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A damped structural system subjected to dynamic forcesand possibly experiencing
nonlinear material behavior is modeled by

Mx(t) + Cx(t) + Kx(t) + R(x(t); x(1)) = f =(t); (1)

where M is a positive de nite massmatrix, C is a non-negatiwe de nite damping matrix,
and K is a non-negatiwe de nite sti ness matrix. The nonlinear restoring forcesare givenin
R(x; x) and f ®(t) is a vector of external dynamic loads. At any point in time, t = tp. =
(n + 1)h, we may solwe for the accelerationsin terms of the displacemets, velocities, and
the applied forces.

X(thr1) = M HCx(tns) + KX(tas1) + R(X(tns1); X(tae1))  f & (tas)]: )

Given valuesfor accelerations,velocities, displacemets, and applied forcesat time t,, if
we can extrapolate the velocities and displacemets forward in time by a time step h to
time t,+; = t, + h, then we may compute the accelerationx(t,+;) using equation 2. The
various numerical integration algorithms descriked in this documert! 2 dier primarily in
the manner in which x(t,+1) and x(t,+1) are computed from x(t,), x(t,), x(t,), f&(t,),
and f ®(t,.+1). Note that sincedi erentiation ampli es high frequencieschangesin x and
x from t, to t,+1 will be much smoother than the correspnding changesin x.

1Clough, R. and Penzien, J., Dynamics of Structures, 2nd ed., McGraw-Hill, 1993.
2Hanson, R.D., CE 611: Structural Dynamics, classnotes, The University of Michigan, 1988
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The CentralDi erence Methad

The certral di erence appraximations for the rst and secondderivativesare

X(th) = Xnp %(xnﬂ Xn 1)} (3)
X)) = Ko m e 20+ X 1) @)

Substituting appraximations (3) and (4) into equation (1), and re-arrangingterms,

1 1 2 1 1
WM + %C Xn+1 = FM K Xp + WM + %C Xp 1+ fr?Xt; (5)

which may be written AgXp+1 = Aixp + Axxy 1+ £ &4 The matrix Ag is positive de nite
and may be factorized prior to the iterativ e solution for x,, at ead time step.

The numerical stability of the certral di erence method dependson the choice of the
time stepinterval, h. To obtain a stable solution, h < T,= , whereT, is the shortestnatural
period of the structural system. If the certral di erence method is usedwith a time step
larger than T,= the solution will increaseexponertially .

A step-by-step procedurefor the certral di erence method may be written as’:

1. Input the mass,M, damping, C, sti ness, K, matrices and the time stepinterval h.

. . _ h2
2. Initialize Xo, Xg, Xo @and computex 1= Xg hxp+ %

3. Form the matrices Ao, A; and A,, and triangularize A, using LD LT factorization.

Xo-:

4. forn=1to N

solve Agxn = AiXp 1+ AxX, 2+ 24 for x, usingLD LT badk-substitution.
calculatex, ; and x, ; usingequations(3) and (4), if required.
write t, = nh, X,, X, and x, to a data le.

3K.J. Bathe, Finite Element Proceduresin Engineering Analysis, Prentice-Hall, 1982, pp. 439{449, 499{
506.
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The Implicit Linea Accelerationviethod

Considerthe Taylor seriesexpansionsfor displacemet, velocity, and acceleration:

’ h® i, 0w
X(tn+l) = Xp+1 = Xp t h)in + Exn + axn + Exn + (6)
h2 3
X_(tn+l) - )S[H'l = )S[l + hxn + Exlr:l + gx:}( + (7)
. h? .
X(thr1) = Xne = Xn+ DX + Soxy (8)
Rearrangingequation (8),
h2 ]
Xy = Xas  Xo  ZXd ; )

and substituting equation (9) into equations(6) and (7) resultsin
|

2 h2 h2 . ' 4
Xnet = X * MXn+ 2 Xn#+ " Xnag X EXI“V + EXI”V + 5 (10)
|
h h? . ' h3 .
Xnsr = Yo+t hXn+ 5 Xpao Xp EXI”V + ?XI”V + (11)

