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Abstract

Previous analyses of equilibrium asset prices often ignore the effects of delegated portfolio man-
agement and those of delegated portfolio management problems often ignore information and equi-
librium asset prices. This paper develops a dynamic model that simultaneously considers optimal
contracting and equilibrium asset prices under differential information. We consider a case in which
investors can contract on various signals as well as a case in which investors constrain the contract
form to be of a linear function of the terminal value of their portfolios. Optimal contracts and equi-
librium asset prices are characterized in both cases. We examine the impact of portfolio delegation
and risk sharing on portfolio managers’ trading behavior, the autocorrelation in stock returns, and
the persistence of fund performance. We find that due to the less optimal risk sharing contract,
the risk premium on the stock as well as the autocorrelations in both stock and fund returns are
substantially higher in case 1 than in case 2. In particular, we find that under certain conditions, the
autocorrelations in fund returns are positive, suggesting the persistence of fund performance. The
presence of differential information among funds reduces autocorrelations in stock and fund returns,

but the costs associated with managing the portfolio enhance them.



1 Introduction

Mutual funds, pension funds, and other financial intermediaries have experienced rapid growth in
the last two decades in terms of both the total assets under management by institutions and the
number of funds available to investors. For example, Cuoco and Kaniel (2000) report that the value
of the assets managed by mutual funds was $50 billion in 1977 and $4.5 trillion in 1997 and that
the number of mutual funds grew from a few hundreds in the late 70’s to more than 7000 in the
late 90’s. Pension funds experienced similar rapid expansion as well. Gompers and Metrick (1998)
report that by December 1996, large institutions held discretionary control over more than half of
the U.S. equity market.! Needless to say, these large institutions wield considerable market power in
terms of their ability to affect market prices. As Allen and Santomero (1996) point out that “current
asset pricing theories usually assume investors choose optimal portfolios directly. The fact that there
is such extensive intermediation suggests that this approach may miss important features of actual
markets. --- In short, given the importance of intermediaries’ trading in financial markets, asset
pricing theories and intermediation theories need to be better integrated.”? In our view, an integrated
theory as envisioned by Allen and Santomero must simultaneously consider optimal contracting and
equilibrium asset prices in an information-based framework.

Previous analyses of equilibrium asset prices under asymmetric or differential information often
assume that investors trade for their own accounts. Consequently, these models may not be able to
explain the trading behavior of portfolio managers. Previous analyses of delegated portfolio man-
agement problems often ignore differential information and equilibrium asset prices. Any attempts
to construct an integrated model, however, would likely encounter two difficulties. On the one hand,
different institutions may possess different information about the distribution of stock returns. Even
in the absence of the delegated portfolio management problem, solving a model in which agents
have differential information faces the so-called “infinite regress” problem. A rational expectations
equilibrium often depends on the expectations of all agents. In a dynamic setup, the number of these
expectations required to characterize the equilibrium increases with the path of agents’ information
and their trading behavior. In the continuous-time limit, the order of agents’ expectations and the

dimension of the problem become infinite, often making the problem intractable. On the other hand,

!Large institutions are defined as those with at least $100 million under management.
2See also Allen (2001).



even if one ignores the equilibrium aspects of asset prices, the contracting problem between port-
folio managers and their clients or investors is extremely challenging. To characterize explicitly an
optimal contract or a risk sharing rule between an investor and a manager, one must solve both the
manager’s and the investor’s dynamic maximization problems simultaneously. The difficulty arises
because these two problems are interconnected: the manager’s portfolio selection depends upon the
contract designed by the investor, and the investor’s contract must take the manager’s portfolio
choice into account.

However, two recent developments have overcome the aforementioned obstacles in two partial
situations, paving the way for a more integrated framework. First, He and Wang (1995) develop a
multiperiod discrete-time rational expectations model of stock trading in which agents have differen-
tial information concerning the stock price.? In this model, agents receive different signals about the
stock return and invest between a riskless bond and a risky stock. Under the assumption that there
exists a continuum of agents, He and Wang overcome the infinite regress problem and show that
all higher order expectations can be reduced to the first order ones. This model implicitly assumes
that all agents trade for their own accounts and does not consider the delegated portfolio problem.
In a recent paper, Ou-Yang (2000) studies a contracting problem faced by an individual investor
who entrusts her funds to a professional portfolio manager. There is one riskless bond and multiple
risky stocks available for trading. Ou-Yang analyzes the relationship between the investor and the
manager in a continuous-time principal-agent framework and considers both the principal’s and the
agent’s dynamic maximization problems simultaneously. Various optimal contracts with empirical
implications are deduced in closed form from a large contract space. This model assumes that stock
prices follow geometric Brownian motion processes, thus ignoring the equilibrium aspects of stock
returns.

The objective of this paper is to develop a basic dynamic model of optimal contracting and
asset pricing under differential information. In doing so, we aim to combine the models of He and
Wang (1995) and Ou-Yang (2000). We analyze the relationship between managers and investors in
a continuous-time principal-agent framework. Investors entrust their funds to and provide contracts
for managers, forming institutional funds. Each fund observes a public signal as well as receives

a distinctive private signal about the risky stock continuously over a finite period of time. Based

3See also Pfleiderer (1984), Singleton (1987), Brown and Jennings (1989), Grundy and McNichols (1989), Kim and
Verrecchia (1991), and Foster and Viswanathan (1996).



on their information as well as their costs associated with managing portfolios, managers trade
competitively in the market for both speculative and informational reasons. We consider two models
that specify two types of contract spaces. In Model I the investor can contract on certain continuous
processes of signals, and the potential conflict of interest between the investor and the manager within
a fund is through the costs incurred by the manager for managing the portfolio. Model II assumes
that investors observe only the terminal value of the portfolio, and constrains the contract form to
be of a linear function of the terminal value. The equilibrium stock price and optimal contract are
computed in both cases.

In Model I we demonstrate that the investor and manager achieve optimal risk sharing and that
the basic results of He and Wang and of Ou-Yang obtained in their respective partial settings are quite
robust in the context of our integrated model. More specifically, the linear pricing function and the
basic form for the manager’s trading strategy of He and Wang still hold in the presence of portfolio
delegation and optimal contracting, and the basic structure of the optimal contract of Ou-Yang
is still valid with equilibrium asset pricing under differential information. The manager’s trading
strategy has two components, the manager’s inferred value of the supply shock plus the difference
between the estimated value of the expected dividend rate based upon the manager’s information
and the public information, respectively. The optimal contract is composed of a constant, a function
of the state variables, the manager’s costs associated with managing the portfolio, a fraction of the
terminal value of the portfolio, plus a bonus or a penalty depending upon the excess return between
the managed portfolio and a pre-specified benchmark.

Using the results from the model, we examine the impact of portfolio delegation including man-
agers’ operating costs on the managers’ trading behavior, the autocorrelation in stock returns, and
the persistence of fund performance. With portfolio delegation, the risk sharing effect reduces the
sensitivity of the equilibrium price to the supply shock, thus allowing the manager to absorb risks
more easily. As a result, the expected excess return of the stock goes down and the manager trades
more aggressively than he would trade for his own account.

Due to less optimal sharing of the risk associated with supply shocks in Model II, both the risk
premium on the risky stock and the autocorrelations in stock and fund returns are substantially

higher than in Model I. The manager trades more cautiously in this case, and demands a higher risk

4Note that the He-Wang model is a special case of our model when the manager’s compensation equals the entire
wealth of the portfolio, and the Ou-Yang model is a special case when the stock price is exogenously given.



premium to clear the market in equilibrium. In both cases, the costs associated with managing the
portfolio enhance these features, because with a higher cost, it is more difficult for the manager to
absorb risks. Unlike in a typical principal-agent model, the sensitivity to performance in equilibrium
does not necessarily increase with manager’s cost function. Since given a higher cost of investing in
the risky stock, the manager is less willing to absorb the supply shock. As a result, the price is more
sensitive to the supply shock, or the price is more volatile with regard to the supply shock. Given a
higher share of the portfolio, the manager has a higher incentive to invest in the risky stock, resulting
in a lower sensitivity of the price to the supply shock. Therefore, there does not exist a monotone
relationship between the cost function and pay-to-performance sensitivity in the linear contract.

Empirical studies indicate that there exists positive autocorrelation in short-horizon stock returns
and negative autocorrelation in long-horizon stock returns, and that there is positive persistence
(autocorrelation) in equity mutual fund performance from period to period in a short horizon.’
Our numerical results for short horizons show that the autocorrelation in stock returns can be
either negative or positive while that in fund returns is always positive. The presence of differential
information among funds reduces the autocorrelation in stock returns as well as the persistence in
fund performance.

The rest of the paper is organized as follows. The next subsection briefly reviews more related
asset pricing models. Section 2 presents the basic setup that characterizes our economy. Explicit
expressions for both the equilibrium stock price and the optimal contract are derived in Section 3.
In Section 4, we describe three special cases for comparison purposes and the numerical procedure
that solves our equilibrium. Section 5 examines how portfolio delegation affects various properties
of a stock and a fund. Some concluding remarks regarding the model are offered in Section 6. All

the proofs are given in the five appendices.

1.1 More Related Literature

In addition to the He-Wang model, other related asset pricing models include Brennan (1993),
Campbell and Kyle (1993), Wang (1993), Foster and Viswanathan (1996), and Cuoco and Kaniel

®See, e.g., Conrad and Kaul (1988) and Lo and Mackinlay (1988) for positive autocorrelations and Fama and French,
Lo and Mackinlay (1988), and Poterba and Summers (1988) for negative autocorrelations in stock returns. See, e.g.,
Grinblatt and Titman (1992), Hendricks, Patel, and Zeckhauser (1993), Mech (1993), Brown and Goetzmann (1995),
and Sias and Starks (1999) for positive autocorrelations in fund returns.



