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A damped structural system subjected to dynamic forcesand possibly experiencing
nonlinear material behavior is modeledby

M •x(t) + C _x(t) + K x(t) + R(x(t); _x(t)) = f ext (t); (1)

where M is a positive de�nite massmatrix, C is a non-negative de�nite damping matrix,
and K is a non-negative de�nite sti�ness matrix. The nonlinear restoring forcesare given in
R(x; _x) and f ext (t) is a vector of external dynamic loads. At any point in time, t = tn+1 =
(n + 1)h, we may solve for the accelerationsin terms of the displacements, velocities, and
the applied forces.

•x(tn+1 ) = � M � 1[C _x(tn+1 ) + K x(tn+1 ) + R(x(tn+1 ); _x(tn+1 )) � f ext (tn+1 )]: (2)

Given values for accelerations,velocities, displacements, and applied forcesat time tn , if
we can extrapolate the velocities and displacements forward in time by a time step h to
time tn+1 = tn + h, then we may compute the acceleration•x(tn+1 ) using equation 2. The
various numerical integration algorithms described in this document 1 2 di�er primarily in
the manner in which x(tn+1 ) and _x(tn+1 ) are computed from x(tn ), _x(tn), •x(tn ), f ext (tn ),
and f ext (tn+1 ). Note that sincedi�eren tiation ampli�es high frequencies,changesin x and
_x from tn to tn+1 will be much smoother than the corresponding changesin •x.

1Clough, R. and Penzien,J., Dynamics of Structures, 2nd ed., McGraw-Hill, 1993.
2Hanson, R.D., CE 611: Structural Dynamics, classnotes, The University of Michigan, 1988
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The CentralDi�erence Method

The central di�erence approximations for the �rst and secondderivativesare

_x(tn ) = _xn �
1

2h
(xn+1 � xn� 1) ; (3)

•x(tn ) = •xn �
1
h2

(xn+1 � 2xn + xn� 1) : (4)

Substituting approximations (3) and (4) into equation (1), and re-arrangingterms,
� 1
h2

M +
1

2h
C

�

xn+1 =
� 2
h2

M � K
�

xn +
�

�
1
h2

M +
1

2h
C

�

xn� 1 + f ext
n ; (5)

which may be written A0xn+1 = A1xn + A2xn� 1 + f ext
n . The matrix A0 is positive de�nite

and may be factorized prior to the iterativ e solution for xn at each time step.

The numerical stabilit y of the central di�erence method dependson the choiceof the
time step interval, h. To obtain a stablesolution, h < Tn=� , whereTn is the shortestnatural
period of the structural system. If the central di�erence method is usedwith a time step
larger than Tn=� the solution will increaseexponentially .

A step-by-step procedurefor the central di�erence method may be written as3:

1. Input the mass,M , damping, C, sti�ness, K , matrices and the time step interval h.

2. Initialize x0, _x0, •x0 and computex � 1 = x0 � h _x0 + h2

2 •x0:

3. Form the matrices A0, A1 and A2, and triangularize A0 using LD LT factorization.

4. for n = 1 to N

� solve A0xn = A1xn� 1 + A2xn� 2 + f ext
n� 1 for xn using LD LT back-substitution.

� calculate _xn� 1 and •xn� 1 using equations(3) and (4), if required.

� write tn = nh, xn , _xn and •xn to a data �le.

3K.J. Bathe, Finite Element Procedures in Engineering Analysis, Prentice-Hall, 1982,pp. 439{449, 499{
506.



Numerical Integra tion f or Str uctural Dynamics 3

The Implicit Linear AccelerationMethod

Considerthe Taylor seriesexpansionsfor displacement, velocity, and acceleration:

x(tn+1 ) = xn+1 = xn + h _xn +
h2

2!
•xn +

h3

3!
x iii

n +
h4

4!
x iv

n + � � � (6)

_x(tn+1 ) = _xn+1 = _xn + h•xn +
h2

2!
x iii

n +
h3

3!
x iv

n + � � � (7)

•x(tn+1 ) = •xn+1 = •xn + hx iii
n +

h2

2!
x iv

n + � � � (8)

Rearrangingequation (8),

hx iii
n = •xn+1 � •xn �

h2

2!
x iv

n � � � � ; (9)

and substituting equation (9) into equations(6) and (7) results in

xn+1 = xn + h _xn +
h2

2
•xn +

h2

6

 

•xn+1 � •xn �
h2

2!
x iv

n � � � �

!