Truncating the fourth time-derivative and higher from theseexpansion,the resulting nite
di erence appraximations are

h2
Xne1  Xp + hxp + g(xnﬂ + 2Xp); (12)
and h
Xn+1 Xn + E(Xn+1 + Xn): (13)
Theserelationships are implicit becausex,.; needsto be determinedin orderto nd Xj:;

and x,+1 . Note that through the substitutions above, we eliminate the third time-derivative
of X, and that the method is accurateto within the fourth time-derivative of x.

This method is called 'linear acceleration'becausethe third time derivitive of x has
beenelimiated, and the accelerationcan be consideredto changelinearly with time.
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The Implicit Linea AccelerationMethod,
Made Explicit for Linea Structural Dynamics

Recall that at time t,.; we can satisfy the equations of motion, by calculating the
accelerationwith equation (2). Substituting equations(12) and (13) for the displacemets
and velocities at time t,., into equation (2),

MXpi1 + CEXy + (h=2) (X, + Xp41)g+ KX, + hx, + (h2=6)(xn+1 + 2X,)0 = fr?i(tl ; (14)

wherethe nonlinearities, R(X; x), are negligible. Collecting similar derivativesof x,

4 "
h h? C cext h h2 _
and re-arranging,
" # " #
h h2 ~h h? oxt .
M + §C+ EK Xn+1 = EC 3K Xn Kxp Cxp, hKxy+ (16)
Recall from the equationsof motion, that
Mx, &= Kx, Cx: (17)

Substituting equation(17) into (16), we obtain the closed-formlinear accelerationrecurrence
relations for structural dynamicssimulation.

" "
h hz - h hz ext ext .
M + §C+ EK Xpe1 = M EC §K xn hKxp+ 75 .75 (18)
h2
Xn+1 = Xp + hXp + 5 [Xn+1 + 2Xp]: (19)
and h
Xn+1 = Xp + E [xn+1 + xn]: (20)

Theserelationships are now explicit becausex,,; can be determined from the currert re-
sponsevalues(x, and x,), the current dynamic load f ®, and the next dynamic load f & .
Note that within ead time step, the dynamic equationsof equilbrium are satis ed both at
time t,, and at time t, 41 .
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The Newmak- methad | incrementaformulation

The nite di erence approximations for the Newmark- method are

1
Xn+1 Xn + h)in + h2 é Xn+ Xp+1 (21)
and
Xp+1 X+ h[(L )Xn + Xpa]: (22)
If = 1=4and = 1=2the Newmark- method is implicit and unconditionally stable. In

this casethe accelerationwithin the time interval t 2 [t, t,+1) iS presumedto be constart. If

= 1=6and = 1=2the Newmark- method is identical to the linear accelerationmethod.
If = 0and = 1=2the Newmark- method is idertical to the certral di erence method.
For linear structural dynamics, if 2 1=2, then the Newmark- method is stable
regardlessof the sizeof the time-step, h. In general,howewer, the stability of the algorithm
dependson the size of the time step, and the Newmark- method is conditionally stable
if < 1=2. For = 1=2 the Newmark- method is second-orderaccurate;it is rst order
accuratefor all other valuesof

Formulating the nite dierence relationshipsin terms of the incremerts of displace-
mert ( X, = Xp+1  Xp), Velocity ( X, = Xp+1 Xp), acceleration( x, = X,+1  X;), and
nonlinear restoring force( R, = R(Xp+1;Xn+1) R(Xn;Xn))