(2000).5 In perhaps the first attempt towards an integrated model, Brennan considers a one-period
mean-variance asset pricing model which assumes that there are two types of investor. The first
type is concerned with the mean and variance and the second type is a portfolio manager concerned
with the return of his portfolio relative to that of a given benchmark portfolio. Brennan shows
that the equilibrium expected stock return can be characterized by two factors, the market and the
benchmark portfolios. Campbell and Kyle develop a model in which all informed agents receive the
same signal about the stock price. They study the behavior of aggregate stock prices. They find
that their model can explain the volatility and predictability of U.S. stock returns using either a low
discount rate and a large constant risk discount on the stock price, or a higher discount rate and
noise trading correlated with fundamentals. Wang develops a continuous-time asset pricing model
under asymmetric information in which one group of investors is more informed about the expected
growth rate of dividends than is the other group of investors. He finds that the existence of less
informed investors increases the risk premium and that information asymmetry among investors can
increase price volatility and negative autocorrelation in returns.

Generalizing the original Kyle (1985) model, Foster and Viswanathan (1996) analyze a multi-
period model of strategic trading with differentially informed traders, liquidity traders, and a market
maker. They show that the average of the signals is a sufficient statistic for the information known
to all informed traders about the liquidation value of the asset. This means that the market maker
and informed traders need be concerned only about inferring the average of the signals from the
order flow, allowing them to overcome the infinite regress problem. All traders and the market
maker are risk neutral. Investors trade for their own accounts in Campbell and Kyle, Wang, and
Foster and Viswanathan. Cuoco and Kaniel (2000) analyze the asset pricing implications of the
fund managers’ compensation schemes in an equilibrium model. They find that the manager’s
compensation form can have significant effects on the equilibrium prices of stocks included in the
benchmark portfolio, significant effects on their equilibrium Sharpe ratios, and marginal effects on
their equilibrium volatilities. In this model, equilibrium asset prices are endogenously determined,

but the contract form is exogenously given. All these models do not consider any costs associated

See also Grossman (1976), Hellwig (1980), Diamond and Verrecchia (1981), Glosten and Milgrom (1985), Kyle
(1985), Easley and O’Hara (1987), Holden and Subrahmanyam (1992), Foster and Viswanathan (1993), and Spiegel
and Subrahmanyam (1994). For delegated portfolio management problem in the absence of equilibrium asset prices,
see, e.g., Bhattacharya and Pfleiderer (1985), Dybvig and Spatt (1986), Starks (1987), Kihlstrom (1988), Stoughton
(1993), Heinkel and Stoughton (1994), and Das and Sundaram (1998). Unlike the Ou-Yang paper, the objectives of
these papers are not to solve for optimal contracts.



with managing the portfolio.

2 The Basic Setup

We consider a continuous-time equilibrium model of stock trading and optimal contracting in a simple
setting. Investors entrust their funds to and provide compensation schemes for portfolio managers,
forming various asset management firms. After signing contracts with investors, managers start
trading on behalf of the investors based on their information concerning the stock. The point is that
investors’ contracts must induce managers to adopt portfolio policies that maximize both managers’
and investors’ expected utility functions over their respective terminal wealth. The time horizon is
taken to be [0,7]. We shall adopt the notations of Wang (1993), He and Wang (1995), and Ou-Yang
(2000). The model is further outlined as follows.

2.1 Financial Assets

There is a riskless bond and a risky stock available for trading. Each share of the risky asset pays a

cumulative dividend D; given by
t
Dy = / (Gdu + opdB,,) or dD;= Gdt+ opdB;, (1)
0

where B, denotes a (2 x 1) vector of independent standard Brownian motion processes, where op is
a (1 x 2) vector of constants, and where G is a constant and can be interpreted as the expected rate
of dividend payment. G is not directly observed and must be inferred over time by all the agents
in the economy. At time 0, we assume that all agents possess the same information about G and
that the prior distribution is G ~ N (G, bQG) Also assume that the riskless asset yields a positive
constant rate of return denoted by r.

Denote by ©; the total number of shares of the risky stock available in the market at time ¢t. ©y
follows an Ornstein-Uhlenbeck (O-U) process

d@t = —ae@tdt + U@dBt, (2)

where ag is a positive constant and og denotes a (1 x 2) vector of constants. This process implies
that the total supply of the risky stock is stochastic, which is equivalent to the notion of the existence

of noise traders.”

"See, e.g., Kyle (1985). Following He and Wang, we assume that the total number of shares of the stock is 1 and
that the noise traders have inelastic demand of 1 — © shares of the stock, leaving the remaining © shares to the market.



2.2 Information Structures and Notations

Each manager or fund observes continuously the equilibrium price of the risky asset P; as well as
the dividend process Dy, which form the public information set €. In addition, each fund observes

a private signal about G, which is not shared by other funds,® denoted by Y}":
dY; = Gdt + oydBj, (3)

where oy is a constant and where B} is a one-dimensional Brownian motion process. Following He
and Wang, we assume that the signals are uncorrelated across managers, i.e., < dBj, dBtj >= 0 for
i # j, and that the signals are uncorrelated with the dividend process or the supply shock, i.e.,
< dBy,dB} >=0 Vi.

For notational purpose, denote the information structures which are used throughout by
o Ff ={Ds, Ps,0 < s <t} denotes the common information available to everyone at time ¢;
o FPP={Y? 0<s <t} denotes the private signal available to manager 4 at time ;

o F} ={Fo,Ds,Ps,Yi,0 < s <t} denotes the total information available to manager i at time

t, where Fy represents the initial information set as given by the prior distributions.

In addition, at each point in time, the inferred values of G and © with respect to different information

sets are denoted by

Gi{ = E[G|F{], OF = E 64| F],
GPi=E [G\ftpi} : ofi=p [@t\ffﬂ ,
Gi=E|G|F], o) = B [0F].

Finally, denote by f£ and f} respectively the variances of G with respect to the common and individual
information sets:

ff=Var|G|F], ff =Var [G\}"Z] .

8For example, a Fidelity fund and a Vanguard fund may have different information about the stock. Again, we
assume that the investor and the manager that form a fund have the same information, but different funds may possess
different information.



2.3 Economic Agents/Market Participants

There is a continuum of funds available in the economy. Each fund i is owned by one representative
investor (principal) but is managed by a professional manager (agent) i. At time 0, the representative
investor and the manager sign a compensation scheme S%., where S% is a short-hand notation for a
contract that is a function of all relevant contractible variables to be specified below. The manager
then decides how much to invest in the bond and the stock and continuously adjusts his portfolio
positions.

The manager incurs a cumulative cost fg ¢ du associated with managing the fund between time

0 and ¢. Assume that the cost rate is given by
i i 1o i2
g =7Wi + §k (t)A}, (4)

where «y is a constant and k’(t) is a deterministic function of time ¢, and where A} denotes the
number of shares invested in the stock at time ¢. The first term represents a cost function widely
adopted in the mutual fund industry where funds typically charge a fraction of the total assets under
management as operating expenses. The second term is for tractability of the solution and is a
typical cost function used in the principal-agent literature with A; being the effort level. In adopting
this cost function, we are assuming that the more the manager invests in the risky stock, the higher
costs he incurs. Equivalently, we are implicitly assuming that when the manager invests more shares
in the risky stock, he must expend a higher level of effort in acquiring information on the stock. As
in almost all the asset pricing models under asymmetric or differential information, the mechanism
of information acquisition is beyond the scope of our current model.”

Sk is payable only at the terminal date T, Therefore, the investor’s terminal wealth is Wi — St
and the manager’s terminal wealth is S — fOT cidt. For tractability of the model, we assume that
both the manager and the investor consume at the terminal date only. If S affords the manager at
least his reservation utility at time 0, he undertakes the job, with the understanding that he may
not quit it between 0 and T.

Adopting from He and Wang and Ou-Yang, we assume that both the investors and the managers

9We may also interpret %kl (t)Aith as a fixed transactions cost for trading the risky stock between time ¢ and ¢+ dt,
irrespective of the number of trades that takes place in the time interval. This fixed fee schedule changes continuously
over time, depending upon the number of shares traded at time t. The higher the number of shares traded at t, the
higher the fixed transactions cost for the time interval dt. % fOT k¢ (t)Afdtdt then represents the total “fixed” trading
costs.

10



have negative exponential utility functions with risk aversion coefficients being R, and R, respec-
tively.!? The investor designs a contract to maximize the expected utility over her terminal wealth.
Her problem is then given by

1 i i
{j;;%% E [_Rp exp [—Rp (WT - ST)H , (5)

subject to various constraints to be specified in the next section. Given S%, the manager makes

investment decisions so as to maximize his own expected utility over his terminal wealth:

1 ) T
sup B l—exp [—Ra (SZT —/ cidt)H . (6)
ay L Ha 0

The point is that the optimal policies to both the investor’s and the manager’s problems must coincide

in equilibrium. Otherwise, we say that the investor’s contract does not implement her optimal policy.

3 Equilibrium

To derive a rational expectations equilibrium of our economy, we begin with each manager’s and each
investor’s budget constraint and optimization problem using a conjectured price process P;. Given
the well-known property of CARA preferences under normal distributions of payoffs and signals, we
shall adopt the linear pricing function of He and Wang in our setup.

In equilibrium, each manager’s participation constraint and incentive compatibility constraint

must be taken into account in solving the investor’s problem, i.e.,

1 . )
sup [ [—R exp |~ R, (Wi — S’T)” , (7)
{Ai},SE D
subject to
AW} = rW}dt + AL(dP; — rPydt + dDy) = W} 4 AldQ:, (8)

) 1 ) T .
{4}} = argmax FE [_R exp l—Ra (S%p —/ c%dt)H , 9)
0
where dQi = dP, + dD; — r Pidt and

1 . r .
—R—aexp -R, SZT—/O cidt

10T other words, as in He and Wang, the differentially informed managers have the same exponential utility function.

1
E > — g oXP (—Ru&o) - (10)

a

11



We shall adopt from Ou-Yang to arrive at the optimal solutions for {A!} and S% by solving the
above investor’s dynamic maximization problem. In addition, the market must clear at every point
in time, i.e.,
/%ﬁ:&.
i

Note that G cannot be observed and must be learned by all parties involved. The equilibrium
pricing rule at each stage may depend on the historical information, which helps resolve uncertainties
about G. This would lead to the problem of unbounded dimensionality of state variables. As
in He and Wang, our assumption of a continuum of funds with differential (but same quality of)
information helps reduce the unbounded dimensionality to a finite one that includes only the first

order expectations.

