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STRUCTURAL ELEMENT
STIFFNESS MATRICES AND MASS MATRICES

1 Preliminaries

This document describes the formulation of stiffness and mass matrices for structural elements
such as truss bars, beams, plates, and cables(?). The formulation of each element involves the
determination of gradients of potential and kinetic energy functions with respect to a set of
coordinates defining the displacements at the ends, or nodes, of the elements. The potential
and kinetic energy of the functions are therefore written in terms of these nodal displacements
(i.e., generalized coordinates). To do so, the distribution of strains and velocities within the
element must be written in terms of nodal coordinates as well. Both of these distributions
may be derived from the distribution of internal displacements within the solid element.

1.1 Displacements

Figure 1. Displacements within a solid continuum.

Ui(X, t) = Zl’gbm(xl,,fg,l'g) ﬂn(t> (1)
= Wi(x) u(t) (2)
u(x,t) = [¥(x)];,y ut) (3)

Engineering strain, axial strain €;, shear strain ~;;.

Ou;(x,1)

Eii(X,t> = agj



CE 283. Structural Dynamics — Duke University — Spring 2010 — H.P. Gavin
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Displacement gradient

Strain-displacement relations
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1.2 Potential Energy and Stiffness

Consider a system comprising an assemblage of linear springs, with stiffness k;, each with an

individual stretch, d;. The total potential energy in the assemblage is

V= ;Zkl-df

If displacements of the assemblage of springs is denoted by a vector u, not necessarily equal

to the stretches in each spring, then the elastic potential energy may also be written

1
V(a) = iuTKu

1 n
= iguzfz

= 1 Z U; Z Kijuj
2 i=1 7j=1

where K is the stiffness matrix with respect to the coordinates u. The stiffness matrix K

relates the elastic forces f; to the collocated displacements, ;.

A point force f; acting on

Kuuy + -+ + Kyjjuj + - + Kivuy
Kipuy + -+ + Kjjuj + - - + Kiyuy

= KN1u1+--~+KNjuj—|—---+KNNuN

with respect to the collocated displacement wu;

0

fi |4

an elastic body is the gradient of the elastic potential energy V'

The 7, 7 term of the stiffness matrix may therefore be found from the potential energy function

V(u),

0o 0

Ki' — _
8?,61' 8uj

V(u)

1.3 Strain Energy and Stiffness in Linear Elastic Continua

V(u)
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Elastic element stifflness matrix

.- _ k&

o
Ky = /Q [Bx)" S(E.v) B(x)| ___d© (19)

1.4 Geometric Strain

Figure 2. Axial strain due to transverse displacement.

dzx: axial deformation due to transverse displacement du, without displacement in the z
direction (du, = 0).
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‘ de 2 ( dx ) (23)
The approximation is accurate to within -1.0% for du,/dx < 0.20, and to within -0.1% for
du,/dx < 0.07.

Large deflection strain-displacement equations:
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1.5 Kinetic Energy and Mass
The impulse-momentum relationship states that

/ Fdt = 6(ma)

d, .
[ o= %(mu)

dfot1
f= dt<8u2mu>

d [ 0
fo= dzf<8uT>

Consider a system comprising an assemblage of point masses, m;, each with an individual

where T is the kinetic energy.

velocity, v;. The total kinetic energy in the assemblage is
1 2
T = 5 Z m;v;

If displacements of the assemblage of masses are defined by a generalized coordinate vector
u, not necessarily equal to the velocity coordinates, above, then the kinetic energy may also
be written

T(un) = -—u'Mu
=1 ]

Mijuj
1

n

O — DN

(2

where M is the constant mass matrix with respect to the generalized coordinates u. The
mass matrix M relates the inertial forces f; to the collocated accelerations, ;.

fz‘ = Milﬂl+“‘+Mijdj+"'+MiNUN
fN = MNli)q+"'+MNjilj+"'+MNNﬁN

The 4,5 term of the constant mass matrix may therefore be found from the kinetic energy
function T,

o0 o o 9
= 7 T(q) = —T(v 2
17 Dii; 0t O, () di; O () (28)
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1.6 Inertial Energy and Mass in Deforming Continua
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2 Bar Element Matrices

2D prismatic homogeneous isotropic truss bar.

