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CLASSROOM NOTES
EpITED BY JACK W. MACKI

This section contains brief notes which are essentially self-contained applications of mathematics that can be
used in the classroom. New applications are preferred, but exemplary applications not well known or readily qvailable

are accepted. o
Both “modern” and “classical” applications are welcome, especially modern applications to current reqi o r-dd

problems. ) ‘
Notes should be submitted 10 Jack W. Macki, Department of Mathematics, University of Alberta, Edmontor,

Alberta, Canada T6G 2G1.

TOTAL LEAST SQUARES:
STATE-OF-THE-ART REGRESSION IN NUMERICAL ANALYSIS*

YVES NIEVERGELT?

Abstract. Total least squares regression (TLS) fits a line to data where errors may oceur in both the dependent
and independent variables. In higher dimensions, TLS fits a hyperplane to such data. The elementary algorithrm
presented here fits readily in a first course in numerical linear algebra,

Key words. regression, total least squares, singular value decomposition

AMS subject classifications. 15A18, 65F20, 65U05

1. Total least squares fits in numerical and applied analysis. Many applied quanti-
tative problems, especially in engineering and in the sciences, involve fitting a curve or a
surface to data points [15]. The most common solution, through the normal equations for least
squares regression, appears with complete derivations in textbooks at many levels: business
mathematics [16], calculus {12], linear algebra [13], numerical analysis [9], [11], probability
and statistics [8], and applied mathematics [14]. For practical computations less sensitive to
errors, solutions through orthogonal factorizations of matrices also appear in many texts in
numerical analysis [9], [11]. Yet students often question the least squares regression’s goal
of minimizing the sum of squared discrepancies of only one of the variables but not of the:
others. Indeed, in many applications, all coordinates of the data may suffer from errors [15].
Fortunately, a method exists to allow for such errors in all coordinates: total least squares
regression (TLS), as developed by Golub and Van Loan [6] and then perfected by Van Huffel
[15]. The method appears promising “to interpret chemical analyses of minerals in meta-
morphic rocks” in geology [4], and for signal processing, system identification, and control
system design, and analysis in electrical engineering [10]. Unfortunately, though useful to
practitioners and known to numerical analysts, the concept of total least squares may still be
unfamiliar to most mathematicians; for instance, it does not appear in the recent expository
survey [3]. Moreover, despite its usefulness and its simplicity, such a method has not yet
appeared in numerical analysis and applied mathematics texts, even thou gh it would fit very
nicely there as an application of the singular value decomposition, as in [9], [11], and [14].
Therefore, by introducing students to total least squares, the present note may complement
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CLASSROOM NOTES 259

the usual courses in numerical analysis and applied mathematics, or serve as a transition from
such courses to a more advanced and specialized course, for example [15].

2. The line of total least squares passes through the centroid. In the plane, regression
by total least squares determines a line that minimizes the sum of the squared distances from
that line to given data points in the plane. To this end, recall that the distance 4 from a point
(p. g) to a straight line with equation rx + sy — ¢ = 0 admits the following formula, which
results from high school geometry [1] or calculus [12]:

_(rp+sg—c)?

d2
rt 452

Moreover, if the line passes through a point ;o= (x0, y0), then ¢ = rx;+syp, and the equation
becomes r(x — xp) + s(y — yo) = 0. Thus, with given data points —§1= X1, Y1)y v e ey ;,,z
(X, yu), the problem of total least squares consists of determining a line, defined by a point
{x0, o) on the line and by a normal vector (r, s), which minimizes the sum D of the squared
distances:

(% — x0) + 5y ~ yo))?

n
e -3 - ()‘
) D(r,s, Xo; X1, ..., X)) = -

A first simplification results from realizing that such a line must pass through the centroid of
the data, X = (%, ), defined by

_ 1 _ 1<
JCZ:;[;X,', y:=;;y,‘.

LEMMA. For every normal vector (r, s) € R*\{(0, 0)}, for every point (xq, yo) € R?, and
Jor every set of data points (xy, y1), ..., (Xu, yu), the following inequality holds:

- = - 5 o -
(2) D()',S, XO; Xl,.,. xn) Z D(}',S, x; Xll"" Xll):

with equality if, but only if, (x0, yo) = (x,7). Consequently, the line of total least squares
nutst pass through the centroid (X, y).