3.1 Equilibrium Pricing Function

Following He and Wang, we conjecture that the equilibrium price function P, is given by the following
linear form:

P = Mot + A\:G + X910 + Athf 4+ Ayt Dy, (11)

where all the \’s are deterministic functions of time ¢ alone. Define & = A1:G+ X2 ©;. Since observing

P, is equivalent to observing &, we can write the information sets Ff and F} as
ftc:{DSva?OSSSt}; H:{anD&gSvYZ’OSSSt}'

Notice that G rather than G*, the manager i’s inferred value of G’ based upon his total information
set F/, appears in the pricing function. Intuitively, the equilibrium price should depend on the
average of all managers’ expectations of G. In our setup as well as in that of He and Wang, there are
an infinite number of managers and the noise terms of their signals are i.i.d.. By the Law of Large
Numbers, the average of all private signals is G. The absence of G from the price function makes
the solution tractable.

In the next three subsections, we shall validate the above linear pricing rule and solve for the

optimal contract and optimal portfolio policy for each manager. For simplicity of exposition, let
O'D:(bD O) and 0@:(0 b@),
where bp and bg are two constants.

12



3.2 Managers’ Expectations

Before treating a manager’s maximization problem for his optimal portfolio policy, we must solve the
manager’s filtering problem. In general, the manager’s portfolio policy depends upon the manager’s
first order expectations as well as his higher order expectations. Adapting from He and Wang,
this subsection demonstrates that all of the manager’s higher order expectations can be reduced to a
function of his first order expectations in our integrated model. Consequently, the manager’s optimal
portfolio policy depends only upon his first order expectations. The next proposition extends Lemma

3 of He and Wang to a continuous-time setting.

Proposition 1. G! can be expressed as a weighted average of G§ and ?fe =Y} /t:
G = mGs + (1 — m)Y7y, (12)

2
g . . .
where Ty = 5 fc:UQ . Furthermore, the managers’ higher order expectations can be expressed as linear
t Y

functions of their first order expectations.

Proof: See Appendix A.

This proposition states that manager i’s expectation of G, conditional on his total information,
is a weighted average of his first order expectations conditional on his common information and his
private signal. This is the reason that G rather than G* appears in the equilibrium price function.
Higher order expectations include the market average of all investors’ expectations of G and an
investor’s expectation of the market average of all investors’ expectations of G.

We now identify the state variables needed to solve a manager’s maximization problem using the
dynamic programming approach. There are five state variables, W;, G, ©;, Gf, and D;. For sim-
plicity, let ¥; be a column vector defined by ¥, = (1,G,0,GS, Dy) where T denote the transpose.

The dW; process may be written in a compact form as

By definition, \IJ%T =F {\PtT|ff} = (1,G%, 0L, G, Dy). Using Lemma ?7 stated in Appendix A and
the manager’s information sets F; and Ff, we can arrive at expressions for Gi, ©%, and G¢. Similarly,

dV! can be written in a compact form as
AVt = al, Widt + by dBy:. (14)

13



Here, the expressions for coefficients ay, by, al,, and b}, are given in Appendix A.
To determine the wealth process, we first look at the excess return process. Define the excess

return process d@" as

dQ" = dD; + dP, — rP,dt = ajyU'dt + byd By (15)

The wealth process can then be written as
AW, = rWdt + AldQ' = [rWV, + A;‘ag\pi} dt + AibhdBy:, (16)
where blé can be expressed in terms of by: as
by = Qouby:. (17)

The explicit forms for coefficients aéw bZQ, and gy are given in Appendix A.

Having worked out the processes for the state variables in Appendix A, we are now in a position
to specify the contract space and then solve the manager’s and the investor’s dynamic programming
problems. We next describe two models that adopt two different contract forms. In Model I investors
may contract on various signals, and in Model II investors constrain the contract form to be of a

linear function of the terminal values of their portfolios.

Model I: The Optimal Risk Sharing Contract

For tractability of the model and as a benchmark case, we assume that there is no information
asymmetry about the risky stock between a manager and his investor. In other words, the investor
or the investment firm that hires the manager observes the same information about the stock. This
is understandably a strong assumption.!! Justifications for the employment of a portfolio manager
may include the manager’s lower marginal costs in managing funds and the investors’ lack of time
for active investment.

In a portfolio with one stock and one bond, if investors observe the wealth process of the portfolio

continuously, then they can infer precisely the manager’s portfolio policy by quadratic variation of

11n the case of a mutual fund, there are two types of potential conflicts: the conflict between the outside investors
and the mutual fund firm and that between the firm and the manager that actively manages the fund. Our model and
all other exisiting models capture only one of the conflicts. The assumption that there is no asymmetric information
might hold well if the principal is an investment firm and the agent is the manager hired by the firm. The firm and
the manager naturally share all the information about the stock. Most likely, mutual fund firms hire financial analysts
to provide their portfolio managers with information.

14



the wealth process.'? In practice, investors do not know a fund’s minute-by-minute value and only
observe the value of the fund at the end of the day. Therefore, we assume that investors observe
the terminal value of the portfolio W, only."® Consequently, the contract St may depend upon Wi,

it €0, T], and other variables that can be inferred jointly by both the manager and the investor.
We next define a specific contract space.

Adapting from Ou-Yang, we assume that the contract space S¥ is of the following form:
) T . S T S . r S )
Sp=er+ [ i Wi wde+ [ g WivDawi + [ i Wi wpav;, (18)
0 0 0

where Er is an arbitrary function of 7, Wr, and W% and where ®%(¢t, W/, ) is a 5 x 1 vector.!
Notice that this contract space includes certain path-dependent functions of W;. Since the investor
does not observe the W; process continuously, we must exclude from our solution contracts that are
functions of W;.

Given the above contract form, we define the value function of manager i as

. o 1
Vi(t,W{,Uy) = sup |———expq —R,
(A} | fla

Er + /tT (el (-)du + B()dW] + @}, (-)dw, - chu)] H .(19)

Appendix B presents the manager’s Bellman equation. We next provide an expression for the equi-
librium compensation scheme in terms of the manager’s value function, af, 3¢, and ®: using the

manager’s Bellman equation and his participation constraint.

Proposition 2. The equilibrium compensation scheme is given by

) T R, (Tr.. .. _. o _. T o _.
Si. = 50+/ cldt + 7/ | Ajbly + @by | [ Al + ®bys | dt+ |5 Ajbly + Dby | dBys, (20)
0 0
73— gi _ W 5 — di _ Vi
where ' = G — RGV“;i and ®' = P — R:’Vi'

12 A5 pointed out in Ou-Yang that even in the case where there are multiple stocks, if investors observe both the
stock price and the wealth of the portfolio continuously, then they can infer precisely the manager’s portfolio policy.
Therefore, for any continuous-time delegated portfolio management problem to be more challenging, one must assume
that investors do not observe the wealth and the stock prices simultaneously.

13For practical purposes, we may assume that forcing contracts in which investors can force managers to take any
portfolio policies are not admissible, or that investors’ contracts must induce managers to adopt their portfolio policies
voluntarily.

14We assume that a(-) and (B(-) satisfy the regularity conditions given in Ou-Yang. Since there is no asymmetric
information about the state variables between the investor and the manager, the inferrence about them can be included
in the contract. It can be seen that adding a term involving the stock price P; such as fOT Bp(t, Wi, P, \Ili)dPt is
redundant, because Bp(-)dP; can always be expressed as a function of ®:(-)dWi. Consequently, our contract form
implicitly includes a passive index as a potential benchmark when fOT <I>§()d\1/Z = —nPr, where n is a constant and
denotes the number of shares invested in the risky stock.
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Proof: See Appendix B.

As in Holmstrom and Milgrom (1987), Schattler and Sung (1993), and Ou-Yang (2000), this
optimal compensation scheme has an intuitive interpretation. At the terminal date, investors pay
the manager his reservation wage, reimburse the manager’s operating costs, compensate the manager
in the third term for the risk that he bears in the fourth term, and the fourth term involves Brownian
motion processes and represents the risk in the manager’s compensation scheme. Note that if the
manager is risk-neutral, then the third term vanishes, because a risk-neutral manager does not require
compensation for bearing risk. It is easy to show that given this compensation scheme, the manager’s
participation constraint is satisfied, which greatly simplifies the investor’s maximization problem.

Notice that the expression for S represents only the equilibrium amount that the investor pays
to the manager if the manager adopts the investor’s optimal policy. It does not implement the
investor’s optimal policy.!® In addition, since the manager’s cost function is a function of W},
which is not observed by the investor, this compensation scheme cannot be enforced. The investor’s
objective is to solve for an optimal contract that implements her optimal policy and that depends
on {t, ¢} and Wk. Given the equilibrium compensation scheme in Proposition 2 that satisfies the
manager’s participation constraint, our strategy is to solve for A%, 3%, and ®! so as to maximize the
investor’s expected utility. Given the optimal solutions A%, 3% and ®i*, we shall next construct
an optimal contract in terms {¢,¥:} and W, and then show that the resulting contract indeed
implements the investor’s optimal policy A* or that given the investor’s contract, A% also solves
the manager’s dynamic maximization problem. The point is that the optimal contract must reduce
to the equilibrium compensation scheme given in Proposition 2; otherwise, the contract may not be

optimal. The next theorem summarizes a key result of the paper.