Uniform uni-axial stress, o,,, only.
Uniform uni-axial strain, €.
Ogy = Eemx

2.1 Bar Displacements

Figure 3. Truss bar element coordinates and displacements.
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2.2 Bar Strain Energy and Elastic Stiffness Matrix

Strain-displacement relation
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2.3 Bar Kinetic Energy and Mass Matrix

T o= i /Qp (@) ()] A )

M = /IL p [‘Il(x)T ‘Il(x)} Adx
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2.4 Bar Stiffness Matrix with Geometric Strain Effects
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3 Bernoulli-Euler Beam Element Matrices

2D prismatic homogeneous isotropic beam element, neglecting shear deformation and rotatory
inertia.

3.1 Bernoulli-Euler Beam Coordinates and Internal Displacements

Consider the geometry of a deformed beam. The functions u,(x) and u,(x) describe the
translation of points along the neutral axis of the beam as a function of the location along
the un-stretched neutral axis.

Figure 4. Beam element coordinates and displacements.

We will describe the deformation of the beam as a function of the end displacements (u, tg, 4, Us)
and the end rotations (ug,ug). In a dynamic context, these end displacements will change
with time.

ug(x,t) = Z_:I@Dxn(f) U (1)

uy(@,1) = Z:l%n(w) Un(t)

The functions ., (x) and ¢, (x) satisfy the boundary conditions at the end of the beam and
the differential equation describing bending of a Bernoulli-Euler beam loaded statically at
the nodal coordinates. In such beams the effects of shear deformation and rotatory inertia
are neglected. For extension of the neutral axis,

%1(36) =
Q/}904(«%') ==

iy
&

and .0 = ¥,3 = .5 = Y6 = 0 along the neutral axis. For bending of the neutral axis,

s = 1-3(3) ()
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These expressions are analytical solutions for the displacements of Bernoulli-Euler beams
loaded only with concentrated point loads and concentrated point moments at their ends.
Internal bending moments are linear within beams loaded only at their ends, and the beam
displacements may be expressed with cubic polynomials.

3.2 Bernoulli-Euler Beam Strain Energy and Elastic Stiffness Matrix

In extension, the elastic potential energy in a beam is the strain energy related to the uni-
form extensional strain, €,,. If the strain is small, then the extensional strain within the
cross section is equal to an extension of the neutral axis, (Ou,/0x), plus the bending strain,

—(0%u, /0x*)y.

Ou,  0*uy

€xx — O - 2

6 o - 6 o2 -

— nz::l%l/}wn(l’) Uy, —nz::lﬁl/)yn( ) Y Up, (65)
6 6

= D Wn(@) U = Y ¥y (2) y U
n=1 n=1
6
n=1

= B(z,y)u (66)

where
1 6y 122y 4y ©O6xzy 1 —6y 12zy 2y Oxy
B(z,y) = T 12 I3 1 I3 o ?ﬂL 5 T 12| (67)

The elastic stiffness matrix can be found directly from the strain energy of axial strains €,,.

1
Vo= - / €re E € d9 (68)
2 Ja

Kp = /xLO/A [B(x,y)T E B(x,y)} dA dz. (69)



Structural Element Stiffness Matrices and Mass Matrices 11

Note that this integral involves terms such as [, y°dA and [, ydA in which the origin of the
coordinate axis is placed at the centroid of the section. The integral [, y?dA is the bending
moment of inertia for the cross section, I, and the integral [, ydA is zero.