+
h4

4!
x iv

n + � � � ; (10)

_xn+1 = _xn + h•xn +
h
2

 

•xn+1 � •xn �
h2

2!
x iv

n � � � �

!

+
h3

3!
x iv

n + � � � (11)

Truncating the fourth time-derivative and higher from theseexpansion,the resulting �nite
di�erence approximations are

xn+1 � xn + h _xn +
h2

6
(•xn+1 + 2•xn ); (12)

and

_xn+1 � _xn +
h
2

(•xn+1 + •xn ): (13)

Theserelationshipsare implicit because•xn+1 needsto be determined in order to �nd xn+1

and _xn+1 . Note that through the substitutions above, we eliminate the third time-derivative
of x, and that the method is accurateto within the fourth time-derivative of x.

This method is called 'linear acceleration'becausethe third time derivitiv e of x has
beenelimiated, and the accelerationcan be consideredto changelinearly with time.
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The Implicit Linear AccelerationMethod,
MadeExplicit for Linear StructuralDynamics

Recall that at time tn+1 we can satisfy the equations of motion, by calculating the
accelerationwith equation (2). Substituting equations(12) and (13) for the displacements
and velocities at time tn+1 into equation (2),

M •xn+1 + Cf _xn + (h=2)(•xn + •xn+1 )g + K f xn + h _xn + (h2=6)(•xn+1 + 2•xn )g = f ext
n+1 ; (14)

wherethe nonlinearities,R(x; _x), are negligible. Collecting similar derivativesof x,
"

M +
h
2

C +
h2

6
K

#

•xn+1 = f ext
n+1 � K xn � [C + hK ] _xn �

"
h
2

C +
h2

3
K

#

•xn : (15)

and re-arranging,
"

M +
h
2

C +
h2

6
K

#

•xn+1 =

"

�
h
2

C �
h2

3
K

#

•xn � K xn � C _xn � hK _xn + f ext
n+1 : (16)

Recall from the equationsof motion, that

M •xn � f ext
n = � K xn � C _xn : (17)

Substituting equation(17) into (16), weobtain the closed-formlinear accelerationrecurrence
relations for structural dynamicssimulation.

"

M +
h
2

C +
h2

6
K

#

•xn+1 =

"

M �
h
2

C �
h2

3
K

#

•xn � hK _xn + f ext
n+1 � f ext

n : (18)

xn+1 = xn + h _xn +
h2

6
[•xn+1 + 2•xn ] : (19)

and

_xn+1 = _xn +
h
2

[•xn+1 + •xn ] : (20)

Theserelationships are now explicit because•xn+1 can be determined from the current re-
sponsevalues(xn and _xn ), the current dynamic load f ext

n , and the next dynamic load f ext
n+1 .

Note that within each time step, the dynamic equationsof equilbrium are satis�ed both at
time tn and at time tn+1 .
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The Newmark-� method | incrementalformulation

The �nite di�erence approximations for the Newmark-� method are

xn+1 � xn + h _xn + h2
�� 1

2
� �

�

•xn + � •xn+1

�

; (21)

and
_xn+1 � _xn + h [(1 � 
 ) •xn + 
 •xn+1 ] : (22)

If � = 1=4 and 
 = 1=2 the Newmark-� method is implicit and unconditionally stable. In
this casethe accelerationwithin the time interval t 2 [tn tn+1 ) is presumedto be constant. If
� = 1=6 and 
 = 1=2 the Newmark-� method is identical to the linear accelerationmethod.
If � = 0 and 
 = 1=2 the Newmark-� method is identical to the central di�erence method.
For linear structural dynamics, if 2� � 
 � 1=2, then the Newmark-� method is stable
regardlessof the sizeof the time-step, h. In general,however, the stabilit y of the algorithm
depends on the size of the time step, and the Newmark-� method is conditionally stable
if 
 < 1=2. For 
 = 1=2 the Newmark-� method is second-orderaccurate; it is �rst order
accuratefor all other valuesof 
 .

