints.
Ay = oz (28a) To complete the solution, one€ andy are found in either

- T method, we proceed by normaliziggo thaty”y = 1 and then
Ax=oy+T°¢ (28b)  apply (22) and (27a) to retrievB’:

which are to be solved subject#dy = 1, z7x = 1, Ty = 0. B =A-ly" = A —yy"). (36)
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In the second phase of each iteration, we want to find a prapatricesAg, Ay, --- Ay such thatA(z) is a linear combina-
erly structured matrid3” ¢ B that is nearest td3'. In order tion thereof, whose coefficients are the elements.oiVe will
to provide a concise algorithm for the second phase, we use #ssume that the set of matriceglistinct Similarly, we denote
following characterization of the “properly structured” €&t by A(x) the “measured” model matrix, which is a linear com-
encompassing a variety of structures such as Toeplitz, Hank#hation of the same “building block” matrices, using the mea-
partly Toeplitz, partly Hankel, circulant, partly circulant, sparsesured data;, x», --- zx as coefficients:
partly constant etc.:

N
N A(z) = Ao+ Y zp A, (42)
B= {B|B:B0+anBn, by, by, by €R n=1
e (37) Let us further define the following.
« The extendeg x (¢ + 2) matrixY (z) = [0 : A(=)].
A vector of scaled residual model errozsé ug(z, ),
wherey is an arbitrary nonzero constant.

« Another extended matriX (e, ) = [e - A(#)].
B,®B, =0 n#zm n,m=0,1,---N (38) The Frobenius norm of the difference betweEfw) and
Y (¢, £) is then given by
where® denotes Hadamard (i.e., element-wise) multiplication.

where the constant matricés), B+, - -- B are restricted not
to have overlapping nonzero elements, or, in other words, satisfy
the distinctionproperty

2

Note that the distinction property implies, for any linear combi- o ) N
nation of the matrice®,, B1, --- By, 1Y (z) - Y(e, 2)|l7 =ld|” + Z(xn — 2n)An
n=1 F
N 2 N N
2 bBul =3 VBl (39) =17llg(@, O + > (@ = wa)
n=0 F =0 n=1

(43)
The distinction property is naturally met in many structure
setsB. For example, to describe the set of all Toeplitz matriceghere f,, 2 ||A,||J2. denotes the Frobenius norm of,,

each of the “building-block” matrice$, B, --- By would  and where (39) was used for the last transition since the set
contain all-ones entries along its corresponding diagonal and ¢ A, --- A is assumed distinct.

all-zero elsewhere. Therefore, the Frobenius norm of the difference can be ex-
Based on (39), it is easily deduced that the maBfk € B pressed as
that is nearest to a given matdX would be given by

v 1Y (z) = Y (e, #)|I%
B"=Bo+Y b.B, (40) =g" (%, OW,9(z,0) +(z —2)"W,(Z—z) (44)

n=1
whereW , = p2I, andW , = diag(f1, f2, - -- fn). Thus, min-
where the coefficients,, by, - - - by are given by imization of the Frobenius norm is equivalent to the minimiza-
tion of the XLS criterion (8), with specific weight matricég ,

5 — 1§[Bn ® B, n=1.2 N (41) ano!W,;_ (recall thaty, is a free parameter, which can be chosen
1B, 1% arbitrarily).
However, in order for the minimization to maintain the rela-
wherel,. denotes a vector of ones. tion between: and g(x, @), an additional constraint has to be

In most applications, the matricds,, B-, --- By are ex- imposed on the matri¥ (e, ), namely
tremely sparse. Moreover, all their nonzero elements are usu-

ally 1s. In such cases, the calculation of the coefficientin (41) is B —1/n
more simple than it appears because it does not involve any true Y(e, z) 1 =0. (45)
multiplications but merely denotes averaging element&of 0

For example, in the Toeplitz case, each of the elements alongl_ o o

diagonals ofB” would equal the arithmetic average of all ele- Thus, the XLS minimization criterion may be expressed as

ments along the corresponding diagonaBh the minimization of the Frobenius distance between the ex-
That concludes the description of our iterative solution to thended matrice¥ (x) = [0 : A(z)] andY (¢, ) = [e : A(z)],

general ECTLS optimization problem. We now proceed to linkubject to (45), wherg is a free weighting parameter, aadz,

to the original XLS problem by identifying XLS as a speciahnd® are the free variables for minimization.

case of an ECTLS problem to which we may apply our ECTLS We therefore identifyY () as the ECTLS target matrix

algorithm. (which is denotedA in the ECTLS problem formulation).