Theorem 1. Given the conjectured price function (11), the optimal portfolio policy of manager

1 18 given by

alt) [aq — 2258 b b TV (1))

A Y

A = HU', H=

where

Y r(T—t v 2 RaR o
a’(t>:(1_r>e( )+; and A:k—i-a(t)RaT;prbQ'

15See Section 3 of Ou-Yang for details.
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The optimal contract for manager i is given by

. . 1 T | ) Ra T . . . T
Sho— & —a(0)Wi4~ / BOAP =0 [ (BATY + by ) (BATFb, + @by:) i
2 Jo 2 Jo

T o . R 4 T 4
- VA 4+ g Uidt + ——2— W2+2/ VT (#)dw’
| faqu i + ayow Ra+Rp[ 2 [ e

R, T . .
T |V /0 a(t)Aj;*QQq,d\Iﬂ]
550+7/ K (t)A2dt + U (W) + Ry — P _ Wi
2 Jo R, + R,
Ra T . A
YRR R Wi — a(0)W§ — /O a(t)A?QQ\IJd‘Iﬂ] (21)

where 3 = a(t) and where A A
20 VT ()R, — Rua(t) A Qou
Ry + Ry ’

o' =

in which VT (t) denotes the coefficient matriz in the investor’s value function that is a solution to
the system of ODFEs given in Appendiz C.

For a special case in which k'(t) = 0, there exists an equivalent optimal contract given by

. . R . R, ) T o
Sip = & + U' (W) + —2 Wi, Wi - W - [ 4dQ 22
where U' (V%) = U(¥?) +f0T(QQ\I/i(I\I,i —aq)Vidt. Furthermore, if v = 0 and k'(t) = 0, then we arrive

at a simple optimal contract given by

Sk = constant 4+ ——2— Wi (23)

R,
R, + R,

Proof: See Appendix C.

Remark 1. These equilibrium contracts take essentially the same forms as those in Ou-Yang.
In addition to functions of the state variables,'® U(¥?) and U’(V¥?), the agent’s compensation is
composed of a constant, the agent’s cost associated with his trading, a fraction of the terminal value
of the portfolio, plus a bonus or a penalty depending upon the excess return between the managed

portfolio and a pre-specified benchmark. From the proof given in Appendix C, it can be seen that

%Tn Ou-Yang where the stock prices are assumed to follow geometric Brownian motion processes, U(¥") and U’(¥?)
are constants.
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in equilibrium, the above optimal contract reduces to that in Proposition 2. When k*(t) = 0, the
problem has two equivalent solutions for optimal contracts. Not only are these two contracts equal

in equilibrium, but also they implement the same portfolio policies.

Remark 2. Appendix C shows that our optimal contract allows investors and managers to
achieve efficient risk sharing. In the absence of costs, the optimal contract takes a simple form, i.e.,
a linear function of the terminal value of the portfolio, independent of the intertemporal signals. In
other words, observing the signals continuously does not add value to investors. In this case, since
the manager does not have an incentive to underinvest in the risky stock, there is no need to use a
benchmark to induce the manager to adopt certain trading strategies. Notice that both the investor
and the manager consume only at the terminal date. Given the efficient sharing of the terminal
value of the portfolio, the manager does not have an incentive to misinterpret the signals, therefore,
contracting on intertemporal signals is not necessary.

Remark 3. Though Theorem 1 presents the expressions for the manager’s demand function and
the optimal contract, both of them have not been completely determined yet due to the presence
of unknown parameters such as A;; and Ay in the expression for H through the ag and bg terms.

They can be determined by imposing the market clearing conditions as follows.

3.3 Market Clearing

When the market clears in equilibrium, the total demand must equal to the total supply ©; at any

time . We thus have
/ Al = / HY =0, (24)
(] 3
which determines the H vector in the manager’s demand function, leading to a simple expression for

1%
A,

Theorem 2. In equilibrium, manager i's trading strategy can be expressed as
g

A1

Ai* — @z A 2 2
¢ (1 — )

().

where Ay > 0 and Aoy < 0, both of which can be computed by solving numerically the ODFEs given in
Appendiz E.
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Proof: The market clearing condition (24) leads to
Hy+ Hy [ G+ Hy [ 0]+ HiGS + HD, = 6,
(2

or

Hy + HyGy + H30: + HiG; + HsD; = Oy.

USil’lg Eq (??), Gt = WtGg + (1 - 7Tt)G, and the fact that )\1tG + >\2t@t = Alth + )\Qt@g =
MG+ MO}, we get

MG+ X210y — Aig (MG + (1 — ) G)

Hy{ + Hy (7TtGC+(1—7Tt)G)+H3 /\Qt

+ HyG; + H5D; = ©,.

Equating the coefficients of all the state variables in the above equation, we obtain

A1 )\1t0'§2/
Ho=—H)=— = — . 25
2 : Aop(1 — ) Aogt ff (25)

We thus have
A1

(G} — GY).
Q.E.D.

As in He and Wang, the manager’s demand function has two components. The first compo-
nent is fund ¢’s estimation of the supply shock. The higher the supply, the higher the demand in
equilibrium, reflecting the fund’s position in accommodating the shocks. The second component is
proportional to the difference between the fund’s estimation of the stock’s expected dividend rate
and that based on the common information alone. It represents the fund’s speculative position based
on its private information. As expected, the manager’s demand increases with his private estimation
of the expected dividend rate.

In sum, this subsection demonstrates that the relations such as the manager’s demand function
of He and Wang and the optimal contract and its implications of Ou-Yang are quite robust and take

the same form as in our integrated model.

Model II: The Optimal Linear Contract

In Model I we have assumed that investors and managers share the same signals. The only

potential conflict is through managers’ cost functions. In reality, however, investors usually observe

19



neither the signals nor the continuous path of the wealth processes of their portfolios. All they
observe might be the terminal values of their portfolios alone. Contracts do not usually depend upon
signals regarding the underlying assets. As a matter of fact, most mutual fund companies charge
their investors a fraction of the total assets under management.

For tractability, this model confines our contract space to be of the following linear form:
S =t + W,

where o and 3 are constants to be determined in equilibrium. In specifying this contract, we are
assuming that the investor observes only the terminal value of her manager’s portfolio. Given the
above linear contract and conjecture that the equilibrium pricing rule takes the same linear form as in
Model I, we first solve the manager’s maximization problem, obtaining an optimal trading strategy
in terms of # and the manager’s information set. The market clearing condition determines the
coefficients in the linear pricing function, and the manager’s participation constraint gives a relation
for «v in terms of 3. The investor’s problem is then to choose 3 so as to maximize her ex-ante expected
utility: Ejy {—Ripe_RP(WT_ST) , with the wealth process being determined by the manager’s optimal
trading strategy. As in Model I, it is not possible to solve for the equilibrium price and the optimal
demand function in closed form. We thus resort to the numerical algorithm as described in Appendix
D. The Bellman equations for both the manager’s and the investor’s maximization problems are also

presented in Appendix D.

4 Further Discussion and Simplification of the Equilibrium for Model
I

To determine completely the optimal contract, the equilibrium price, and the equilibrium trading
strategies, we must solve for the coefficients A’s numerically. This section further simplifies the
equations that must be satisfied by these coefficients. To help understand model I presented in
the last section, we shall also describe three benchmark cases. We shall first ignore differential
information and consider two special cases in which G is a perfectly known constant and in which G
cannot be observed and must be learned over time, respectively. For comparison with the previous
literature, we shall also present the simplified case in which there is no delegated portfolio problem

or managers trade for their own accounts.
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4.1 Benchmark Case I: G Perfectly Known

In this case, since GG is a perfectly known constant, there is no differential information among the

managers. The vector of state variables except for W; can then be written in a compact form as
1
U =] O; |.The conjectured equilibrium pricing function takes a simple form:

Dy

P = Mot + AtO¢ + Ao Dy

Theorem 3. The equilibrium price process can be expressed as

=Y [1 - e’“(T*ﬂ A6y

r

where A1¢ can be obtained by solving numerically the ODEs described in Appendix D.

Proof: See Appendix E.

Note that the current dividend level D; drops out of the equilibrium price function.

4.2 Benchmark Case II : G unobservable, no differential information

In this case, we assume that no one receives the private signal Y and that the only signal that

reveals information about G is the publicly observed dividend process D;. Similarly, the vector of
1

Oy
G§
Dy

the state variables except for Wy can be formed as ¥ = . The equilibrium price process then

takes the following linear form of the state variables:
Py = Aot + A 101 + Aot G + X3¢ Dy,

which can be simplified as in the following theorem.

Theorem 4. The equilibrium price process can be expressed as

_ Goly + Dy

_ Jost T Mt o r(T-t)
Pt (It T t)r [1 € } + /\1t@t7

2
where I} = I;TD and where A\1¢ can be solved numerically as described in Appendix E.
G

Proof: See Appendix E.
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As shown in Appendix E, Gf is a linear function of D; in equilibrium, it thus drops out the

equilibrium price function.

4.3 Differential Information Without Portfolio Delegation

To analyze the impact of portfolio delegation on the price formation and autocorrelation, we consider
a continuous-time analog of the discrete-time model of He and Wang (1995) in the presence of a cost
function. There is no contracting involved. A continuum of agents receive individual signals and
trade for their own accounts. Unlike portfolio managers, these agents own the entire portfolio and
trade to maximize their utility functions over the terminal value of the portfolio W% minus the costs
associated with managing the portfolio. The agent bears the total risk of the portfolio.

Therefore, each agent’s problem becomes
1 , T
sup E |——exp |[—Rq | Wp —/ c(t, Wy, Ay)dt ,
{ap L fla 0

AW} = rWjdt + A(dP, — rPidt + dDy;) = rW} + A}dQ.

subject to

The vector of the state variables is the same as in the general case. Using the equilibrium conditions

as described in Section 2, we attain the following results:

Theorem 5. Given the conjectured price function (11), the optimal portfolio policy of agent i is

given by
a(t) [ag — 2RabVLV (1)]
ipi T
k + a*(t) Rabiybpy

A = HU: H=

)

where

alt) = (1 _ 7) oMt L 7
r r

in which VT (t) is a coefficient matriz in the agent’s value function that satisfies the system of ODEs
given in Appendiz E.

Proof: See Appendix E.

When the market clears in equilibrium, the total demand must equal to the total supply ©. We

thus have

/ Al = / HU =0, (26)
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Like in the general case, the market clearing condition leads to an intuitive expression for A*:

A1

A= -

(¢i-a).

which takes the same form as in He and Wang or Theorem 2. Of course, the coefficients A1z and Aot

differ from those in Theorem 2 where optimal contracting is involved.

