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CLASSROOM NOTES
EpITED BY JACK W. MACKI

This section contains brief notes which are essentially self-contained applications of mathematics that can be
used in the classroom. New applications are preferred, but exemplary applications not well known or readily qvailable

are accepted. o
Both “modern” and “classical” applications are welcome, especially modern applications to current reqi o r-dd

problems. ) ‘
Notes should be submitted 10 Jack W. Macki, Department of Mathematics, University of Alberta, Edmontor,

Alberta, Canada T6G 2G1.

TOTAL LEAST SQUARES:
STATE-OF-THE-ART REGRESSION IN NUMERICAL ANALYSIS*

YVES NIEVERGELT?

Abstract. Total least squares regression (TLS) fits a line to data where errors may oceur in both the dependent
and independent variables. In higher dimensions, TLS fits a hyperplane to such data. The elementary algorithrm
presented here fits readily in a first course in numerical linear algebra,
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1. Total least squares fits in numerical and applied analysis. Many applied quanti-
tative problems, especially in engineering and in the sciences, involve fitting a curve or a
surface to data points [15]. The most common solution, through the normal equations for least
squares regression, appears with complete derivations in textbooks at many levels: business
mathematics [16], calculus {12], linear algebra [13], numerical analysis [9], [11], probability
and statistics [8], and applied mathematics [14]. For practical computations less sensitive to
errors, solutions through orthogonal factorizations of matrices also appear in many texts in
numerical analysis [9], [11]. Yet students often question the least squares regression’s goal
of minimizing the sum of squared discrepancies of only one of the variables but not of the:
others. Indeed, in many applications, all coordinates of the data may suffer from errors [15].
Fortunately, a method exists to allow for such errors in all coordinates: total least squares
regression (TLS), as developed by Golub and Van Loan [6] and then perfected by Van Huffel
[15]. The method appears promising “to interpret chemical analyses of minerals in meta-
morphic rocks” in geology [4], and for signal processing, system identification, and control
system design, and analysis in electrical engineering [10]. Unfortunately, though useful to
practitioners and known to numerical analysts, the concept of total least squares may still be
unfamiliar to most mathematicians; for instance, it does not appear in the recent expository
survey [3]. Moreover, despite its usefulness and its simplicity, such a method has not yet
appeared in numerical analysis and applied mathematics texts, even thou gh it would fit very
nicely there as an application of the singular value decomposition, as in [9], [11], and [14].
Therefore, by introducing students to total least squares, the present note may complement
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