5) XLS Minimization as an ECTLS ProblenRecall thatthe Y (e, ) is the approximating matrix (which is denotdd
pseudo-linear model is specified by a set of “building blockih ECTLS), which has to be “properly structured,” i.e., has
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to be expressed as a linear combination of “building-blockhis is not the case, a simple scaling operation may be applied
matrices as in (37). The number of “building-block” matriceso Ay, Ay, --- Ax (and properly absorbed into the data), which
for ECTLS, which is denoted a®&gcrrs + 1, is actually would makeW . a scaled identity matrix, if desired.

N + 1+ p, whereN + 1 is the number of “building-block”  We now summarize the XLS minimization via the ECTLS
matrices Ag, A1, ---Ax in the XLS model, andp is the
column dimension o (). We now explicitly identify these
N + 1+ p "building-block” matricesBy, By, - By4p:

By, By, --- By are versions oy, Ay, - -+ Ay that are ex-
tended by an additional zeros column on the left

1. ---

7

n=20 N

(46)

B, = [0 EAn} ;
where0 denotes @ x 1 vector of zeros.

Byny1, Byyo, - Byyp are additional “building-blocks”
that are formally required to accommodate thelements ot
into the first column ofY (¢, ) without structural constraint

BN+n = |:Cn 0:| n=12--p (47)
wheree,, denotes theith column of thep x p identity matrix,
ando denotes @ x (g + 1) all-zeros matrix.

ThereforeY (¢, ) can be easily expressed as required by

N P
=By + Z TnBn + Z €& Bnii
=1
(48)
wherez,, denotes thexth element ofr, ande; denotes théth
element ofe.

Y(e, &) = [e : A(:E)}

n=1

Naturally, if Ag, Ay, --- Ay is a distinct set of matrices, so denotes a

is the setBy, B1, --- Byip.
We identify the ECTLS vectag = [~ 1/ 1 677, wherey is

a free nonzero processing parameter, &igthe desired vector and set:

approach.

Extended Constrained Total Least Squares

(ECTLS) Algorithm

Prelin nari es:

The measurements: =[xy 2o ---

Ag, Ay, --- Ay—the distinct set of
matrices of the pseudo-linear model.

A weight-balancing parameter: 7

Preparation/lnitialization:

]T

px (¢ +1)

TN

Construct the linear constraint matrix T=
[ 1 07],

where 0 denotes a vector of q zeros [If
desired, extend T to accommodate ad-
ditional linear constraints on 0—see
(49)]-

Denote by s the resulting row-dimension of
T (normally s =1).

Find the QR decomposition of T

T" = |:Q1: Q2:| [f){} =QR

where Q@ = [@Q, Q,] is unitary, Q, is
(g+2)xs Qyis (¢g+2)x(¢g+2—-35), RIs

s X s nonsingular upper triangular, and 0
(g+2—s)x s all zeros matrix.

Construct the matrix: Ax)=Ao+ X0 2.4,

Y = [0} A2)]

of model parameters. This is where the additional linear cowhere 0 denotes a  p x 1 all-zeros vector.
straint ony is introduced, which warrants the use of the ECTLZ/ gor i t hm _
solution rather than the more simple CTLS. The ECTLS cof®f # =1, 2, --- repeat until convergence:

straint matrix?’ is identified ast” = [x 1 0], where0O denotes
aq x 1 all-zeros vector.