Proof. Firstly, consider the vector W= (wy, ..., w,) defined by w; = r{x; — xp)+
s(yi —yo) fori € {1,..., n}, and, with || ||» denoting the Euclidean norm, observe that
D(r,s, Xo; X1, ..., Xa) = [WIZ/(2 + 5.
Secondly, also consider the vector Z= (z1,...,2y) defined by z; := r(x; —X) +s5(3; — ) for
ief{l,...,n},sothat .
D(rs, X; X, ..., X) = [Z12/(¢2 + $9).
Moreover, let 1 := (1,..., 1) € R", with all its coordinates equal to 1; hence, with

h=r(x—x0) +sG— ).

notice that I
w=z +hl.

Furthermore, _z)J_ 1; indeed, with (, } denoting the dot product,

- n n n
(—i, 1) = Zz;l =r (Zx; -n)?) +5 (Zy,- ~n37) =0r+0s =0.
i=1 =1 i=1
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Finally, the orthogonality 7 I, 1, the relation w=7 +h1, and the Pythagorean t

give
- - - =9
D(r,s, Xo; X1,..., X,) = r2+s2”""”2
! 202 1 p20 T2
=gy (”2”2 +h ”1”2)
S 5 - /1211
=D(ns, x; Xthooo, X)) + PER
> D{r, s, ;;;,, ,;,,).
Thus, D(r, 5, X0; X1, ..., %,) > D(r,s,X; X1,..., %), withequality if, but only if, (¥
(XOsyO)- o

3. Total least Squares minimizes the norm of a linear
(r, 5), or the slope m = —r/s, that minimizes the discrepan

Euclidean norm of the product of the unit vector t:=
M e M,,»(R) defined by

Cy D, rewrite D as the sql
(r* + s2)=112, s) and the m

=X y -y
M=

Xp—X Yo~y

PROPOSITION. The sum of squared distances D reaches its s
—

ninimum af the unit nor
veclor t:= (r2 4. g2y-172

(r, 5), where the map ?i—> ”M?”g reaches its minimum on the
Sphere 8! = {{ ¢ R2 el =1y
Proof.

n — —_—
> - > (r(x; = %) +s(y; = ¥)?
D(r,s,x;x,,...,X,,)= 7

X=X y -5

= t

4. The line of total least squares corre,
preceding proposition shows where D reaches i
how to compute that minimum,

THEOREM. The sum of squared distan

sponds to the smallest singular value. T}
ts minimum, and the following theorem revea
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IM tlz=tM Mt

T o? 0
=t U
0 o3

— U2 0 —

=WUTHT| ! WUTt)
0 cr;'

= (U D)) + o2 (UT £))

—_ - — -
However, |UT tll2 = || t]2 = 1, and, consequently, t+> [|M t ||, reaches its minimum on

the unit sphere where (—ﬁ 1 ,_{) = U T_t))l = (), that is, where 7:32, the eigenvector with the
smallest eigenvalue. O
Example. Consider the three data points (1, 2), (2, 6), and (6, 1). Calculate (X, ¥):

1< 1
X = — P = 1 2 6 3::3’ V= — ;= == 23,
I . ,.zzlx (1+2+6)/ ¥y ’l,E:ly 2+6+1)/3=3

Subtract the centroid from each data point, and form the matrix M

1-3 2-3 —2 -1
M=|2-3 6-3|=| -1 3
6-3 1-3 3 -2

Compute the eigenvalues of the symmetric matrix M7 M:

14 -7
-7 14

MTM =

For instance, among many algorithms, Jacobi’s method yields an orthogonal matrix §2 with
the eigenvectors of MT M in its columns, and the eigenvalues on the diagonal of Q7 (MT M)Q:

1 [ 1 =1 o 7 0
Q= . QT MM =
V21 0 21

Thus, the smaller eigenvalue, 7, corresponds to the eigenvector (r, §) = (1/+/2)(1, 1). Con-
sequently, the line of total least squares has equation

rx =) sy - =0 /D —-3)+1/V2(y~3)=0,

whence algebra yields any equivalent form, for example, y = —x + 6.