1 1 1
Xn = “he Xn _h)in Z_Xn; (23)
and !
>£n:—th —Xp+th 1 2—xn: (24)
Now, satisfying incremertal equilibrium over the time step, h,
M X, +C xp+ K xp+ Ry=15 = (25)
re-groupingterms, and solving for the incremen in displacemets,
" #
6 3 ~ fext h 6 _
WM+HC+K Xp= fg R, + 3M+§C X, + HM+3C Xn; (26)
where = 1=6and = 1=2. Solving this linear systemof equations for x,, the displace-
merts are updated with,
Xns1 = Xn + Xn; (27)
the velocities are updated with
h 3
Xp+1 = 2Xp Ex” + n Xn; (28)
and the accelerationssatisfy the equationsof motion,
Xnst = M HCXpa1 + KXnst + R(Xn+1; Xn+1) fr?i(tl]: (29)

Similar relations may be found for other valuesof and . Note that in this incremental
formulation one needsto obtain the inverseof the massmatrix, M, and the matrix
[6M =h? + 3C=h+ K].

4If the incremertal nonlinear restoring forces R, are not negligible, equation (26) is solved using the
Newton-Raphsonmethod, equation (46).
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The HHT- metha

The HHT- method® is a generalizationof the Newmark- method and reducesto
the Newmark- method for = 0. The nite dierence equationsare identical to those of
the Newmark- method, (equations(21) and (22)). The equationsof motion are modi ed,
howeer, using a parameter .

MXps1 + (1 )CXpsr + CXp+ (1 )KXper + Kx,= (1 S+ 2% (30)

Equation (30) is analogousto equation (25) with the added condition that the acceleration
is constart within the interval t 2 [t, tp41). If

0 1=3 (31)
= (1+ )*>=4: and (32)
= 1=2+ ; (33)

the HHT- method is second-ordeaccurateand unconditionally stable. The HHT- method

is usefulin structural dynamics simulations incorporating many degreesof freedom,and in

which it is desirableto numerically attenuate (or dampen-out) the responseat high frequen-

cies. Increasing decreaseshe responseat frequenciesabove 1=(2h), provided that and
are de ned asabove.

Substituting the Newmark- nite di erence relationshipsinto equation (30),

M Xp+1 (I )Cfxp+h[(X  Ixa+ Xnag+ Cxg
1 )KEx, + hxy + h?[(1=2 ot Xna]g+ KXp

@ fgL+ 179 (34)

+
+

and grouping terms, we obtain

M+h1 )C+h*1 ) Kl + [ )@@ )C+h* 1 )(1=2 )Klx,
+ [C+h(Q )K]xy
+ KX
= (@ fS e+t (35)

Theseare a setof linear equationsfor x,,+; in termsof x,,, X, X, the external dynamicload,
and the structure's mass,damping, and sti ness. Equations(21), (22), and (35) provide the
recurrencerelationship for the HHT- method.

SHughes, T.J.R., Analysis of Transiert Algorithms with Particular Referenceto Stability Behavior. in
Computational Methods for Transient Analysis, North-Holland, 1983,pp. 67{155.
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The HHT- methad | incrementaformulation

The HHT- method may be formulated in an incremertal form, as was done with
the Newmark- method in the previous section. Again, formulating the nite dierence
relationshipsin terms of the incremerts of displacemen ( X, = Xp+1  Xn), Velocity ( x, =
Xp+1  Xp), acceleration( x, = X,+1  Xn), and nonlinear restoring force, and di erence
betweenequation (30) (evaluated at time t,.1) and the sameexpressionevaluated at time
t,, resultsin

M xn+(1  )C Xp*+ C Xp 11 )K Xxnp+ K xn 1#(1 ) R+ Rn1=(1 ) f7% 24

(36)
Now, substituting in expressiondor x and x at timest, andt, i, and grouping terms
resultsin

# " #
1 1
WM + (1 )—hC+ (1 K X, = "—hM + (1 )—C Xp o
L !
+ 2—M (1 )h 1 5 C x,
" #
_hC+ K Xn 1 |
+ —CXp 1 h 1 Cx, 1
(1 ) Rn Rn 1
+ (1 ) fa+ fnog (37)

If R(x;x) = 0, theseare a set of linear equationsfor X, in terms of X,, Xn, Xn 1, Xp 1,
Xn 1, Xn 1, the external dynamic load, and the structure's mass,damping, and sti ness.
Equations (21), (22), and (37) provide the recurrencerelationship for the HHT- method
in incremertal form. Solving this linear systemof equations for x,, the displacemets are
updated with,