Note thatT may be extended to accommodate additional corresponding eigenvector

Compute R = @Iy 1"yl .
Find the smallest eigenvalue MM and

linear constraints into the XLS problem without further con- (7! ii assumelsl to have a unit norm).
ceptual complications. This feature can be exploited to address-et y* = Q.

problems where some of the elementséofor some linear

Let B'™M = Y[k—l](I _ y[k]y[k]T)

combinations thereof) are known. Such are, for example, thelLet

problem of ARX system identification or AR signal modeling

when some of the poles are knoarpriori. A similar concept

has been introduced into TLS and STLS problems by Dowling

and DeGroat [27], [28] as well as Chex al. [3], [29]-[31].
For example, if the additional linear constraint éns of the
form P# = ¢, thenT would be augmented as

_[w 1 0F
efp o)

The free processing parametecontrols the XLS weighting
by determining the relation between the weight matrides=

(49)

= (1ot a0 100) 142

n=1,2---N

where 0 is a vector of

is a vector of 7 0nes.

Let ¥ = B¢ 1) (e,

column of B’[k])

Let Y = [d ! 4,4+ N 5Ma,.
upon convergence ( k= K),

p zeros, and 1,

¥l is the first

12T andW, = diag(fi, fa, -+ f). The Frobenius norms #xrs = !*1(3: ¢+2)/41*1(2) (i.e., 3rd thru last

f1, fo, --- fn of nearly all the matricesAy, A, --- Ay are
often similar so thaW ,, is close to a scaled version &f If

y[*l divided by the second).
s _ 2[K] 2[K] 2[K]
zxis = [T1 @, ay T

elements of
As a byproduct,



82 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 49, NO. 1, JANUARY 2000

0.5~

-0.55} 1

&N -06 & -
-0.65
T e Ty R oy e _1.5 RN v p i1
-0.1 -0.05 0 0.05 0.1 0.5 0 0.5
) )
1 1
(@ (b)
v g ~ g
10 . ; . . 10° . ;

100 200
lteration k lteration k

(© (d)

Fig. 3. Typical convergence patterns of the ACM and ECTLS algorithms for an AR(2) process in noise. ACM was initialized “natura@m\/\mz (No
initialization is required for ECTLS). (a) and (b initial values, ‘)" terminal values. Intermediate results are denoted by points (connected). (c) and (d) Norm
of the updatd|0[k] _ g |2 versus iteration numbg#k). In both cases, ACM converged to a true minimum, and ECTLS didupt= 0.2 in (a) and (c) and
w, = 5in (b) and (d).
P : : . T (¢ . .

The same convergence criteria that were mentioned in ged with the “natural” initializatios' . = . The first iteration
context of ACM may be used. Note that there is no choice of ins denoted by 8” and the terminal iteration by™.” In Fig. 3(c)
tialization. The convergence properties of ECTLS are inheriteghd (d), convergence rates are demonstrated for the same cases,

from CTLS. Convergence is guaranteed, although the point@kpectively, in terms of the norm of the updﬁ@ék] _ gl s
convergence is not guaranteed to be a true minimum. The majgfsys the iteration numbér It is seen that although both al-
advantage of ECTLS is its relative computational simplicityorithms display linear convergence, ECTLS has a break point
per iteration, typicallyO(XV) versusO(N?) or evenO(N®) in  in thew, = 5 case [Fig. 3(d)], from which its convergence rate
ACM. slows down. We do not have a solid explanation for this unfor-

In Fig. 3(a) and (b), we compare typical convergence pathstghate behavior (which was observed to be typical of ECTLS
the ACM and ECTLS algorithms (using the same data) for afith largew,). Note, in addition, that as expected, ECTLS does
AR(2) model with different weighting values af,. ACM was not converge to a true minimum (in contrast to ACM).
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V. APPLICATION EXAMPLE 1) ACM: We will apply the ACM algorithm with weight ma-
cesW, =1, W, = wyI, wherel denotes théV x IV identity

In this section, we demonstrate the application of the x 8 ) . g )
atrix, andw, is a positive processing parameter.

minimization algorithms to the problem of estimating the pa{p forri h laorithmal®! Idb
rameters of an AR process from noisy observations. Referring to the ACM algorithmd™™ would be anV > (g+1)