It is also important to recognize that the elastic strain energy may be evaluated separately
for extension effects and bending effects. For extension, the elastic strain energy is

1 /L 9
V = - FEA (€;,)° dx
2 Ja=0

1 L Y
= §/g;:oEA <nz::1¢m(x) un> dx

and the ij stiffness coefficient (for indices 1 and 4) is

2
_ L
g, = 221 EA(}ngu»aQ ;"

Fity 9, 2 Jumo T\ 2

-/ LO EA f/,(z) v, (x) dz. (70)

In bending, the elastic potential energy in a Bernoulli-Euler beam is the strain energy related
to the curvature, k..

a2uy 6 82 6
= = 5 Vyn(T) Up = ¢/In(x) U,
0x? Z Ox2 ™Y nz::l Y

n=1

Kz

The elastic strain energy for pure bending is

1 L 9
Vo= - EI (k,)* dx

and the ij stiffness coefficient (for indices 2,3,5 and 6) is

7 0 01 (L 6 2
M= Gaan,2 ) () T )| d
! aai aﬁj 2 =0 <n 1¢yn(‘r) U ) X

= | BIi() ¥)(x) de. (71)

yJj
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3.3 Bernoulli-Euler Beam Kinetic Energy and Mass Matrix

The kinetic energy of a particle within a beam is half the mass of the particle, pAdz, times
its velocity, 1, squared. For velocities along the direction of the neutral axis,

U (1) = Z_:lwm(fv) Un

The kinetic energy function and the mass matrix may be by substituting equation (63) into
equations (30) and (34).

T = & / p [T w(2)] di) (72)

M = N [‘Il(x)T ‘Il(x)] Adzx (73)

It is important to recognize that kinetic energy and mass associated with extensional velocities
may be determined separately from those associated with transverse velocities. The kinetic
energy for extension of the neutral axis is

1 L o
T = = pA (i,)* dx
2 Jz=0

L

2
= ; - pA <n§1 V() ﬁn> dz

and the ij mass coefficient (for indices 1 and 4) is

i o 01 /L 6 A\
My = 55502 Jmo (Z”’W) “) d

L
- / A () o) da. (74)
For velocities transverse to the neutral axis,

uy(x) = Z:lwyn(x) ﬂn )

the kinetic energy for velocity across the neutral axis is

1 L o
T = 5 mZOpA (t,)” dx

1 rL

= - pA (Z Yy () dn> dx

2 =0

and the ij mass coefficient (for indices 2,3,5 and 6) is

_ 9 01 (L 6 A\
M;; = pA <Z¢yn(a€) un> dx

(9112 37% 5 =0 n—1

= [ oA (@) (o) d (75)
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3.4 Bernoulli-Euler Stiffness Matrix with Geometric Strain Effects

The axial strain in a Bernoulli-Euler beam including the geometric strain is

Ou,  0*uy 1 <8uy>2
€xx = - Yy + 5 a_

ox Ox? ox

The potential energy with geometric strain effects is

1 L
V = f/ /emEemdAdx
2 =0

e (e +1<8Uy)“d
T2 oz 8:U2y 2\ Oz v

13

(76)

(77)

(78)

1
= 2/ E/ ( Uy o 2u$xuymy+uxmuyx+uymy uymuyxy—i—4 >dAdx (79)

Note that [, ydA =0 and [, 3*dA = I and neglect u, , so that
= 1 g 2 L rr 2 E 2
Vo= /0 BA(u2,)do+ 5 /0 BI(a2,,)dz + /0 EA (ugus,) de

Substitute

6

uy:x = Z w;n<x> u

1

= D Uy(r) @

6
n=1
6

3

Upy = nz:l%;n Up = A
and differentiate with respect to @; and u; to obtain,
_ L L L
Ry = BA [ il do+ EI [0 @)l(a) do+ N [ )@}, () da
so that,

_ _ N _
K=Kp+ Kg

(80)

(81)

(82)

(83)

(84)

(85)
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3.5 Bernoulli-Euler Beam Element Stiffness and Mass Matrices

For prismatic homogeneous isotropic beams, substituting the expressions for the functions
Y. and 1y, into equations (70) - (75), or substituting equation (67) into equation (69) and
(63) to equation (73) results in element stiffness matrices Kz, M, and Kg.