Xn+1 = Xn +  Xn; (38)
the velocities are updated with
! !
Xpe1 = 1 — )$n+_hxn+h 1 > Xn . (39)
and the accelerationssatisfy the HHT- form of the equationsof motion,
h [
Xpe1 = M P (1 )Cxpur+ Cxp+ (1 DKXper + Kx, (1 S £
(40)
This algorithm is explicit regardlessof the valuesof , , or

61f the incremertal nonlinear restoring forces R, are not negligible, equation (37) is solved using the
Newton-Raphsonmethod, equation (46).
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Simulationof SDOFBilinea HystereticBehavio

Bilinear hysteretic behavior may be simulated using linear dynamic models. The basic
idea is that eat branch of the hysteresismay be described by an equation of the form
R = K(x d), wherethe restoringforceis zerowhenx = d and K will take the value of the
pre-yield sti ness or the strain hardeningsti ness. The procedureis as follows:

1. Initialize K usingthe pre-yield sti ness Ky,. Initialize xo, Xo, Xo, f§*, and d to be zero
at time t, = 0. The value d is the equilibrium displacemen of the bilinear hysteretic
system.

2. At time t = t,.;, read the value of the force f &, solve equation (26) for x,, and
calculate x,.; and xp+1 using equations(27) and (28).

3. Compute the yielding force level from

fyiﬁld = KIoXn+1 + (Khi KIo) Xy Sgn(&wl) (41)
4. Ched for yielding:

If K = Kp andXps1 > 0and K (Xnsy  d) > fYeld,
then the systemhasjust exceededts positive yield force level.
SetK = Ko and d = Xy(l Khi:K|0).

If K = Kp andXps: < 0and K (Xpsy  d) < fYeld
then the systemhasjust exceededt's negative yield force level.
SetK = Ky and d = Xy(K hi=Kio 1)

5. Che for load reversal:

If K = K, and Xp+1Xp < 0,
then the velocity has changeddirections.
SetK = Kpandd = Xp41  (Kio=Kpi)(Xns1  d)

6. Compute x,+; using
Xns = M UCxpu + K(Xnss ) FEST: (42)
7. Incremert the time step.n = n+ 1.

8. Go bad to step 2 and repeat until the end of the time history.
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Newton-Raphsoiterative Solutionfor Nonlinea Behavio

Equations (26) or (37) may be written K x, = f5,. If the nonlinear restoring force
incremert R, is not negligible, then f~dependson x and Xx. For the caseof the linear
accelerationmethod ( = 0, = 1=6, = 1=2),

6 3
K = pM+HC+K ; (43)
and
h # 6
fR( Xn) = 7% R(Xn+ Xn;Xnt Xn)* R(Xn;Xp)+ 3M + 5C Xn+ M +3C xp: (44)

The Newton-Raphsonalgorithm’ is an e cient method to solve the nonlinear equations
K x, = fi( x,) for the incremenal displacemeh x,. The algorithm is iterative and
proceedsas follows:

1. The initial valuefor x, isdenoted x© andis arbitrarily setto zero. The correspnd-
ing value for 17, is
#

h
fh( xP)= £+ 3M + EC X, + ﬁM + 3C X, (45)

2. The Newton-Raphsonrecurrencerelation is simply

x(* = kP ( x() (46)
where _ _ _
G xP) = i xP) Ra+ xPixn+ XP) + R(Xni Xa); 47)
and 3 o
x{) = = x® 3x, SXo: (48)
3. Equation (46) is iterated upon until the incremertal displacemen x, corverges,i.e.,
i xq e xQjj <

The convergenceof this form of the Newton-Raphsonmethod dependson the local
smaothnessof R(x; x). Convergencewill be improved, for a particular time step, by making
h smaller.