Formulating the �nite di�erence relationships in terms of the increments of displace-
ment (� xn = xn+1 � xn ), velocity (� _xn = _xn+1 � _xn ), acceleration(� •xn = •xn+1 � •xn ), and
nonlinear restoring force (� Rn = R(xn+1 ; _xn+1 ) � R(xn ; _xn ))

� •xn =
1

� h2
� xn �

1
� h

_xn �
1

2�
•xn ; (23)

and

� _xn =



� h
� xn �



�

_xn + h

 

1 �


2�

!

•xn : (24)

Now, satisfying incremental equilibrium over the time step, h,

M � •xn + C� _xn + K � xn + � Rn = f ext
n+1 � f ext

n = � f ext
n ; (25)

re-groupingterms, and solving for the increment in displacements,
� 6
h2

M +
3
h

C + K
�

� xn = � f ext
n � � Rn +

"

3M +
h
2

C

#

•xn +
� 6
h

M + 3C
�

_xn ; (26)

where � = 1=6 and 
 = 1=2. Solving this linear systemof equations4 for � xn , the displace-
ments are updated with,

xn+1 = xn + � xn ; (27)

the velocities are updated with

_xn+1 = � 2_xn �
h
2

•xn +
3
h

� xn ; (28)

and the accelerationssatisfy the equationsof motion,

•xn+1 = � M � 1[C _xn+1 + K xn+1 + R(xn+1 ; _xn+1 ) � f ext
n+1 ]: (29)

Similar relations may be found for other valuesof � and 
 . Note that in this incremental
formulation oneneedsto obtain the inverseof the massmatrix, M , and the matrix
[6M =h2 + 3C=h+ K ].

4If the incremental nonlinear restoring forces � Rn are not negligible, equation (26) is solved using the
Newton-Raphsonmethod, equation (46).
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The HHT-� method

The HHT-� method5 is a generalizationof the Newmark-� method and reducesto
the Newmark-� method for � = 0. The �nite di�erence equationsare identical to those of
the Newmark-� method, (equations(21) and (22)). The equationsof motion are modi�ed,
however, using a parameter � .

M •xn+1 + (1 � � )C _xn+1 + � C _xn + (1 � � )K xn+1 + � K xn = (1 � � )f ext
n+1 + � f ext

n : (30)

Equation (30) is analogousto equation (25) with the addedcondition that the acceleration
is constant within the interval t 2 [tn tn+1 ). If

0 � � � 1=3 (31)

� = (1 + � )2=4 ; and (32)


 = 1=2 + � ; (33)

the HHT-� method is second-orderaccurateand unconditionally stable. The HHT-� method
is useful in structural dynamicssimulations incorporating many degreesof freedom,and in
which it is desirableto numerically attenuate (or dampen-out) the responseat high frequen-
cies. Increasing� decreasesthe responseat frequenciesabove 1=(2h), provided that � and

 are de�ned as above.

Substituting the Newmark-� �nite di�erence relationshipsinto equation (30),

M •xn+1 + (1 � � )Cf _xn + h[(1 � 
 ) •xn + 
 •xn+1 ]g + � C _xn

+ (1 � � )K f xn + h _xn + h2[(1=2 � � ) •xn + � •xn+1 ]g + � K xn

= (1 � � )f ext
n+1 + � f ext

n ; (34)

and grouping terms, we obtain

[M + h(1 � � )
 C + h2(1 � � )� K ]•xn+1 + [h(1 � � )(1 � 
 )C + h2(1 � � )(1=2 � � )K ]•xn

+ [C + h(1 � � )K ] _xn

+ K xn

= (1 � � )f ext
n+1 + � f ext

n : (35)

Thesearea setof linear equationsfor •xn+1 in terms of •xn , _xn , xn , the external dynamic load,
and the structure's mass,damping, and sti�ness. Equations (21), (22), and (35) provide the
recurrencerelationship for the HHT-� method.