T EA FA T
A I 0
12EI  6EI 0 __12E1  6EI
L3 L2 L3 L2
ABL _G6EI  2EI
_ L L2 L
Kr, = (86)
FEA
- 0 0
SYM
12EI _ 6EI
L3 L2
4ET
L L
[ 140 0 0 70 0 0 ]

156 22L 0 o4 —13L

412 0 13L —3L?

M =t (87)
140 0 0
SYM
156 —22L
- 4L2 -
[0 0 0O 0 0 0 |
L L
g 10 0 _g 10
21,2 L L2
B . s 0 —-% —3
Ke =% (88)
0 0 0
SYM
6 L
5 10
_ 212
L 15 J
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4 Timoshenko Beam Element Matrices

2D prismatic homogeneous isotropic beam element, including shear deformation and rotatory
inertia

Consider again the geometry of a deformed beam. When shear deformations are included
sections that are originally perpendicular to the neutral axis may not be perpendicular to
the neutral axis after deformation. The functions u,(z) and u,(z) describe the translation of

Figure 5. Deformation of beam element including shear deformation.

points along the neutral axis of the beam as a function of the location along the un-stretched
neutral axis. If the beam is not slender (length/depth < 5), then shear strains will contribute
significantly to the strain energy within the beam. The deformed shape of slender beams is
different from the deformed shape of stocky beams.

The beam carries a bending moment M (z) related to axial strain €,, and a shear force, S
related to shear strain v,,. The potential energy has a bending strain component and a shear
strain component.

1
vV o= —/aTedQ
2 Ja

1 1
= 5/ OzxCax d2 + */ Ty Vzy ds2

y Q(y)
- dA dz G[b >dA dz
L 5’2 )
= 5 Ep /y dAdx+2/ o dA du
_ ! LM / (89)
2 E[ 3 GA/a

where the shear area coe]fﬁczent a reduces the cross section area to account for the non-uniform
distribution of shear stresses in the cross section,
Q) 4
I 12 Ja b(y)?

For solid rectangular sections av = 6/5 and for solid circular sections v = 10/9.
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4.1 Timoshenko Beam Coordinates and Internal Displacements
(including shear deformation effects)

The transverse deformation of a beam with shear and bending strains may be separated into
a portion related to shear deformation and a portion related to bending deformation,

Uy (2, 1) = u@yy(z) + ugsy(z) (90)

where
Elugy,(x) = M(z) (91)
G(A/a)u,(r) = S(z) (92)

It can be shown that the following shape functions satisfy the Timoshenko beam equations
(equations (90), (91) and (92)) for transverse displacements.

st = g 5(5) 2 () ()
ot = g 120+ ()3 (- ()
ot = 15 () 23+ 59

o) = o5 [0+ ()3 (- ()

The term ® gives the relative importance of the shear deformations to the bending deforma-

—_
~ + | =

—_
—~ +

—
&~ +
K

+

tions,
12E1

®= s = 2l +) (L) , (93)

where r is the “radius of gyration” of the cross section, r = \/.7/7, v is Poisson’s ratio. Shear
deformation effects are significant for beams which have a length-to-depth ratio less than 5.
To neglect shear deformation, set ® = 0. These displacement functions are exact for frame
elements with constant shear forces S and linearly varying bending moment distributions,
M(x), in which the strain energy has both a shear stress component and a normal stress
component,

v=! /OLEI (z ¢gg)yn<x>un) de + | “G(Afa) (;wz@yn(x)un) de (94)

where the bending and shear components of the shape functions, 1), (z) and ¥ (g),,(x) are:
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o) = L [o(2) ()]

ot = L5 -2+ (2 o35~ ()1
Visys() = —ﬂ)[;ﬂ

ot = g b5 ()]

Uiy (@) = 1?_)@ ﬁ

Yops(z) = 1fq)_— <z>2+<z>3+;<<i>2> @]

4.2 Timoshenko Beam Element Stiffness Matrices

The geometric stiffness matrix for a Timoshenko beam element may be derived as was done
with the Bernoulli-Euler beam element from the potential energy of linear and geometric
strain,