We begin by formulating the estimation problem. Lt, Toeplitz matrix with an all-zeros upper right triangle (due to

n=1,2, - be an AR process of known ordgfAR(q)]. The tﬂs_zl?ro initial conditions) and with the, 1)th element being

underlying model may be written as z, ,n=1 2, ---N.Consequently, the desired partition of
T
. AN w A assumes the form
Tp R — Z OkTn n=1,2--- (50) k=1 alk—1]T
= AW, AN = w, N [;[k—u k1 } (53)
where@ = [0, 6> --- 9q]T is the vector of unknown param-

eters. The initial _cqndition_s?o, Tq, T_qy1 are assumeq wheref[kfll, 1 and 2 denote empirical correlations
known (hqwever, it is possible to accommodate unknown iNizcad on the last iteration’s valuze[léfl], %[2’&‘*1]’ ...%K&;fll as
tial conditions as well).

In the case of strict equality in (50}, is a deterministic
process, which (for nonzero initial conditions) is usually com- N o 12

. : e N ; k1) L 5 [k—1]
prised of a linear combination of exponential signals (if all the r =N Z (xn ) (54a)
poles of itsZ-transform are of single multiplicity). If, for ex- n=1
ample, all the initial conditions are zero except fgf = 1, and

follows:

thenz,, is the impulse response of an LTI all-poles system. The A1 1 zj\: bl g lhd] (54b)
problem of estimating from noisy observations af,, in that N — ™ ™
case has been treated extensively using STLS or equivalent tech- nN
niques (e.g., [9], [11]). Generally, however, the deviations of pt_ 1 Z;[’“*”;[’“*UT (54¢)
(50) from equality are unknown, ang, is therefore a stochastic N £~ " "
AR process.

Assume now that we are givé¥iinaccurate (noisy) measure-,nares* 1 2 [55[’“—111 55[’“—211 2[’“—11]T (n=1,2 ---N)

-~ n n— n— n—q 7 7
mentsz,, of z, using the zero initial conditions when required foK g.
e, n=1.2 N (51) Thus, the first phase (minimization with respectjoyields
. . . i ~[K] SlR=1]7" 1]

and wish to estimat@ from z1, 2, - - - x5 (With known initial 0 =-R 7 (55)

conditionsgy, £_1, - - - T—g41)-
which coincides with the ordinary LS, or Yule—Walker estimate

A. Formulation as an XLS Problem of 8, based on the previous iteration’s estimate; of
We identify the measured data= [z; z» --- ay]T, the In the second phase of each iteration, the minimization with
underlying dataé = [, &2 -+ 4y]7, and the pseudo-linear respect ta requires the construction @ from the previous

model that was obtained by rewriting (50) in matrix form as estimate)’": T would be anV x N Toeplitz matrix, which is

all-zeros, except fog + 1 diagonals. Thén, 1)th elementis 1

g(x, 0) = A(x)v(0) for n. = 1 (for the main diagonal) ané{fll forn=23,---q.
T Lo o Tgp Sincet{}" is all-zeros (due to the zero initial conditions), we have
@ w e g | 1] o s —1
= : : : : {0} ~ 0. (52) :E[M _ [ng[MTT[k} —|—I} z. (56)
IN IN-1  IN—g Actually, in a statistical framework, this second phase can be

The “building-block” N x (g + 1) matricesd, Ay, -+ Ay interpret(_ad as Wier_1er fi_It(_aring (estimation)&from z. Under
are all Toeplitz matrices constructed as follows. is all-zeros such an interpretation, it is assumed that the autocorrelation of
except for the upper-right triangle, such that them)th ele- & iS [w, ™" TH]~* (and thus depends on the recent estimate
ment is the initial valugiy ,, (for m = 2,3, ---¢ + 1). The §" ) and that the additive noise is white with unit variance (im-
rest are all-zeros, except for a diagonallof s, beginning at plied by the arbitrary use ¥, = I).
the(n, 1)th element fotd,,, n =1, 2, --- V. Consequently, the ACM algorithm can be viewed as alter-
nating between optimum filtering of the signal (when its re-
quired statistics are deduced from the recent estimate of the
We will now identify matrices, vectors, and operations inparameters) and LS estimate of the parameters (assuming the
volved in the two minimization algorithms when applied to theecent estimate of the signal to be noiseless). That approach
problem. In order to simplify the presentation, we will assume&as applied, e.g., by Lim and Oppenheim [21], in the context
the known initial conditions to be all zeros. of estimating the poles of noisy speech. It is also reminiscent