5Hughes, T.J.R., Analysis of Transient Algorithms with Particular Referenceto Stabilit y Behavior. in
Computational Methods for Transient Analysis, North-Holland, 1983,pp. 67{155.
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The HHT-� method | incrementalformulation

The HHT-� method may be formulated in an incremental form, as was done with
the Newmark-� method in the previous section. Again, formulating the �nite di�erence
relationshipsin terms of the increments of displacement (� xn = xn+1 � xn ), velocity (� _xn =
_xn+1 � _xn ), acceleration(� •xn = •xn+1 � •xn ), and nonlinear restoring force, and di�erence
betweenequation (30) (evaluated at time tn+1 ) and the sameexpressionevaluated at time
tn , results in

M � •xn+(1 � � )C� _xn+ � C� _xn� 1+(1 � � )K � xn+ � K � xn� 1+(1 � � )� Rn+ � � Rn� 1 = (1� � )� f ext
n + � � f ext

n� 1:
(36)

Now, substituting in expressionsfor � _x and � •x at times tn and tn� 1, and grouping terms
results in

"
1

� h2
M + (1 � � )



� h

C + (1 � � )K

#

� xn =

"
1

� h
M + (1 � � )



�

C

#

_xn

+

"
1

2�
M � (1 � � )h

 

1 �


2�

!

C

#

•xn

� �

"



� h
C + K

#

� xn� 1

+ �


�

C _xn� 1 � � h

 

1 �


2�

!

C•xn� 1

� (1 � � )� Rn � � � Rn� 1

+ (1 � � )� f n + � � f n� 1 : (37)

If R(x; _x) = 0, theseare a set of linear equationsfor � xn in terms of _xn , •xn , � xn� 1, _xn� 1,
•xn� 1, � xn� 1, the external dynamic load, and the structure's mass,damping, and sti�ness.
Equations (21), (22), and (37) provide the recurrencerelationship for the HHT-� method
in incremental form. Solving this linear systemof equations6 for � xn , the displacements are
updated with,

xn+1 = xn + � xn ; (38)

the velocities are updated with

_xn+1 =

 

1 �


�

!

_xn +



� h
� xn + h

 

1 �


2�

!

•xn : (39)

and the accelerationssatisfy the HHT-� form of the equationsof motion,

•xn+1 = � M � 1
h
(1 � � )C _xn+1 + � C _xn + (1 � � )K xn+1 + � K xn � (1 � � )f ext

n+1 � � f ext
n

i
:

(40)
This algorithm is explicit regardlessof the valuesof � , � , or 
 .

6If the incremental nonlinear restoring forces � Rn are not negligible, equation (37) is solved using the
Newton-Raphsonmethod, equation (46).
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Simulationof SDOFBilinear HystereticBehavior

Bilinear hysteretic behavior may be simulated using linear dynamic models. The basic
idea is that each branch of the hysteresismay be described by an equation of the form
R = K (x � d), wherethe restoring force is zerowhenx = d and K will take the value of the
pre-yield sti�ness or the strain hardeningsti�ness. The procedureis as follows:

1. Initialize K using the pre-yield sti�ness K hi . Initialize x0, _x0, •x0, f ext
0 , and d to be zero

at time t0 = 0. The value d is the equilibrium displacement of the bilinear hysteretic
system.

2. At time t = tn+1 , read the value of the force f ext
n+1 , solve equation (26) for � xn , and

calculatexn+1 and _xn+1 using equations(27) and (28).

3. Compute the yielding force level from

f yield = K loxn+1 + (K hi � K lo) xy sgn(_xn+1 ) (41)

4. Check for yielding:

If K = K hi and _xn+1 > 0 and K (xn+1 � d) > f yield ,
then the systemhas just exceededits positive yield force level.
Set K = K lo and d = xy(1 � K hi=K lo).

If K = K hi and _xn+1 < 0 and K (xn+1 � d) < f yield ,
then the systemhas just exceededit's negative yield force level.
Set K = K lo and d = xy(K hi=K lo � 1).