Ko=  BA [ o) dr

bBL [ el ) de

bGA/a) [ W) do

N [ da (95)

where the displacement shape functions ¢ (x) are provided in section 4.1.
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4.3 Timoshenko Beam Element Stiffness and Mass Matrices,
(including shear deformation effects but not rotatory inertia)

For prismatic homogeneous isotropic beams, substituting the previous expressions for the
functions ¥, (x) and Yy (z), and (s, (r) into equation (95) and (73), results in the
Timoshenko element elastic stiffness matrices Kz, mass matrix M, and geometric stiffness

matrix Kq

280

pAL
840

2
Il
|

0

312 + 588® + 2802

SYM

6/5+20+ D2
(1+9)2

EA
0 0 -7
12 5L 6 B
1+ L3 149 L2
ZE o)
1+® L
EA
L
SYM
0 140

(44 + 77® 4+ 3592)L. 0

(8 + 14® + 7d2) L2 0

280
0 0
L/10 0

(149)2

2L2/15+L%® /6+ L2 D2 /12 0

SYM

(1+@)?

0 0
_ 12 EI 6 EI
1+ L3 1+ L2
__6 BEI 2-0FI
1+P L2 149 L
(96)
0 0
12 EI _ _6 _EI
1+ L3 1+ L2
1+® EI
1+ L
0 0 T
108 + 252 + 17502 —(26 + 63® + 35®2)L
(26 + 63® + 35®2)L.  —(6+ 149 + 792) L2
(97)

0

312 + 588P + 280P2

0

—(44 4+ 77 + 3592) L

(8 + 14® + 792)L2

0 0
—6/5—20— 2 L/10
(1+9)2 (14+9)2
—L/10 —L?/30—L%®/6—L%®2%/12
(1+@)? (1+@)?
0 0
6/5+2P+d2 —L/10
(1+)? (1+)?
2L2/15+L%® /6+ L% D% /12
(14+9)2

(98)
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4.4 Timoshenko Beam Element Mass Matrix
(including rotatory inertia but not shear deformation effects)

Consider again the geometry of a deformed beam with linearly-varying axial beam displace-
ments outside of the neutral axis. The functions u,(z,y) and u,(x,y) now describe the

Figure 6. Deformation of beam element showing axial-direction displacements u,(z, y, t) outside
the neutral axis.

translation of points anywhere within the beam, as a function of the location within the
beam. We will again describe these displacements in terms of a set of shape functions,
Yan(x,y) and ¢y, (z), and the end displacements 1y, - - - , Ug.

ug(z,y,t) = §wxn(x,y) U (t)

uy(w,t) = 2_:11/1yn(w) Un(t)

The shape functions for transverse displacements 1),,(x) are the same as the shape functions
tyn () used previously. The shape functions for axial displacements along the neutral axis,
Ye1(x,y) and ¥.4(x,y) are also the same as the shape functions 1,1(x) and 1.4(x) used
previously. To account for axial displacements outside of the neutral axis, four new shape
functions are derived from the assumption that plane sections remain plane, u,(z,y) =

_U’,(b)y (Z‘)y

y
L
2
2

Vus(2,y) =~V y = (22—3(2)2>y
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Because ¢, ¥z1 and 14 are unchanged, the stiffness matrix is also unchanged. The kinetic
energy of the beam, including axial and transverse effects is now,

2/$ 0/ ) (g: Yon(2,y) f‘n>2 dy dx + ; /:c LO pA (;: Yyn () i‘tn>2 dr (99)

7—h/2

and the mass matrix coefficients are found from

Evaluating equation (28) using the new shape functions 1,9, 1.3, V.5, and 1,4, results in a
mass matrix incorporating rotatory inertia.