4.4 The General Case

We now analyze the general case that we formulated in Section 3. The numerical procedure is
described as follows.
Define Z = Azhar — Aag A1z — aoAighor and B = bobyiV (t). The market clearing conditions yield

a(t)
A

R R B[ ] )\1,571',5 o _)\1,50')2/
R + R Agt(l — 7Tt) )\Qttftc7

|ﬁ\1t — A+ 1+ Ay —2———+—

a(t) | R.R,
alt) 15, — Ay — 2l pray|
A [” (a6 + ) = 25— [3]]

where B[2] and B[3] denote the second and third elements in the B vector. This leads to the

expression for Z:

\itod R.R, Ay
Z=114+A A 2———= (A B3] — A\t B2 —_—, 27
( + 4t+)\2ttft ot + Ra+Rp(1t (3] — A2t [])+a(t) (27)
where
A
B2l = (1+XM)f} [ } [V — 2y, 2)} + Ab3V (3,2)
>\2t A2t
+)\3tf ‘| V —l— bD 1 + )\475)V( 2);
i Z A1t 2
B3] = (1+X)fl|1— | |V(3,2) = 5V (3,3)| + AabBV(3,3)
Aot Aot
c2 Z2 2
X357 |5+ s | V(4,3) + b (1 + At)V (5, 3).
bp  Abg

Substituting the expressions for B[2] and B[3] into Eq. (27), we obtain a quadratic expression

—Cy + \/022 —4C1C;5

20 ’

for Z given by
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where

A1t 2 RoRp | o 272 )‘Stt
Ci1 = —d(l+Xg)— |1 k bh(1+ A A5.b
1 2t (1 4+ Aat) +a(t)tff +a()R TR, DL+ Aa)® + A58 + v
RaR 51 62
24P Aotbg [ AotV (3, AV (3,3
+ Ro+ R, )\2t+ 2t @[ 2V (3,2) — AV (3,3)] + b2 )
RuR, & R.,R, 2
Cy=1-2_"""L > (C3=_—2"L " 16— A\
2 Ra+ Ry A3, ’ Ra+RpA%tb%9 [5 HosL },

&= f V2 + NV 3,3) 20V (3,2)] € = Aarfe DoV (4,2) = MV (4,3)].

Given this explicit solution for Z, we can now convert our system of implicit ODEs (from Bellman
equation (??)) to an explicit boundary value problem. The boundary conditions are given by
5= bé and V(T') = A\ir = dor = Az = A = 0. We conjecture an f$ and solve the system as an

initial value problem.'” We keep reiterating until the solution for f§ converges to bé.

5 Equilibrium Price, Trading Strategy, and Autocorrelation

This section solves the equilibrium numerically and examines the impact of portfolio delegation
on the equilibrium stock price and risk premium , the manager’s trading strategy, and the serial

correlation in stock and fund returns. We next present results for Models I and II separately.

Model I

5.1 Some Insights from Benchmark Case I

To gain insight into this model, we first examine Benchmark Case I in which the expression for the
expected excess return can be obtained. Notice that this benchmark case differs from Campbell and
Kyle (1993) or the symmetric information case of Wang (1993) on three aspects. First, the investors
in this case delegate the responsibility to an agent and do not trade on their own. Second, our agents
have a finite trading horizon. Third, the agents in our model have cost functions associated with
both the total amount of funds under management and the magnitude of the position taken in the
risky stock. One should therefore expect our results to differ from those of Campbell and Kyle and
of Wang.

'"This is feasible because all conditions other than that of ff are at the terminal point. One can change the variable
from t to (T — t) to solve it like an initial value problem. Any standard software on numerical procedures such as
MATLAB can perform the calculation.
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For simplicity, we assume that r = 0. The excess return d@ is then given by
dQ = I',0dt + [ bp  Mbe }dBt,

where

R.R A
[, = 292 AL,B2V(2,2) + — .
t (RaJer 1696 (’)+a(t)>

Here I';0; is the expected excess return on the stock. According to Theorem 3, we have
Po=G(T —t)+ Oy a(t)=1— (T —1t)y.

The expected excess return is thus affected by two factors- the cost of action (which includes v

and k(t)) and the risk aversion coefficients of the investor and manager. Assuming that a typical

RoRp

Ratlt, 1S lower

investor is less risk-averse than the manager, the effective risk aversion coeflicient

with portfolio delegation or risk sharing than without it. The portfolio delegation thus helps reduce
the expected excess return or risk premium. However, even if R, = 0, i.e., investors are risk neutral,
there is still a non-zero expected excess return due to the manager’s cost function. The excess return
is i.i.d. across periods only if the investors are risk neutral and k%(t) = 0. Under this extreme
scenario, the excess return of the fund A%dQ" is given by ©; [ bp 0 } dBy, which is i.i.d. In other
words, the funds will show no persistence of performance only under conditions that investors are risk
neutral and that there are no costs associated with managing the portfolio. Therefore, it should not
be surprising to see that portfolios exhibit persistence in performance under more general conditions
in our model.

We next solve our general case as well as Benchmark Cases II and III for equilibrium prices,
trading strategies, and autocorrelations. The numerical results are presented in the attached tables

and figures.

5.2 The Impact of Portfolio Delegation on Equilibrium Prices and Trading Strate-
gies

Figure 1 presents numerical results on the sensitivity or coefficient of the equilibrium price to the

supply shock © with and without portfolio delegation. Note that portfolio delegation in our model

allows investors to share risk with managers and in return managers manage funds at lower costs.

With risk sharing, managers can absorb the supply shock more easily. As a result, the sensitivity of
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the equilibrium price to the supply shock decreases. In addition, as the risk aversion of the investor
decreases, the price becomes less sensitive to supply shocks.

Figure 2 demonstrates the effect of portfolio delegation on the coefficient of G¢ in the pricing
function, i.e., A3. It can be seen that this coefficient is similar with or without portfolio delegation.
Note that G is a constant in equilibrium and that G¢ is chiefly determined by the dividend process
Dy, which is not in the price process. Therefore, the risk sharing due to portfolio delegation results in
little change in sensitivity of the price with respect to this variable. For example, in the benchmark
cases, G = G¢ and the coefficient on GG can be seen to be independent of the risk aversion coefficients
of both the investor and the manager.

Figure 3 compares the sensitivities of the equilibrium price to G and G°, respectively. As time
proceeds, more information is revealed about G and therefore, the coefficient of G increases while
that of G decreases. Consequently, the ratio :\\—;’ increases. Similar to the results given in Figure 2,
this ratio is largely unaffected by portfolio delegation.

Figure 4 illustrates the impact of the parameter k in our cost function on the sensitivity of the
equilibrium price to the supply shock. It is seen that this sensitivity increases with k£ both with
portfolio delegation and without it. This is because as k increases, the cost of absorbing any extra
supply shock or trading in the risky stock increases, and the manager (or the investor in the case of
no portfolio delegation) becomes more cautious with his demand. He thus demands a higher return
whenever there is a positive supply shock. In equilibrium, since the market has to clear, the price
becomes more sensitive to the supply shock.

Figure 5 studies agents’ trading strategies with respect to their private information. It can be seen
that with portfolio delegation, the managers trade more aggressively with respect to their private
information than they would trade for their own accounts. With risk sharing, managers can afford to
be more aggressive with their private information. This aggressiveness goes down as the manager’s

trading becomes more costly, i.e., as k*(t) increases.

5.3 Autocorrelation

Empirical studies find positive autocorrelations in stock returns over short horizons of days to months

and negative autocorrelations over long horizons of 2-10 years.'® Empirical studies on mutual fund

8See, e.g., Conrad and Kaul (1988) and Lo and MacKinlay (1988) on short horizons, and Fama and French (1987),
Lo and Mackinlay (1988), and Poterba and Summers (1988) for long horizons.
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performance find positive persistence in fund performance, i.e., past winners typically repeat their
superior performance for some time.!? Theoretically, Wang (1993) finds negative serial correlation
in stock returns. Wang points out that the strong mean reversion in the stock supply can generate
this result under both symmetric and asymmetric information. Under asymmetric information, the
negative autocorrelation can be enhanced by the information effect of dividends and prices on the
behavior of uninformed investors. The persistence in mutual fund performance has not been examined
theoretically due to the absence of a dynamic asset pricing model with portfolio delegation. In this
and the next subsections, we employ our model to study the autocorrelations in stock as well as
delegated portfolio returns. Since a contract period is typically short in nature, we focus on the
short-term horizons.

Following Wang, we consider the excess return to one share of stock, which is defined as d@Q =
dP+dD —rPdt. In order to examine the autocorrelation in stock returns, we consider the following:

t

t+7
81 = Corr (Quir — Qu Qs — Qu_r) = Corr ( aQ(), | d@(u)) ,

t—1
where Corr(.) denotes the autocorrelation between [’ dQ(u) and [/*7 dQ(u). Similarly, we can
study the persistence of the fund performance by calculating the autocorrelation of the excess wealth
A'dQ’ between the time intervals, t — 7 and t, and ¢ and t + 7:

t t+1

By = Corr ( Al dQ’, AZdQ’) .
t

t—T1
Furthermore, we study the persistence of the fund performance after adjusting for the payment to
the manager:
t . . t t+17 . t+1
By = C’orr( Adgi— [ asw), [ Aldgi— / dS(u)) .
t—r t—T t t

Here we interpret dS(u) as the manager’s compensation for his work between ¢ and ¢ + dt, which is

given by
dS(u) = %du +chdu + % |3 ALb, + @by | [ AL + @ib@f du + |3 ALl + ®'by:| dBy.