Note that K is strongly positive de nite; it doesnot dependon Xx,; andit is inverted
or factorized only onceat the beginning of the simulation. If corvergenceis problematic,
then a set of K matrices may be formed, somewith small time steps, and factorized prior
to the simulation.

As an alternative to Newton-Raphsoniterations, the approxomation R, Ry 1 re-
sultsin an explicit formulation for the simulation of nonlinear behavior, and cansigni cantly
reducecomputational time, but with somelossof accuracy

"Press,W.H., et al., Numerical Recipes, Cambridge Univ. Press,1993. http://www.nr.com/



10 CE 283 { Str uctural Dynamics { Duke University { Fall 2007 { H.P. Gavin

State Variable Formulations
The secondorder ordinary di erential equationsof motion for a structural systemare
Me(t) + Cr(t) + Kr(t) + R(r(t); (1)) = f = (1); (49)

wherewe have re-namedthe displacemen vector x(t) of equation (1) with r(t). This set of
N secondorder di erential equationsmay be written asa setof 2N rst order di erential
eqguations,as follows:
#oo# " # " #
d r _ On n In N r On 1 On n

g r - MX M 7 MRrH)y  M?

fet):  (50)
Thevector[r" rT]" is calledthe statevector; alongwith the externalforces,it cancompletely
descrile the state of the systemat any point in time. State-spacenodelsare corvertionally
written as

X = Ax + g(x) + Bu; (51)

wherex is the state vector, A is the dynamicsmatrix, g(x) cortains any nonlinear terms in
the equationsof state, B is the input matrix, and u is the input to the system. For a linear
structure, g(x) = 0 and the eigervaluesof A contain the complex polesof the system. For
under-damped dynamic systemsthe polesare complex-\alued. The imaginary part of the
pole is the damped natural frequency and the real part of the pole is the negative of the
natural frequencytimes the damping ratio.

A conveniert feature of state-variable formulations is that rst order systemscan be
easily combined. If componerts of the structural system have rst-order dynamics (for
example, visco-elasticiy or Bouc-Wen hysteresis), then the rst order dynamics of those
componerts can be appendedto the state vector, and the simulation of the secondorder
structural systemcoupledwith the rst order structural componerts can proceedin parallel.

The state variable formulation is the most generaldescription of a dynamic system,
and many methods exist for the simulation of state-variable models. A set of thesemethods
hasbeenimplemerted in Matlab. See,for example,the command ode45 .

For large second-ordersystems(N > 1000), howewer, the HHT- method is typically
more e cien t in terms of memory and speed.
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A Fixed-Stepgrourth-OrderRunge-KuttaSolver

In the computation of transient response analysesof linear or nonlinear systems, it
is commonfor the external forcing to be sampledat uniformly-spacedincremens in time,
and to desirethe responseto be computed at these same points in time. If the sample
interval h =t is lessthan one-terth of the shortest natural period involved in the system
(over the courseof the simulation) then a xed time-step Runge-Kutta solver cancomputea
solution quickly, and with reasonableaccuracy? The most famousof thesesolversis fourth-
order accurate. The goal of the solwer is to advancethe solution, x, of a generalsystem of
non-homogeneougst-order ordinary di erential equations

x(t) = f(t;x(t);u(t) ; x(0) = Xo; (52)

from time t to time t + t. Given the state vector x(t), we endeaour to nd the state
x(t + t). The solution shemeis illustrated in Figure 1. Within ead time-step, the

X2 = f (x(t)+x1 (dt/2) , u(t+dt/2) , t+dt/2 )

/
’
’
7
/
7

x(t+dt) = x(t) + (X1 + 2(x2+x3) + x4) (d/6)
o

x(t+dt) =

=

T3 = (X(U)+X2 (d2) , u(t+dy2) | thdt2)

,
/
7 -
/ .
’ -7
, .-
/ -
, -
7 P
=

X1 =f (x(t), u(),t) x4 = f (x(t)+>23 dt, u(t+dt), t+dt )