5. Check for load reversal:

If K = K lo and _xn+1 _xn < 0,
then the velocity haschangeddirections.
Set K = K hi and d = xn+1 � (K lo=Khi )(xn+1 � d)

6. Compute •xn+1 using

•xn+1 = � M � 1[C _xn+1 + K (xn+1 � d) � f ext
n+1 ]: (42)

7. Increment the time step. n = n + 1.

8. Go back to step 2 and repeat until the end of the time history.
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Newton-RaphsonIterativeSolutionfor Nonlinear Behavior

Equations (26) or (37) may be written ~K � xn = ~f n . If the nonlinear restoring force
increment � Rn is not negligible, then ~f dependson � x and � _x. For the caseof the linear
accelerationmethod (� = 0, � = 1=6, 
 = 1=2),

~K =
� 6
h2

M +
3
h

C + K
�

; (43)

and

~f n (� xn ) = � f ext
n � R(xn + � xn ; _xn + � _xn) + R(xn ; _xn ) +

"

3M +
h
2

C

#

•xn +
� 6
h

M + 3C
�

_xn : (44)

The Newton-Raphsonalgorithm7 is an e�cien t method to solve the nonlinear equations
~K � xn = ~f n (� xn ) for the incremental displacement � xn . The algorithm is iterativ e and
proceedsas follows:

1. The initial value for � xn is denoted� x(0)
n and is arbitrarily set to zero. The correspond-

ing value for ~f n is

~f n (� x(0)
n ) = � f ext

n +

"

3M +
h
2

C

#

•xn +
� 6
h

M + 3C
�

_xn (45)

2. The Newton-Raphsonrecurrencerelation is simply

� x(i +1)
n = ~K � 1 ~f n (� x(i )

n ) (46)

where
~f n (� x(i )

n ) = ~f n (� x(0)
n ) � R(xn + � x(i )

n ; _xn + � _x(i )
n ) + R(xn ; _xn ); (47)

and

� _x(i )
n =

3
h

� x(i )
n � 3_xn �

h
2

•xn : (48)

3. Equation (46) is iterated upon until the incremental displacement � xn converges,i.e.,
jj � x(i +1)

n � � x(i )
n jj < � .

The convergenceof this form of the Newton-Raphsonmethod depends on the local
smoothnessof R(x; _x). Convergencewill be improved, for a particular time step, by making
h smaller.

Note that ~K is strongly positive de�nite; it doesnot depend on � xn ; and it is inverted
or factorized only onceat the beginning of the simulation. If convergenceis problematic,
then a set of ~K matrices may be formed, somewith small time steps,and factorized prior
to the simulation.

As an alternative to Newton-Raphsoniterations, the approxomation � Rn � � Rn� 1 re-
sults in an explicit formulation for the simulation of nonlinearbehavior, and cansigni�cantly
reducecomputational time, but with somelossof accuracy.

7Press,W.H., et al., Numerical Recipes, Cambridge Univ. Press,1993. http://www.nr.com/
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State VariableFormulations

The secondorder ordinary di�eren tial equationsof motion for a structural systemare

M •r (t) + C _r (t) + K r (t) + R(r (t); _r (t)) = f ext (t); (49)

wherewe have re-namedthe displacement vector x(t) of equation (1) with r (t). This set of
N secondorder di�eren tial equationsmay be written as a set of 2N �rst order di�eren tial
equations,as follows:

d
dt

"
r
_r

#

=

"
0N � N I N � N

� M � 1K � M � 1C

# "
r
_r

#

+

"
0N � 1

� M � 1R(r; _r )

#

+

"
0N � N

M � 1

#

f ext (t): (50)

The vector [r T _r T ]T is calledthe statevector; alongwith the external forces,it cancompletely
describe the state of the systemat any point in time. State-spacemodelsare conventionally
written as

_x = Ax + g(x) + Bu; (51)

wherex is the state vector, A is the dynamicsmatrix, g(x) contains any nonlinear terms in
the equationsof state, B is the input matrix, and u is the input to the system. For a linear
structure, g(x) = 0 and the eigenvaluesof A contain the complex polesof the system. For
under-damped dynamic systemsthe polesare complex-valued. The imaginary part of the
pole is the damped natural frequency, and the real part of the pole is the negative of the
natural frequencytimes the damping ratio.

A convenient feature of state-variable formulations is that �rst order systemscan be
easily combined. If components of the structural system have �rst-order dynamics (for
example, visco-elasticity or Bouc-Wen hysteresis), then the �rst order dynamics of those
components can be appended to the state vector, and the simulation of the secondorder
structural systemcoupledwith the �rst order structural components canproceedin parallel.

The state variable formulation is the most generaldescription of a dynamic system,
and many methods exist for the simulation of state-variable models. A set of thesemethods
hasbeenimplemented in Matlab. See,for example,the command ode45 .