Notice that unlike in Model II where optimal linear contracts are considered, for small values of

R, such as R, = 0.1, the autocorrelations generated by this model are not significantly different from

9Gee, e.g., Grinblatt and Titman (1992), Hendricks, Patel, and Zeckhauser (1993), Mech (1993), Brown and Goetz-
mann (1995), and Sias and Starks (1999).
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zero. Tables 2 and 3 present a series of results on autocorrelations in stock and portfolio returns for
R, =1 and £ = 1. They show that the autocorrelations in portfolio returns are always positive,
implying a persistence in fund performance. Note that agents in our model make portfolio selections
based upon certain inferred variables such as the inferred supply shock and the inferred expected
dividend growth rate based upon their private as well as public information. This learning process is
a continuous one. If an agent has an informational advantage that leads to a positive excess return
or premium, he would not lose that advantage over a short period of time, which would result in
performance persistence. The autocorrelations increase with the parameter £ in the manager’s cost
function. The reason is that with a lower k, the managers trade more aggressively with respect to
their private information. They may profit more in the current period, but they are more likely to
have lesser information advantage in the next period, leading to lower autocorrelations in returns.
On the other hand, a higher k or a higher cost function makes the manager less aggressive and thus
more likely to retain their information advantage, leading to a higher autocorrelation than with a
lower cost function.

The positive autocorrelations in both the stock and the portfolio returns in our economy are
perhaps due to the short horizons. Our economy may not reach a steady state since it has a finite
trading horizon. As time moves forward, the probability of a supply shock reverting to its mean
position decreases. Therefore, if a high premium is built up due to a large supply shock, then it is
going to persist in the short run, leading to a positive autocorrelation. Furthermore, k£ in the cost
function adds to this correlation. A higher k or a higher cost function means that the equilibrium
pricing function is more sensitive to the supply shock or that it is more demanding to absorb the
extra shock. Since the supply shock will persist in the short run, if we experience a higher return
in the current period, we shall expect a higher return in the near future. A higher k£ enhances this
feature or results in a higher positive autocorrelation.

Specifically, Table 2 compares the numerical estimates of §; and [y for different values of k in
the absence of information asymmetry. We find positive autocorrelations in both stock and fund
returns. For example, if there is a positive supply shock, then the expected return on the stock goes
up in equilibrium. As a result, the return on the fund goes up since each fund holds an equal share
of the excess supply in this symmetric case. In the short run, this supply shock will persist even

though it is mean reverting over the long run. Therefore, the funds will continue to hold more at a
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higher return, thereby maintaining a good performance while the stock returns persist as well.

Table 3 presents the case where there is differential information among managers. It shows that
while the autocorrelation in portfolio returns is always positive, the autocorrelation in stock returns
can be either positive with a high cost function or negative with a low cost function. The intuition
is as follows. Suppose that we observe the price to be low (i.e., lower than expected). The excess
return is low for the current period. Since observing the price is equivalent to observing (A1 G+ \20),
where \s is negative and its magnitude increases with k, and where )\; is positive and changes little
with k. Conditional on a lower price, the manager would revise his inference about G downward,
or about © upward, or a combination of both. When the magnitude of Ao is low as in the case of
a low k, the manager’s inference about © would be high. Given a high © and its mean reverting
nature, the manager would expect © more likely to go down quickly, leading to a potentially negative
autocorrelation. When A9 is high as in the case of a high k, the manager would revise his inference
about © downward to a lesser degree. As a result, the manager would not expect © to revert to
its mean quickly, leading to a potentially positive autocorrelation in the short period of time. For
values in between, the autocorrelation can go from positive to negative, depending upon the length
of the time period.

Note that the positive autocorrelation in fund returns decreases slightly with differential infor-
mation. Consider a simple case in which the equilibrium price is lower than expected because the
current dividend turns out to be lower than expected while G and © have remained the same. In the
case of symmetric information, the drop in dividend and price yields a lower return for the current
period, it will not affect the expected future cash flow of the stock because the effect is fully incor-
porated into the current price. When there is differential information, given the lower dividend and
price, managers will revise the estimated value of G downward and that of ® upward, respectively.
Given a higher estimated O, the manager would expect that the probability for © to go higher in the
next period will be lower and as a result, the probability for the price to drop will be lower, leading

to a potentially lower positive autocorrelation.

Model II

Since the presence of differential information does not change the autocorrelations in fund returns

significantly but complicates the numerical calculations considerably, we present only results for the
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symmetric case in this model. Table 1 summarizes results for o and 3 for various values of k and
~ in the cost function. As expected, we find that for zero costs, the pay-to-performance sensitivity
[ is given by § = RGRTP&,' However, as k or v increases, 3 increases. This result differs from that
obtained in a typical principal-agent model where the pay-to-sensitivity decreases with the cost of
effort.2® Our seemingly different result is due to the equilibrium aspect of the model. As the cost
of investing in the risky asset increases, the manager becomes more cautious in his orders. Since in
equilibrium, the market must clear, the stock price gets more discounted, i.e., |A2| becomes larger or
the price becomes more sensitive to supply shocks. By making the value of § higher, the manager
has more stake in the portfolio under his management. He becomes more aggressive in trading the
risky asset, and as a result, |A2| goes down. A lower |\a| reduces the volatility of the price process,
which benefits the investor.

Figure 6 compares the risk premium (the expected excess return), Ay — (ag-+7))2, under the cases
of optimal risk sharing contract and the optimal linear contract. Due to less optimal risk sharing,
the risk premium is much higher in the presence of a linear optimal contract in which the investor
and manager cannot share the risk factors such as the supply shocks optimally. Consequently, in the
presence of a cost function, the manager is effectively more risk averse and demands a higher risk
premium.

Tables 4 and 5 present the autocorrelations in both stock and fund returns under very small risk
aversion coefficient for the investor and small cost functions for the manager. It can be seen that
for the short horizons considered in the calculations, the linear contract always generates positive
autocorrelations in stock and fund returns, which increase with the parameter k in the cost function
as in the optimal risk sharing case. The magnitude of the autocorrelation in this case is higher than
that in the optimal risk sharing case. The reason is that in this less optimal risk sharing contract, the
price is more sensitive to the supply shocks. For example, a positive supply shock leads to a higher
return in this case than in the optimal risk sharing case, thus leading to a higher autocorrelation in

the short run before the supply shock reverts to its mean.

1+Rpko?

20For example, in the well-known Holmstrom-Milgrom (1987) model, § is given by § = TFRa 3R ko? "
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Figure 1: The sensitivity of price to © with portfolio delegation (as represented by portfolio man-
ager) and without portfolio delegation (as represented by individual trader). The parameter values
ate Ry =1, bg=1,b=1,bg=1,by =1,a0 =1,r=.05,v=0.02, k&(t) = 1 and T = 0.5.
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Figure 2: The sensitivity of price to G¢ with portfolio delegation (as represented by portfolio
manager) and without portfolio delegation (as represented by individual trader). The parameter
valuesare R, =1, bg =1, b =1,bg =1,by =1,a9 =1,r =.05, v =0.02, k(t) = 1 and T = 0.5.
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Figure 3: A comparison of sensitivity of price to G with the sensitivity to G (i.e. %]5 ) with portfolio
delegation (as represented by portfolio manager) and without portfolio delegation (as represented
by individual trader). The parameter values are R, = 1, bg =1, bg = 1, bg = 1, by =1, ag =1,
r=.05,v=0.02, k(t) = 1 and T = 0.5.
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v k a B
0.00 0.00 15985  0.0909
0.00 0.01  1.5969  0.0910
0.00 0.02 15954  0.0920
0.00 0.03  1.5885 0.096
0.00 0.04  1.5870 0.096
0.00 0.05  1.5854 0.096
0.00 0.06 15786  0.1010
0.00 0.07 15771  0.1010
0.00 0.08 15755  0.1010
0.00 0.09  1.5687  0.1060
0.00 0.10  1.6872  0.1060
0.00 020 15363  0.1210
001 010 15670  0.1110
002 010 15775  0.1110
0.03 010 15774  0.1110
004 010  1.5850  0.1110
0.05 0.10 15743  0.1210

Table 1: Optimal linear contracts, ST = a + Wy, under symmetric information. The parameter
values are R, = 1, Ry = 0.1, bg = 1, ag= 1, bp = 1, b9 = 1, by = 1, r = .05, v = 0.01 and
T =0.5.
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| 5 | B2 | B3
k

k k

T 0.10 0.50 0.80 0.10 0.50 0.80 0.10 0.50 0.80
0.01 0.00 0.01 0.01 0.00 0.02 0.02 0.01 0.02 0.01
0.02 0.00 0.01 0.02 0.00 0.01 0.03 0.01 0.01 0.02
0.03 0.01 0.01 0.03 0.01 0.02 0.04 0.01 0.02 0.03
0.04 0.01 0.02 0.04 0.02 0.03 0.06 0.03 0.04 0.06
0.05 0.01 0.02 0.04 0.02 0.04 0.08 0.03 0.05 0.07
0.06 0.01 0.02 0.05 0.01 0.04 0.08 0.03 0.05 0.08
0.07 0.01 0.03 0.05 0.02 0.05 0.10 0.04 0.05 0.09
0.08 0.02 0.04 0.06 0.02 0.05 0.10 0.03 0.06 0.09
0.09 0.02 0.04 0.07 0.02 0.06 0.11 0.04 0.07 0.10
0.10 0.02 0.04 0.07 0.02 0.07 0.12 0.04 0.08 0.11
0.11 0.02 0.05 0.08 0.03 0.08 0.12 0.06 0.09 0.11
0.12 0.02 0.05 0.08 003 0.09 0.13 0.05 0.10 0.12
0.13 0.02 0.06 0.09 0.03 0.09 0.14 0.06 0.10 0.13
0.14 0.02 0.06 0.10 0.04 0.10 0.15 0.06 0.11 0.13
0.15 0.02 0.06 0.10 0.04 0.10 0.16 0.06 0.11 0.14
0.16 0.02 0.06 0.10 0.04 0.11 0.16 0.06 0.12 0.14
0.17 0.02 0.07 0.11 0.04 0.12 0.17 0.07 0.12 0.15
0.18 0.02 0.07 0.11 0.04 0.12 0.17 0.07 0.12 0.15
0.19 0.03 0.07 0.12 0.04 0.12 0.17 0.07 013 0.15
0.20 0.03 0.08 0.12 0.04 0.12 0.18 0.07 0.13 0.15

Table 2: A comparison of autocorrelation of excess returns on the risky stock and on
fund ¢ for different time-horizons 7 under homogenous information and portfolio delegation.