X(t) —

t t+dt/2 t+dt

Figurel. Solution Schemeof the Fourth Order Runge-KuttaMethod.

algorithm evaluatesx four times.

xp = f(t5 x(); ut) (53)
X, = f t+ 2t; x(t)+>112t;u t+2t (54)
x3 = f t+ ?t; X(t)+>s27t;u t+7t (55)
X4 = F(t+ t;x(t)+x3 t;ut+ 1)) (56)

The desiredsolution, x(t + t), is computedfrom the four state derivitives

K+ 0= X0+ 06+ 200+ %)+ )5 57

time is incremened, t = t + t, and the solution marcheson. The solution schemeis
implemerted in the Matlab function ode4u.m http://www.duk e.edu/~hpgavin/ae4u.m

8Press,W.H., et al., Numerical Recipes, Cambridge Univ. Press,1993. Section 16.1 http://www.nr.com/
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ode4u.m
function [time, x_sol, x_drv] = ode4u( dxdt, time, x0, u, params ) 1
% [time, x_sol, x_drv] = oded4u( dxdt, time, x0, u, params ) 2
% 3
% Solve a system of nonhomogeneous ordinary differential equations using the 4
% 4th order Runge Kutta method. 5
% 6
% Input Variable Description 7
% 8
% dxdt a function of the form x_dot = dxdt(t,x,u,params) 9
% which provides the state derivative given the time, t, 10
% the state, x, external forcing, u, and parameters 11
% time a vector of points in time at which the solution 12
% is computed 13
% x0 : initial values of the states a column vector 14
% u :m by p matrix of external forcing for the ode, where 15
% m = number of inputs and p = length(time); 16
% params vector of optional parameters for the function dxdt 17
% 18
% QOutput Variable Description 19
% 20
% time is returned, un changed 21
% x _sol the solution to the differential equation at 22
% times given in the vector time. 23
% x_drv the derivitive of the solution to the differential 24
% equation at times given in the vector time. 25
% 26
% Henri Gavin, Civil and Environmental Engineering, Duke Univsersity , Feb. 2007 27
%WH Press, et al, Numerical Recipes in C, 1992, Section 16.1 28
29
points = length(time); 30
n = length(x0(:)); 31
32
if nargin < 5, params = O; end 33
if nargin < 4, u = zeros(1,points); end 34
35
x_sol = zeros(n,points); % memory allocation 36
x_drv = zeros(n,points); % memory allocation 37
x_sol (:,1) = x0(:); % the initial conditions 38
39
[ru,cu] = size(u); 40
if cu < points 41
u(:,cu+l:points) = 0; % pad u with zeros if it is not long enough 42
end 43
44
for p = 1l:points 1 45
46
t = time(p); 47
dt = time(pt+l) t; % the time step for this interval 48
dt2 = dt/ 2; % half of the time step 49
50
dxdtl = feval ( dxdt, t, x0, u(:,p), params ); 51
dxdt2 = feval( dxdt, t + dt2, x0 + dxdtl dt2, (u(:,p)+u(:,p+1))/ 2.0, params ); 52
dxdt3 = feval( dxdt, t + dt2, x0 + dxdt2 dt2, (u(:,p)+u(:,p+1))/ 2.0, params ); 53
dxdt4 = feval( dxdt, t + dt, x0 + dxdt3 dt, u(:,p+1), params ); 54
55
x0 = x0 + ( dxdtl + 2 (dxdt2 + dxdt3) + dxdt4 ) dt/6; 56
57
x_sol (:,p+1) = x0(:); 58
x_drv (:,p) = dxdtl(:); 59
60
end 61
x_drv (:,p+1) = dxdtl(:); 62
63
% ODE4U 64
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A Variable-StepFourth-Fifth-OrderRunge-KuttaSolver

For problemsin which the time incremerts are not much shorter than the shortest
natural periodsinvolved in the system,and for problemsinvolving hard nonlinearities, sud
asproblemsinvolving impact or friction, xed-step Runge-Kutta solversmay be numerically
unstable. In sud casesone may attempt a re-analysisusing a shorter time step for every
time step, or onemay usea solver in which the large xed time-stepsare automatically sub-
divided only when necessary A feature of such variable time-step solersis that a desired
level of accuracymay be enforcedthroughout the simulation, by comparing a fourth-order
accuratesolution with a fth-order accuratesolution.