For large second-ordersystems(N > 1000),however, the HHT-� method is typically
more e�cien t in terms of memory and speed.
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A Fixed-StepFourth-OrderRunge-KuttaSolver

In the computation of transient responseanalysesof linear or nonlinear systems,it
is commonfor the external forcing to be sampledat uniformly-spacedincrements in time,
and to desire the response to be computed at these samepoints in time. If the sample
interval h = � t is lessthan one-tenth of the shortest natural period involved in the system
(over the courseof the simulation) then a �xed time-stepRunge-Kutta solver cancomputea
solution quickly, and with reasonableaccuracy.8 The most famousof thesesolvers is fourth-
order accurate. The goal of the solver is to advancethe solution, x, of a generalsystemof
non-homogeneous�rst-order ordinary di�eren tial equations

_x(t) = f (t; x(t); u(t)) ; x(0) = xo ; (52)

from time t to time t + � t. Given the state vector x(t), we endeavour to �nd the state
x(t + � t). The solution scheme is illustrated in Figure 1. Within each time-step, the

.

. .

.

t + dt/2

x(t+dt) = x(t) + ( x1 + 2(x2+x3) + x4)  (dt/6)
. . .

 x(t+dt)

x(t)

t  t+dt

.

x1 = f ( x(t) , u(t) , t ) x4 = f (x(t)+x3 dt , u(t+dt),  t+dt  )
.

x2 = f ( x(t)+x1 (dt/2) , u(t+dt/2) , t+dt/2  )
.

.
x3 = f ( x(t)+x2 (dt/2) , u(t+dt/2) , t+dt/2 )

Figure1. Solution Schemeof the Fourth Order Runge-KuttaMethod.

algorithm evaluates _x four times.

_x1 = f ( t ; x(t) ; u(t)) (53)

_x2 = f
�

t +
� t
2

; x(t) + _x1
� t
2

; u
�

t +
� t
2

��

(54)

_x3 = f
�

t +
� t
2

; x(t) + _x2
� t
2

; u
�

t +
� t
2

��

(55)

_x4 = f ( t + � t ; x(t) + _x3� t ; u(t + � t)) (56)

The desiredsolution, x(t + � t), is computed from the four state derivitiv es

x(t + � t) = x(t) + ( _x1 + 2( _x2 + _x3) + _x4)
� t
6

; (57)

time is incremented, t = t + � t, and the solution marches on. The solution scheme is
implemented in the Matlab function ode4u.m, http://www.duke.edu/~hpgavin/ode4u.m

8Press,W.H., et al., Numerical Recipes, Cambridge Univ. Press,1993. Section 16.1 http://www.nr.com/
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ode4u.m
1f u n ct i on [ t i me , x so l , x d r v ] = ode4u ( dxdt , t i me , x0 , u , par ams )
2% [ t i me , x so l , x d r v ] = ode4u ( dxdt , t i me , x0 , u , par ams )
3%
4% Sol v e a sy st em of nonhomogeneous or d i n ar y d i f f e r en t i a l equ at i on s u si n g t h e
5% 4t h or d er Runge� K ut t a met hod .
6%
7% I npu t V ar i ab l e D escr i p t i on
8% � � � � � � � � � � � � � � � � � � � � � � � � �
9% dx dt : a f u n ct i on of t h e for m x d ot = dx dt ( t , x , u , par ams)
10% whi ch p r ov i d es t h e st a t e d er i v a t i v e gi v en t h e t i me , t ,
11% t h e st at e , x , ex t er n a l f o r c i n g , u , and p ar am et er s
12% t i m e : a v ect or o f p o i n t s i n t i m e at whi ch t h e so l u t i on
13% i s comput ed
14% x0 : i n i t i a l v a l u es of t h e st a t es � a column v ect or
15% u : m� by� p m at r i x o f ex t er n a l f o r c i n g f o r t h e ode , wher e
16% m = number of i n p u t s and p = l en gt h ( t i m e ) ;
17% par ams : v ect or o f op t i on a l p ar am et er s f o r t h e f u n ct i on dx dt
18%
19% Out put V ar i ab l e D escr i p t i on
20%� � � � � � � � � � � � � � � � � � � � � � � � �
21% t i m e : i s r et u r n ed , un� changed
22% x so l : t h e so l u t i on t o t h e d i f f e r en t i a l equ at i on at
23% t i m es gi v en i n t h e v ect or t i m e .
24% x d r v : t h e d er i v i t i v e of t h e so l u t i on t o t h e d i f f e r en t i a l
25% equ at i on at t i m es gi v en i n t h e v ect or t i m e .
26%
27% H enr i Gav in , C i v i l and E nv i r onm en t al E n gi n eer i n g , Duke U n i v ser si t y , Feb . 2007
28% WH P r ess , et al , N um er i cal R eci p es i n C, 1 9 9 2 , Sect i on 16 . 1
29