B = Corr(fi,dQ),[{*"dQ)), B = Corr(f}, AudQ(u), [{'" AudQ(u)) and B3 =
Corr (ftt_T (AudQ(u) — dS(u)), t“"r (AydQ(u) — dS(u))) A random value of G is selected and
100 simulated paths are generated. We thus get a vector of 100 excess returns for different horizons
(7). The autocorrelations for this sample are computed. This procedure is repeated 600 times.

The autocorrelations reported here are the average of autocorrelations. The parameter values are
R,=1,Ry=1,bg=1,a0=1,bp=1,bg=1,by =1,7r=.05v=0.01 and T = 0.5.
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l A Ba D B3
k k

k

T 0.10 0.50 0.80 0.10 0.50 0.80 0.10 0.50 0.80
0.01 -0.00 0.00 0.00 -0.01 0.00 0.02 -0.01 0.00 0.02
0.02 -0.00 0.01 0.00 0.00 0.02 0.02 0.00 0.02 0.03
0.03 -0.00 -0.00 0.01 0.00 0.02 o0.04 0.01 0.02 0.04
0.04 -0.01 -0.01 0.01 0.00 0.03 0.05 0.01 0.03 0.04
0.05 -0.01 -0.00 0.00 0.01 0.04 0.05 0.02 0.04 0.05
0.06 -0.02 -0.00 0.01 0.02 0.04 0.06 0.03 0.05 0.06
0.07 -0.03 -0.01 0.01 0.02 0.04 0.07 0.04 0.05 0.06
0.08 -0.03 -0.01 0.01 0.02 0.05 0.08 0.04 0.05 0.07
0.09 -0.04 -0.01 0.01 0.03 0.05 0.09 0.05 0.06 0.08
0.10 -0.04 -0.01 0.01 0.03 0.06 0.10 0.05 0.07 0.09
0.11 -0.04 -0.01 0.01 0.04 0.08 0.10 0.06 0.08 0.09
0.12 -0.04 -0.02 0.02 0.04 0.08 0.12 0.06 0.09 0.11
0.13 -0.05 -0.01 0.02 0.04 0.08 0.13 0.06 0.09 0.12
0.14 -0.05 -0.02 0.02 0.04 0.08 0.14 0.07 0.09 0.12
0.15 -0.06 -0.02 0.02 0.04 0.08 0.14 0.07 0.08 0.12
0.16 -0.06 -0.03 0.02 0.04 0.08 0.15 0.06 0.09 0.13
0.17 -0.07 -0.03 0.03 0.04 0.08 0.16 0.07 0.09 0.14
0.18 -0.07 -0.02 0.02 0.04 0.09 0.16 0.07 0.09 0.14
0.19 -0.07 -0.03 0.03 0.04 0.09 0.17 0.07 0.09 0.14
0.20 -0.08 -0.03 0.03 0.04 0.10 0.17 0.07 0.10 0.15

Table 3: A comparison of autocorrelation of excess returns on the risky stock and on
fund ¢ for different time-horizons 7 wunder differential information and portfolio delegation.

B = Corr(fi,dQ), [{*"dQ(w)), B = Corr (f}, AudQ(u), [{'™ AudQ(w)) and f5 =
Corr (ftt_T (AudQ(u) — dS(u)), [T (AudQ(u) — dS(u))) A random value of G is selected and
100 simulated paths are generated. We thus get a vector of 100 excess returns for different horizons
(r). The autocorrelations for this sample are computed. This procedure is repeated 600 times.

The autocorrelations reported here are the average of autocorrelations. The parameter values are
RGZI,RPZI, b(;Zl, ap= 1, bD=1, b@—'—-‘l, by = 1,?"=.05,’)’=0.01 and T = 0.5.
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i o | B2 | B3

k k k

T 005 0.10 0.05 0.10 0.06 0.10
0.01 0.00 0.01 0.06 0.02 0.00 0.01
0.02 0.00 0.01 0.01 0.02 0.00 0.02
0.03 0.01 0.02 0.02 0.03 0.01 0.03
0.04 0.01  0.02 0.02 0.04 0.01 0.05
0.05 0.01 0.02 0.03 0.05 0.01 0.06
0.06 0.01 0.03 0.03 0.06 0.02 0.07
0.07 0.02 0.03 0.03 0.07 0.02 0.08
0.08 0.02 0.04 0.03 0.07 0.02  0.09
0.09 0.02 0.04 0.03 0.08 0.03 0.09
0.10 0.02 0.05 004 0.10 0.03 0.10
0.11 0.02  0.06 0.04 0.11 0.04 0.12
0.12 0.02 0.06 0.04 0.12 0.04 0.13
0.13 0.02 0.07 0.04 0.13 0.05 0.13
0.14 0.02  0.07 005 0.14 0.05 0.14
0.15 0.03 0.08 005 0.14 0.05 0.15
0.16 0.03  0.08 0.05 0.15 0.06 0.16
0.17 0.03 0.09 006 0.17 0.07  0.17
0.18 003 0.10 0.06 0.18 0.07 0.18
0.19 0.03 0.10 0.06 0.18 0.07 0.19
0.20 004 0.11 007 0.19 0.08 0.20

Table 4: A comparison of autocorrelation of excess returns on the risky stock and
on fund ¢ for different time-horizons 7 in the presence of an optimal linear contract.

/i = Corr (ftt_T dQ(u), tt+T dQ(u)), B = Corr (ftt_T A, dQ(u), tH'T AudQ(u)) and B3 =
Corr (ftt_T (AudQ(u) — dS(u)), [FT7 (AL dQ(u) — dS’(u))) A random value of G is selected and
100 simulated paths are generated. We thus get a vector of 100 excess returns for different horizons
(7). The autocorrelations for this sample are computed. This procedure is repeated 600 times.

The autocorrelations reported here are the average of autocorrelations. The parameter values are
Ro=1bg=1,a0=1,bp=1bo=1by =1,r=.05v=0.01 and T = 0.5.
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l b1 | B2 I B3

k k k

T 0.05 0.10 005 0.10 005 0.10
0.01 0.00 0.01 001 0.01 0.01 0.01
0.02 0.00 0.01 0.01 0.03 0.01 0.03
0.03 0.01  0.03 001 0.04 001 0.04
0.04 0.01 0.03 0.02 0.05 0.02  0.05
0.05 0.01 0.03 0.02  0.07 0.02 0.07
0.06 0.01  0.04 0.02 0.07 0.02 0.07
0.07 0.02 0.05 0.03 0.09 0.03 0.09
0.08 0.02 0.06 0.04 0.10 0.03 0.10
0.09 0.02 0.06 0.04 0.11 0.04 0.11
0.10 0.02 0.06 0.04 0.12 0.03 0.12
0.11 0.02 0.07 0.04 0.13 0.04 0.12
0.12 0.02 0.07 0.04 0.13 0.04 0.13
0.13 0.02 0.08 0.04 0.14 0.04 0.14
0.14 0.02  0.09 0.05 0.15 0.05 0.15
0.15 0.03 0.09 0.05 0.17 0.05 0.16
0.16 0.03 0.10 0.06 0.17 0.05 0.17
0.17 0.03 0.10 0.06 0.18 0.06 0.18
0.18 0.03 0.11 0.06 0.19 0.06 0.19
0.19 0.03 0.11 0.07 0.20 006 0.20
0.20 0.03 0.12 0.07 0.21 0.07 0.20

Table 5: A comparison of autocorrelation of excess returns on the risky stock and
on fund ¢ for different time-horizons 7 in the presence of an optimal linear contract.

B = Corr ([, dQ(), [T dQ)), B = Corr (J{, AudQ(u), [} A,dQ(u)) and B3 =
Corr (ftt_T (AudQ(u) — dS(u)), tt+T (AndQ(u) — dS’(u))). A random value of G is selected and
100 simulated paths are generated. We thus get a vector of 100 excess returns for different horizons
(). The autocorrelations for this sample are computed. This procedure is repeated 600 times.

The autocorrelations reported here are the average of autocorrelations. The parameter values are
R,=1Lbg=1lae=1,bp=1Lbo=1,by =1, r=.05~v=002and T =0.5.
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A Proof of Proposition 1

The filtering problem that we treat in this paper is a special case of the following lemma whose proof
can be found in textbooks such as Liptser and Sheryayev (1978). A more general version of the

lemma is presented in Wang (1993).

Lemma 1 Suppose that:

dZt = [a,zo —|— aZZZt] dt + bdet, (Al)

dSt = [CLSO + aSZZt] dt + bSdBt, (AZ)

where Z; is an n-vector of unobserved state variables, Sy is an m-vector of signals and By is a k-
vector standard Brownian motion process and ay, Gz, as0, Gsz, by and b, are respectively (n x 1),
(mx1), (nxn), (mxm), (nxk) and (m x k) matrices of constants. Let q,, = b,bl, qss = bsbl and
qzs = b.bL. Suppose the prioris z(tg) ~ N(Zy,00). Define the information set ¥ = {S,,0 < u < t},
the continuous observation of S, between 0 and t. Conditioned on F}, the posterior mean of Z, i.e.

the filter Z; = E[Z|F?), is given by the stochastic differential equation:
dZ; = [azo + aZZZAt} dt + [otag; + qzs} ¢5/?dB, (A3)

where oy = E [(Zt - Zt)(Zt - Zt)T]ff} is the positive semi-definite conditional variance-covariance

matriz of Z; given by the solution to the Riccatti equation:
Op = .00 + 00l + oz — {Otast + st] s [aszOt + ng} . (Ad)
The innovation process, By, defined by
dB; = 12 (dS, — [az0 + 02224 dt), (A5)
is a Wiener process with respect to F7.

We define the vector of unobserved variables as Z;:

()

Denote the filtered values of Z; under different information sets as

. G¢ ; GPi ; Gz
a=(a):  w=(3)  a-(9)
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Note that Z; follows a stochastic process given by
dZt = CLZZtht + bdet, (Aﬁ)

where matrices a, and b, are given by

(o0 o0 ) s (0 0
azz—o_aea Z—Obe-

The vector of commonly observed signals is denoted by S§:

sz(?j).