In contrast, the line of ordinary least squares, which minimizes G(m, b) := Y ;_, (mx; +
b—y;)?, hasequation y = —1/2x+9/2, while the line that minimizes H (m, b) := 3_;_, (my;+
b—x;)? hasequation x = ~1/2y+9/2, so that y = —2x +9. For comparison, Fig. 1displays
all three regression lines.



262 CLASSROOM NOTES

Solid: TLS. Dashed: LS (y v8. x). Dotted: LS (x vs. y).

Ny
8t .

FiG. 1. Hlustration of the lines of total least squares and ordinary least squares.

Exercise. Determine the line of total least squares and the lines of ordinary least squar
for the data

(L3, G, @5), 5,7, 1,4.

5. The total least squares algorithm generalizes to higher dimensions. The precedir
sections have introduced the concept of total least squares and an algorithm that generaliz
mutatis mutandis to higher dimensions. To n data points in R™,

— -
X|= (xl.]: s XLm)y ey X,= (xn,la S AR

the method of total least squares fits a hyperplane passing through a point ;0 with a norm:
vector r = (ri5...,ry) and equation

(X - X, F) =0,

which minimizes the sum D of the squared distances from the data points to that hyperplane

n (—» - —>)2
- - — X'—XO r
D(r, xo; xy,..., X,) = 'ﬁ_,i’“-
i=l i3

For a geometric derivation of the for

mula for the distance from a point to a plane, see, fo
instance, [5]. Asin the plane, a simila

rlemma with a similar proof shows that a hyperplane of
total least squares must pass through the centroid x defined by Xj := (1/n) Y"

i=1 Xij Then,
. . v -

as in the plane, a similar argument shows that the normal vector T must be
corresponding to the smallest eigenvalue of the matrix M "M, that is, the s

. - — . -
value of M, with X; —X in the ith row;

an eigenvector
mallest singular

- 3 _ _

X, —X X1 —Xp e Xlm — Xy
M = =

- I _ .

X, —X X —Xp e Xam = Xp

The observations just made lead to the following algorithm.

b s
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ALGORITHM. N N
Data. n points xy,..., x, in R”.

Step 1. Calculate the centroid, X := (1/n) 3", ;.

i=1
Step 2. Form the matrix M € M, (R) with ;i ~Xin the ith row.
Step 3. Compute the smallest singular value of M, that is, the smallest eigenvalue of

. e . . .
MT M, and one eigenvector r in the corresponding eigenspace of MT M, for instance, with
Jacobi’s method.

Result. The hyperplane with equation (; —;, ?) = 0 minimizes the sum D of squared
distances from that hyperplane to the data points.

Remark. Of all numerical methods to estimate the smallest singular value, Jacobi’s method
appears to provide the best accuracy [2]. Moreover, especially at such an introductory level,
the proof of the convergence of Jacobi’s method {7], [11] is much more elementary than that
of other methods, for instance, the QR algorithm of Francis [7], [11].

Extensions. Under some circumstances, the problem of total least squares may have
multiple solutions or no solution. Multiple solutions arise if the smallest singular value has a
multiplicity k greater than one. In such a situation, an infinite family of hyperplanes exists,
indexed by the (k — 1)-dimensional projective space P(R*), with each hyperplane giving the
same minimum value for D. Such multiple solutions may mean that a linear model might
not be adequate for the data at hand. In contrast, additional requirements, for instance, the
selection of one of the variables as the “dependent” variable, may preclude the existence of
any solution. For example, in the plane, the search for a line of total least squares with an
equation of the form y = mx + b, which has normal vector (r, s) = (m, —1), may fail if only
one line of total least squares exists but has a horizontal normal vector (r, 5}y = (r,0). Such
considerations, however, form the object of more advanced treatments, for instance, [15].

Solution to the exercise. The line of total least squares has equation x — y = 0, whereas
the lines of ordinary least squares have equations y = 9/20x 4 11/5 = 0.45x + 2.2 for Y Vs.
xand x = 0.45y +2.2,0r y = 20/9x — 44/9, for x vs. y.
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