30p oi n t s = l en gt h ( t i m e ) ;
31n = l en gt h ( x0 ( : ) ) ;
32

33i f n ar gi n < 5 , par ams = 0; end
34i f n ar gi n < 4 , u = zer os ( 1 , p o i n t s ) ; end
35

36x so l = zer os ( n , p o i n t s ) ; % memory a l l o c a t i o n
37x d r v = zer os ( n , p o i n t s ) ; % memory a l l o c a t i o n
38x so l ( : , 1 ) = x0 ( : ) ; % t h e i n i t i a l con d i t i on s
39

40[ r u , cu ] = si z e ( u ) ;
41i f cu < p oi n t s
42u ( : , cu + 1: p o i n t s ) = 0 ; % pad u w i t h zer os i f i t i s not l on g enough
43end
44

45f o r p = 1: p oi n t s � 1
46

47t = t i m e( p ) ;
48dt = t i m e( p+ 1)� t ; % t h e t i m e st ep f o r t h i s i n t er v a l
49d t 2 = d t / 2 ; % h a l f o f t h e t i m e st ep
50

51dx dt 1 = f ev a l ( dxdt , t , x0 , u ( : , p ) , par ams ) ;
52dx dt 2 = f ev a l ( dxdt , t + dt 2 , x0 + dx dt 1 � dt 2 , ( u ( : , p)+ u ( : , p + 1) ) / 2 . 0 , par ams ) ;
53dx dt 3 = f ev a l ( dxdt , t + dt 2 , x0 + dx dt 2 � dt 2 , ( u ( : , p)+ u ( : , p + 1) ) / 2 . 0 , par ams ) ;
54dx dt 4 = f ev a l ( dxdt , t + dt , x0 + dx dt 3 � dt , u ( : , p + 1) , par ams ) ;
55

56x0 = x0 + ( dx dt 1 + 2� ( dx dt 2 + dx dt 3 ) + dx dt 4 ) � d t / 6 ;
57

58x so l ( : , p+ 1) = x0 ( : ) ;
59x d r v ( : , p ) = dx dt 1 ( : ) ;
60

61end
62x d r v ( : , p+ 1) = dx dt 1 ( : ) ;
63

64%� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ODE4U
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A Variable-StepFourth-Fifth-OrderRunge-KuttaSolver

For problems in which the time increments are not much shorter than the shortest
natural periods involved in the system,and for problemsinvolving hard nonlinearities,such
asproblemsinvolving impact or friction, �xed-step Runge-Kutta solversmay be numerically
unstable. In such casesone may attempt a re-analysisusing a shorter time step for every
time step, or onemay usea solver in which the large �xed time-stepsare automatically sub-
divided only when necessary. A feature of such variable time-step solvers is that a desired
level of accuracymay be enforcedthroughout the simulation, by comparing a fourth-order
accuratesolution with a �fth-order accuratesolution.