B. Application of the Minimization Algorithms
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of the estimate-maximize (EM) algorithm (e.g., [32]), althoughigh signal to noise ratio (SNR), rendering the problem more
it is essentially different from EM in the estimation phase. INLS™-like, which warrants a relatively smailb,.

fact, in a proper statistical context, whereas EM leads to theWe show the empirical total mean squared error (mse) in es-
maximum likelihood (ML) estimate of, ACM leads to an es- timating#, calculated a$l/q) >"%_, (6 — 6x)?, vs. the weight
timate termed “joint maximuna posteriori maximum likeli- w,. Results are shown for the AR(4) and AR(10) processes in
hood” (JMAP-ML), whose interpretations and statistical progrig. 4(a) and (b), respectively. All results shown are based on
erties are further discussed in [23]-[25]. 100 Monte-Carlo trials, always showing the average of 98 trials,

The computational load per iteration can be shown to lvath two outliers discarded (occasional outliers were due to con-
roughly2/N2 + (¢ + 1) N multiply-add operations (“flops”), as- vergence to local minima). The results attained by ACM/ECTLS
suming proper exploitation of the Toeplitz structures involvedare denoted by dots / circles, respectively.

2) ECTLS: We apply the ECTLS algorithm with the weight- It is interesting to note that while the two are different (since
balancing parameter = /(g + 1)w,, wherew, is the weight ECTLSdoesnotattainatrue XLS minimum, in contrastto ACM),
used in ACM above. This causes the minimized costs to Hee performance of ACM is nearly matched by ECTLS but with
nearly equivalent, with the exception of some end effects. Taessmallery,. In fact, it has also been observed that ECTLS esti-
factorg + 1 is due to the Frobenius norm df;, A,, --- Ax_,. mates obtained using amy, are close to estimates obtained by
The end effectis due to the smaller Frobenius norm$0f,; ACM (from the same data) using a higher valuexgf A possible
through Ay . explanation is the following. In the second phase of each ECTLS

The application of ECTLS follows the specified algorithniteration, whenthe neareststructured matrixisfound, nochangeis
without special structural observations. Note only that the appplied to the (unstructured) first column (containing “model er-
parently cumbersome computationidﬁ‘l reduces, in our case, rors”); only the other columns (containing implied “measurement

to the following simple averaging: errors”) are changed. Consequently, the accumulated perturba-
tions in the first column (applied only in the first phase of each it-

(1 & ] eration) is inherently smaller than the accumulated perturbations

m Z B tm, mt2 n=12--N—¢q in the data (applied in both phases of each iteration). This inher-

m=0 ently unbalanced total perturbation is thus equivalent to using a

jﬂ“} = 1 N—n higherw, (higher penalty for “model errors”).
N—n+1 ZB’L’im, a2 N=N-—g+1 For reference, we also show the (empirical) MSE attained
m=0 (using the same data) by the simple (biased) LS estimate, as
{ N—q+2, "'1}757) well as by the asymptotically optimal ML estim&teBoth