1 1
Lo 0 1 0 0
13 6 r2 11 1 72 9 6 r2 13 1 r2
sz awltwr 0 w5 “wmltwr
2 13 1 r2
B ws L+ 0 mol+ % 0
M = pAL (100)
SYM 3 0 0
13 6 r2 1 r?
w2 tsr  —solt L
1 2 2
L 105L _

Beam element mass matrices including the effects of shear deformation on rotatory inertia
are more complicated. Refer to p 295 of Theory of Matriz Structural Analysis, by J.S.
Przemieniecki (Dover Pub., 1985).
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5 Coordinate Transformations for Bars and Beams

5.1 Beam Element Stiffness Matrix in Local Coordinates, K

3EI
L3 A

—

3ELp
—
SELA 3ELy
.
3ELp
EA _FEA
L O O L
126 6EI
L3 12
4%[ O
EA
L
SYM
f=Kau

EI
8510
—
a1y
261
«—
EI
621
0 0
_12EI  6EI
L3 L2
651  2EI
L2 L
0 0
12F1 6E1
L3 L2
AET
L

21

12F1
L3 A
—
6E1
L2 A
6ET1
L2 A
%
12F1
L3 A
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5.2 Beam Element Stiffness Matrix in Global Coordinates, K

Geometric relationship between 1 and u: =T u

U1 = uy cosb + ussinf W9 = —uy Sin @ + uy cos b U3 = U3
where ) )
c s 0
c=cos9=x2_x1
—s ¢ 0 0 I
T — 001
c s 0
0 —s ¢ 0 s:sinH:L_y1
_ 00 1] L

The stiffness matrix in global coordinates is K = TT K T

[ EA 2 EA _FEA 2 _EA ]
12E1 _2 12 6 12E1 _2 12 6
+558" — S —5s — 5 ST T es —g5s

EA 2 _EA _FEA 2
=8 7-cS 5
12E1 2  6EI 12E1 12EI 2  6EI
+ 73 C ?C + 73 cs — 73 C ?C
AEI 6E1 __6EI 2E1
L 2 S ¢ I
K =
EA 2 EA
7c 7-cs
12E1 2 12E1 6EI
+ 55 s — 3 S Gz
SYM
EA 2
518 EI
12E1 2 6
T T e
4EI
L L

f=Ku
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5.3 Beam Element Consistent Mass Matrix in Local Coordinates, M

pAL
420

140 0 0 70 0 0

156 22L 0 54 —13L

4L7 0 13L —3L7?

140 0 0
SYM
156 —22L

AL? |

Tl
<
Sl

23
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5.4 Beam Element Consistent Mass Matrix in Global Coordinates, M

Geometric relationship between @i and u: a =T u

U = uycosf + uygsinf Uy = —uq sinf + uy cos U3 = U3
where
c s 0
c=cos9=x2_x1
—s ¢ 0 0 I
T — 0 1
c s 0
0 —s ¢ 0 s—ginf=2"Y
00 1] L

The consistent mass matrix in global coordinates is M = TT M T

[ 1402 —16¢cs —22sL 702 16cs  13sL |

+1552 +5452
140s*  22¢L 16¢s 70s> —13cL
+156¢ +54c2
417 —13sL 13¢cL —3L?
pAL
M="00
140¢? —16¢s  22sL
SYM +15652
14052 —22¢L
+156¢2
A7

f=Mnu
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6 2D Rectangular Plate Plane-Stress Element Matrices

2D, plane-stress, isotropic, homogeneous plate element.

Uniform thickness h.

Approximate element stiffness and mass matrices based on assumed distribution of internal
displacements.

For plane-stress elasticity, the stress-strain relationship simplifies to

O gz o 1 v 0 €
Oy | =12 |V 1 0 Eyy (101)
Tay 0 0 %(1 —v) Vay
or
oc=Sce (102)

6.1 2D Plate Coordinates and Internal Displacements

Consider the geometry of a rectangular plate with edges aligned with a Cartesian coordinate
system. The functions u,(x,y,t) and u,(x,y,t) describe the in-plane displacements of the
plate as a function of the location within the plate. Internal displacements are assumed to

Figure 7. 2D Plate element coordinates and displacements.

vary linearly within the plate.

x Ty Yy
Ug (T, y,1) = c1—+co—F+c3=+c¢
(z.9,1) Ya “ab b !
x Ty Yy
Uy(z,y,t) = c5—+cg—++cr>+c
y(7,9,1) 5a+ 6ab+ 7b+8
The eight coefficients ¢y, - - -, cg may be found uniquely from matching the displacement co-

ordinates at the corners.