The implementation of the fourth-�fth order solver discussedhere was proposedby
Cashand Karp in 1990.9 To advancethe solution from a time t to a time t + � t, six state
deriviatevesare computed

_x1 = f (t + a1� t; x(t); u(t + a1� t)) (58)

_x2 = f (t + a2� t; x(t) + _x1b21� t; u(t + a2� t)) (59)

_x3 = f (t + a3� t; x(t) + ( _x1b31 + _x2b32)� t; u(t + a3� t)) (60)

_x4 = f (t + a4� t; x(t) + ( _x1b41 + _x2b42 + _x3b43)� t; u(t + a4� t)) (61)

_x5 = f (t + a5� t; x(t) + ( _x1b51 + _x2b52 + _x3b53 + _x4b54)� t; u(t + a5� t)) (62)

_x6 = f (t + a6� t; x(t) + ( _x1b61 + _x2b62 + _x3b63 + _x4b64 + _x5b65)� t; u(t + a6� t)) (63)

The fourth order predictor at time t + � t, is x4(t + � t), and the �fth order predictor at time
t + � t, is x5(t + � t).

x4(t + � t) = x(t) + ( _x1c41 + _x3c43 + _x4c44 + _x5c45 + _x6c46)� t (64)

x5(t + � t) = x(t) + ( _x1c51 + _x3c53 + _x4c54 + _x6c56)� t (65)

The coe�cien ts ai , bij , and cij are provided in Cashand Karp's paper. If every term of the
truncation error vector, � = jx4 � x5j=jx5j is lessthan the required tolerance, � tol , then the
solution x5 is consideredsu�cien tly accurate. In this case,x(t + � t) is assignedto x5, t is
assignedto t + � t, and the solution marcheson. Otherwise, the time step is divided into
Nss sub-steps,10 where

Nss =
l
Nssmax

h
max

�
(�=� tol )1=4

�
; 1:1

i m
; (66)

and Nss is initialized to 1, and d�e is the round-up operator.

Theseconceptsare implemented in the Matlab function ode45u.m11

9Cash, J.R. and Karp, A.H., \A Variable Order Runge-Kutta Method for Initial Value Problems with
Rapidly Varying Right-Hand Sides," ACM Transactionson Mathematical Software, vol 16, no 3, pp 201-222
(1990). http://www.duk e.edu/~hpgavin/ce283/Cash-90.pdf

10Press,W.H., et al., Numerical Recipes, Cambridge Univ. Press,1993. Section 16.2 http://www.nr.com/
11http://www.duk e.edu/~hpgavin/ode45u.m
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The usageof ode45u.mis very similar to the usageof ode4u.m

ode45u.m
1% [ t i me , x ] = ode45u ( dxdt , t i me , x0 , u , params , t o l er an ce , d i sp l ay )
2%
3% Sol v e a sy st em of nonhomogeneous or d i n ar y d i f f e r en t i a l equ at i on s
4% u si n g t h e embedded Runge� K ut t a f or m u l as of J .R . Cash and A .H . K arp , and
5% u si n g l i n ea r i n t er p o l a t i o n of ex t er n a l f o r c i n g w i t h i n t i me� st ep s .
6%
7% I npu t V ar i ab l e D escr i p t i on
8% � � � � � � � � � � � � � � � � � � � � � � � � �
9% dx dt : a f u n ct i on of t h e for m x d ot = dx dt ( t , x , u , par ams)
10% whi ch p r ov i d es t h e st a t e d er i v a t i v e gi v en t h e t i me , t ,
11% t h e st at e , x , ex t er n a l f o r c i n g , u , and p ar am et er s
12% t i m e : a v ect or o f p o i n t s i n t i m e at whi ch t h e so l u t i on i s r et u r n ed
13% x0 : i n i t i a l v a l u es of t h e st a t es � a column v ect or
14% u : m� by� p m at r i x o f ex t er n a l f o r c i n g f o r t h e ode , wher e
15% m = number of i n p u t s and p = l en gt h ( t i m e ) ;
16% par ams : a v ect or o f op t i on a l p ar am et er s used i n t h e f u n ct i on dx dt
17% t o l er an ce : t h e d esi r ed t o l er an ce con st an t ( d ef au l t 0 . 001 )
18% may be a v ect or o f t h e l en gt h of x0 , or a sca l a r
19% d i sp l ay : 3= d i sp l ay l o t s of r esu l t s ; 2= d i sp l ay l ess ; 1= ev en l ess
20%
21% Out put V ar i ab l e D escr i p t i on
22%� � � � � � � � � � � � � � � � � � � � � � � � � �
23% t i m e : i s r et u r n ed , un� changed
24% x : t h e so l u t i on t o t h e d i f f e r en t i a l equ at i on at t i m es
25% gi v en i n t h e v ect or t i m e .