The implemertation of the fourth- fth order solver discussedhere was proposed by
Cashand Karp in 1990° To advancethe solution from atime t to atime t + t, six state
deriviatevesare computed

x;3 = f(t+a t x(t); ut+a; t)) (58)
X2 = f(t+a 6 x(t)+ x5 6 u(t+ a t)) (59)
X3 = f(t+az t x(t)+ (Xgbs + xob32) t; u(t+ az t)) (60)
xa = f(t+a, t x(t)+ (Xghu + Xoluo + Xshus) t; u(t+ a4 t)) (61)
xs = f(t+as t; X(t)+ (Xgbs1 + Xobso + Xabsz + Xabss) t; u(t+ as t)) (62)
Xe = f(t+as t X(t)+ (Xgbs1 + Xobbo + X3le3 + Xabba + Xshes) t; u(t+ as t)) (63)

The fourth order predictor at time t+ t,isXx4(t+ t), andthe fth order predictor at time
t+ t,isxs(t+ 1).

Xa(t+ 1)
Xs(t+ t)

X(t) + (X1Ca1 + X3C43 + X4Caq + X5Cs5 + XgCsp) 1 (64)
X(t) + (X3Cs51 + X3Cs3 + X4Cs4 + XCs6) ¢ (65)

The coe cien ts a;, b, and ¢; are provided in Cashand Karp's paper. If every term of the
truncation error vector, = jX4 Xsj5Xs] is lessthan the required tolerance, ,, then the
solution x5 is consideredsu cien tly accurate. In this casex(t + t) is assignedto Xxs, t is
assignedto t + t, and the solution marcheson. Otherwise, the time step is divided into
Ngs sub-steps'® where
| h im
Nes= Ngsmax max (= )¥ ;11 (66)

and Ng is initialized to 1, and d eis the round-up operator.

Theseconceptsare implemerted in the Matlab function ode45u.ni?

9Cash, J.R. and Karp, A.H., \A Variable Order Runge-Kutta Method for Initial Value Problems with
Rapidly Varying Right-Hand Sides," ACM Transactionson Mathematical Software, vol 16, no 3, pp 201-222
(1990). http://www.duk e.edu/~hpgavin/ce283/Cash-904f

Opress,W.H., et al., Numerical Recipes, Cambridge Univ. Press,1993. Section 16.2 http://www.nr.com/

Whttp://www.duk e.edu/~hpgavin/ale45u.m
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The usageof ode45u.mis very similar to the usageof ode4u.m

ode45u.m

% [time, x] = ode45u( dxdt, time, x0, u, params, tolerance, display ) 1
% 2
% Solve a system of nonhomogeneous ordinary differential equations 3
% using the embedded Runge Kutta formulas of J.R. Cash and A.H. Karp, and 4
% using linear interpolation of external forcing within time steps. 5
% 6
% Input Variable Description 7
% 8
%  dxdt a function of the form x_dot = dxdt(t,x,u,params) 9
% which provides the state derivative given the time, t, 10
% the state, x, external forcing, u, and parameters 11
% time a vector of points in time at which the solution is returned 12
% x0 : initial values of the states a column vector 13
% u :m by p matrix of external forcing for the ode, where 14
% m = number of inputs and p = length(time); 15
%  params a vector of optional parameters used in the function dxdt 16
% tolerance the desired tolerance constant (default 0.001) 17
% may be a vector of the length of x0, or a scalar 18
% display : 3= display lots of results; 2= display less; 1= even less 19
% 20

%
%
%
%

Output Variable

time
X

Description

is returned, un changed
the solution to the differential equation at times
given in the vector time.

NN NN
a B W NP