ik o k& the LS and ML estimates are, of course, independent of
whereB}; denotes thei, j)th element O_fB/[ g but we show them as horizontal dashed/solid (resp.) Iirﬁ:s for
The con;putatlonal load per iteration is rougith/ + 6q2+ across-the-board comparison. For fair comparison, the two
8)IN +O(q”) flops, which is onlyO(X), as opposed tO(N=) st results out of 100 (corresponding to occasional outliers
for ACM. for ML, but not for LS) were excluded from the average.
_ ) As expected, whety, < 1, the XLS estimate (calculated by
C. Simulations Results either ACM or ECTLS) coincides with LS. On the other hand,
We demonstrate performance and convergence rates for weenw, >> 1, the problem turns STLS, whose solution, due to
two algorithms in estimating the parameters of AR(4) anghe zero initial conditions, i, = 0 ¥« with no information
AR(10) processes fromV = 200 noisy samples, emphasizingon @, approaching infinite MSE. With proper choicef, the
dependence on the weiglt,. XLS estimate can outperform the ML estimate (with finite data).
For each process the true parameters were set to reflect plese, however, that the optimal valuef, is noto2 /o2, (yet,
located symmetrically on a circle of radigs< 1intheZ-plane: in further simulations (not presented here), the optimaivas
shown to be monotonic in?/52).
1 : 3 In Fig. 4(c) and (d), we show the averaged number of itera-
1+ bz = H (1 - P@]%(k_o'o/q)z_l) (58) tions required by both algorithms to converge to updates smaller
k=1 k=1 in norm thanl0—>. Asw,, increases, the minimization becomes
) more difficult, and the required number of iterations increases.
whereq is the AR order (4 or 10). The processes were generatflafis problem is aggravated as the dimensiorddhcreases.
using ECTLS is more vulnerable than ACM in this respect, but recall
that its computational load per iteration is significantly smaller.
g Further simulations results (which are not presented here) in-
Fn=— OFn x+w, n=12--N  (59) dicate that under worse SNR conditions, when the optimal
k=1 increases, the performance of the algorithms is degraded both in
with zero initial conditions, wherev,, is a zero-mean white terms of MSE and of convergence speed. Thus, the XLS crite-

Gaussian sequence with variangg = 42. The observations rion and associated algorithms are more useful in “nearly-LS”

werex, = &, +v,n = 1,2 ---N wherew, is also a ) ) .
hite G . tatisticallv ind d 3\ﬁ/e used the EM algorithm [32] to calculate the ML estimate, which
zero-mean white Gaussian process, staustcally indepen enf%q e maximizer (with respect t@) of the probability density function

wy,, With variancer? = 12, These conditions reflect a relativelyf(x,, «s, - -« x; 8) (with 02 ando? known).

q
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Fig. 4. Performance and convergence of ACM (“.") and ECTL&for (a), (c) AR(4) and (b), (d) AR(10) processes in noise with poles located symmetrically
on a radiusp circle in thez plane (and zero initial conditions). (a), (e¥ 0.95. (b), (d)p= 0.99.N = 200 samples, 100 Monte Carlo trials. Performance is in
terms of the total mse. LS (dashed) and ML (solid) performance displayed for reference (all algorithms used the same data; all results ref8exft 28 ¢riate
with two outliers discarded.). Convergence is in terms of average number of iterations. Results are presented versus the Xk S weight

situations as a substitute to the biased LS estimate. It has adower computational effort per iteration but may have a signifi-
been observed that the relative improvement over LS and Mhntly slower convergence rate and may converge to an off-min-
increases as the poles approach the unit circle. imum solution.
When the dimensionality of the problem increases, the use-
fulness of the criterion (and associated algorithms) is gradually
VI. CONCLUSION confined to “nearly-LS” or “high SNR” conditions, where the
measurement errors are much smaller than the model errors.
We proposed the XLS criterion for discriminating measuraA’hen the conditions approach the opposite (“nearly-STLS")
ment errors from model errors. The discrimination warrantstuation, the complexity of the minimization increases. Conver-
proper weighting of implied deviations from the measured datgnce rates become slower, and false (local) minima are more
and from the specified model. In the limiting cases, the XLfequently encountered.
criterion coincides with LS on one hand and with CTLS/STLS The performance of the XLS estimate depends on proper se-
on the other hand. lection of the weights. It can be outperform the LS and ML
In the context of pseudo-linear models, two iterative minestimates with short data records. We stress, however, that the
mization algorithms for computing the XLS estimate were prantuitively appealing selection of weights to be the inverses of
posed, differing in computational load and convergence projfre noises’ covariance matrices (in the spirit of Gauss—Markov
erties. ACM offers versatile weighting in the form of arbitrantheorem for ordinary LS) isot optimal (in the MSE sense).
positive-definite weight matrices. ECTLS is confined to diagsuidelines for optimal selection of weights, as well as further
onal scaling weights only but provides inherent incorporaticstatistical interpretations and analysis of XLS, may be found in
of linear constraints on the parameters, if necessary. It requif238]-[25].
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