u(0,0) =a; ., uy(0,0) = uy
UI(O, b) = ’EL3 s uy(O, b) = ﬂ4
uz(a,b) =1us , wuy(a,b) =ug
uz(a,0) =u7 , wuy(a,0)=1us
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resulting in internal plate displacements

ug(z,y,t) = (L—=2)(1—g) w(t) + (1 —2)g us(t) + 29 us(t) + (1 — §) uz(t) (103)
uy(z,y,t) = (1—2)(1—9) t2(t) + (1 — 2)§ us(t) + 2§ u(t) + (1 — ) us(t) (104)
where & = z/a and y = y/b so that
. 1—2)(1—19 1—2)y 0 zy | 0 |2(1 =y 0
W) = [(L=D1=9) 0 (=) @0 a=p] 0
0 1—a)(1—g)| 0 |(-a)3]0 |ag )
(105)
and
uz(x,y,t) ] o
=W(z,y) u(t 106
e weg) al) (106)
Strain-displacement relations
C Oty 13%
T 9x a 0%
o Ou 10wy
W 9y b Oy
ou,  Ou, 10u, 10u,
Yoy = + = 7 A~ T A~
dy Jr b0y adx
so that
o
Us
~ 7 i 1 ~ 63
€xx _E(l_y) 0 “a a 0 7<1_y) 0 i
€y | = 0 11— 1) 0 ~t1-1) o 2 0 — u‘;
W] [ -0-8) -la-g) da-a -2 -5 i -f la-g | @
Uz
L ﬂs
(107)
or
€(z,y,t) = B(z,y) u(t)
6.2 2D Plate Strain Energy and Elastic Stiffness Matrix
1 T
V = 5/ o(x,y,t) €(z,y,t) h de dy (108)
A
1 _ _
= a0 [ [Bl.y)" S(B.w) Bla.y)], b de dy a(t) (109)
Elastic element stiffness matrix
Ky = /A [B(z.9)" S(E.v) B(x.y)|__hd dy (110)
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6.3 2D Plate Kinetic Energy and Mass Matrix

T(w) = pla(e,y, )" h dz dy (111)

N = DN~

()" . (W(,y)" W(z,y)| b dedya) (112)

Consistent mass matrix

T __ T
M= [ o [Wa)" $ay)],  hdedy (113)
6.4 2D Plate Element Stiffness and Mass Matrix
Kg = 12<€lu2)'
de+ 2(1—v) 3(14+v) 2c-2(01-v) 2(1-3v) 7207§(17V) -3 4v) —dct+i(1-v) -3 -3v)
24 42¢(1-v) -3(1-38y) —-24c1-v) —3(1+v) —-2-—c-v) 3(1-3v) 2 _2c(1—-v)
de+ 2(1—v) -3(1+v) —det+l(1-v) 3(1-38v) —2c-1(1-v) 2(1+v)
2 4 20c(1-v) -2 -3v) 20—2‘0(1—,/) 3(1+4v) —%—c(l—u)(14)
e+ 2(1-v) 21+v) 2c— 2(1-v) 3(1-3v)
4 42c1-v) -3 -3v) -24c(1-v)
dc+ 2(1-v) -3 +v)
%+2c(171/)
where ¢ = b/a.
(402010 20]
0402010 2
20402010
_ bh 10 2 0 4 0 2 0 1
Y (115)
36 10204020
01020420 2
20102040
(0201020 4]

Note, again, that these element stiffness matrices are approximations based on an assumed
distribution of internal displacements.

References

[1] Clough, Ray W., and Penzien, Joseph, Dynamics of Structures, 2nd ed. (revised), Com-
puters and Structures, 2003.

[2] Paz, Mario, Structural Dynamics Theory and Computation, Chapman & Hall, 2000.

[3] Przemieniecki, J.S., Theory of Matriz Structural Analysis, Dover, 1985. %