S¢ follows a stochastic process given by

dS¢ = ab, Zydt + bSdBE,

at, = 1 0 and bt = bp 0
Z o\ A Aot — ae Ay s 0 Abe |-

Applying Lemma 1, we obtain

where

dZ¢ = a,, ZCdt + b.cdBE, (A7)
where

bye = (OECL?Z + q,zs) 227%, (A8)
5o (dD — Gidt) ]

iB; = [ Yoo (dft - (5\1th + (j\Qt - a®)\2t) @C>> dt (49)

Since A\1:G 4+ A\2:©; = &, which is observable, it is easy to see that A\ G + X\ Of = &. It follows that

% A\
Bl -0 17| =B | () G- arim| = (34) # (10
)\Qt )\Qt
A A
B[(6: ~ €))(G - Gi)IF] = B |- {(G - GoI7¢ | = -5 (A1)
)\2t >\2t

Therefore,

(A12)

fooo-dug
of = Var(Z|Fy) = [ ' GO

b
_ Mt fc ALt pe
A2t ft A2, ft
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Applying (A4) to (A12) yields

f'c _ c2 1

) . 2
()\11‘)\21‘, — Aot A1 + a®>\1t>\2t)

t — T Jt bT
D

Let S! be the vector of all observed signals by manager i:

S! follows a stochastic process given by

dS{ = al_Zdt + bldB!,

where
1 0
ag, = At Ao —aeAat
1 0

Similar steps yield

A7} = a..Zidt + b,.dBi,

where

b = (ofal” +al) =,
i (dD — Gidt)
dB! = ﬁ (dﬁt - ()'\uGi + ()'\215 - ae)\Qt) @z))
(dY' — Gidt)

and

)\2

and b =

fi A
i t A2t
- 1t

A pi Al
)\tht A2,

. . 2
1 </\1t/\2t — Aot A1 + a@)\lt)\zt)

o= i

=+
bh

Equations (A13) and (A20) imply

t

/A

c2

(A13)

(A14)

(A15)

(A16)

(A17)

(A18)

(A19)

(A20)



Solving this with the initial condition fi = f§ = o leads to

1 1 t
— = — 4+ —. (A21)
IfE ey
We are now in a position to prove Proposition 1.
A.1 Proof of Proposition 1
Applying Lemma 1, we have
Gy = ;%f [dD; — Gidt] — Ag% (A2edis = Aiedar — aodiedar) [d€ — AuGE — (Aot — aeA2)O%dt] ,  (A22)
D 2t @
G, = bfo [dD, — Gidt] — Xf# (Aiedae — Az die + aoAredar) [dé — MGy — (Aar — ao A1) O'dt]
D 2t7O
+ f§ [dY" — Giat] . (A23)
Oy
Using the fact that A;Gf + X\ ©f = AltGé + )\zt@i =&, we get
Me(& — G§
O°f = M, (A24)
A2t
(& - G
oi = Mel& — G (A25)
Aot

Substituting the above ©°¢ and © into Eqs. (A22) and (A23), and using Egs. (A13) and (A20),

respectively, we obtain

dG?—Gf;’;dt — e, (A26)
t
. fi . dY?
aci - Giltar = i (Qt—i— d ) (A27)
[t Oy
where
_dDy Mp(Maedie — Aedar — a@iedar) &t (Ao — A dor — ao Ay o)
Q=0 - L2 (=) - : €t .

Solving Eqs. (A26) and (A27) yields

q|CGi_Gi| _dY
T S
Using the initial conditions, G§ = G} and f§ = fi = o2, we get
Gy Gy 1ot
=t 7/ dyy.
I oy o
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Using Eq. (A21), we arrive at

. T [t
Gi = mGi+—" / a7, (A28)
0

2

g
— Y
where m; = p e
Y t

We next show that the higher order expectations are linear combinations of the first order ex-

pectations. Using the Law of Large Numbers, we have
/ dY' = Gdt. (A29)
7

Let Gy = [, G be the market expectation of G, and Gi = E[G}] be manager i’s expectation of
G. Then, Gy = J; G‘; is the market average of the managers’ expectation of G;. Using Egs. (A28)
and (A29), we get

Gy = 7'('th + (1 — 7Tt)G, (A30)
G; = mGi+(1—m)Gi,

Gy = 7Tt(2—7Tt)G§+(1—7Tt)2G.

It means that all higher order expectations of G can be expressed as a linear combination of the
market expectation and the private expectation. In fact, it can be shown that the n'* order private
expectation of G is given by [1 — (1 — m)"] G$+ (1 —m;)"G? while the n'? order market expectation is
given by [1 — (1 — )" G+ (1 —m)"G. As expected, as the order increases, the market expectation

converges to Gf. Q.E.D.

A.2 Some Expressions Used in the Main Text

i 55 [dD: — Gidt]
% ot (% = MG = Az — a0 126 di]

~ . ~ 1 Al
stz [d6 = AuGs — (or — aeXa)O°dt] 1 7 [fch Gidt] N
soig 46 — AuGE — (A0 — aeA:)O°dt]

dBy =

00 0 00 0o 0 0 0
00 0 00 0 0 0 0
ag=| 00 —ae 0 0 |; bo=]| 0 bo 0 0O
00 0 00 0o o0 [ Agffb@
0 1 0 0 0 bp O 0 0
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0 0 0 0
; :

% . 7/\5{29 (>\2t}\1t — At Aar + a@/\lt)\zt) U% v 0
by = *%:bff; *%: A%Ctb@ ()\2t)\1t — A1t Aot + ae)ms)\zt) + be *%f% 0
fC c
0 0 0 o
bp 0 0 0 0
ag=[A+(agi =X +(0 1 0 0 0)]; bo=Mbgi+(bp 0 0 0 0).

Qou=X+(0 0 0 0 1).

Here >\t = ()\Ot >\1t )\2t >\3t )\4,5).
B Proof of Proposition 2

This proposition is a special case of Corollary B of Ou-Yang (2000). For completeness, we present

the proof here. The manager’s Bellman equation is given by!

up {—vPi (Ra [0 + 87 (W' + 0@ AW ) + Dlag ¥’ — ] — %Rz |37 A, + Dby BT AT + @ibqﬂ-f>

V4 Vi [(rWi + aQAi\Iﬂ) ~R, [ﬁiAin(é - <I>ibqn] biQTAZ} + %V%/WAinéybézT

+(Veg)"

i i piyi i 171 i T i i g
By Ito’s lemma, dV(t, W, ¥) is given by
. . , o 1. . 5 . o1 .
AV = (Vi Vi (rW + agAT0) + SV APbGN, 4 Visaw B+ St (Viigebuidy)
by Vg At + Vi A'bly + (Vi) by | dBys.
Combining the above two equations yields
v = Vv (Ra [0f + 3 (rW + agA'T) 4 Blag ¥’ — ¢| - %Rg | A + Dby |BAT + @ib@if)

+ VI/zV [Ra [/61142 ZQ + q)ib\pi] bbTAl} + (V\Ilﬂ)T Rabyi [/61Azsz + q)ib\pi]T

+ [VVZ'VAi b+ (V\;i)qu,i} dBy:.

Define an & process as R,& = —log[—R,V(t, W, ¥)]. Using the expression for dV* and with

some manipulations, we obtain

. N 2
T 1 2
R.dE, — _dV+<dV>

ve 2\ V¢

1We assume that the regularity condition of Ou-Yang is satisfied or that the Bellman equation is both a necessary
and a sufficient condition.
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— _R, {o/ + 4 (rWi + aQAi\Iﬂ) 1 Plagli — ¢ — %Ri [BiAibg i iﬂ'bw] [BiAibiQ + ciﬂbwf

+R, [BiAibg + éib@i} dBy: — Rq [5%’ b+ cbibq,i} dBy:.

_. . i _. ) %3
where ' = 3" — RVV“;Z- and ®* = @' — 7. Therefore, we have
a‘dt + AW} + 'dV;
—dE + cdt + Te [BiAibi 1+ & } [BiAibi + &b }Tdt + [BiAib" 1 3'p } dBy:
— t 2 Q P Q V&2 Q Pt P -
Integrating the above expression between 0 and T yields

. T R Tr_. . _ o _. T T._. _
Siv = & + /0 cdt + = /O |34y + Blbys | |5 ATy + Dby | dt + /0 |3 A", + ®'by: | dBy.

Imposing the manager’s participation constraint yields that & equals the manager’s reservation wage

at time 0. Q.E.D.

C Proof of Theorem 1
Define the investor’s value function as

) ) 1 T Ry, (T .. _. o . T
Ji = B} |=p-exp | =R, [Wr - /t cudu + = /t {ﬁ’A’bZQﬁ—(I)lbq,i} [WA%ZQJFMW} du
P

+ /tT [@A% + @iqu} dB@-] ] H .

The principal’s Bellman equation is then given by

5 {J {R”C " %(Ra + Ry) [BAY + By | |5 A, + @ib@iﬂ + i
AiSi,
+ Jw [(rWl + aQAi\pi> +R, [BzAz 22+ éib\pz} bé?TAi] n %JWWAiné?bé?T

T i T U
+ JL ag ¥ + Ryby [ﬁA Q+<1>b@-]

1 7 7

The first order conditions are-

w.r.t. BZ
J(Ra + Ry) [BAbY + @by | by AT+ Jw AP0y "+ J5 Albyubly =0, (A31)

w.r.t. o
J(Ba+ By) [BAW + ®'by: | by + Jw Albgby: + Jg:byiby: = 0. (A32)
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w.r.t. At
70 pipi 5 Firi T i 3i pizi 10 T 5 i T
J[Rycai + (Ra+ Ryp)Ry |7 Ay + Bbys| 36y | + Jw [a@W' + 2R, B AbY + Rp®iby:byy |
+ Tww Al + RyBbbbyi Jyi + bgbyi Jyrgi = 0. (A33)

Conditions (A31) and (A32) are satisfied if the following relationship holds:

BADL + Biby; — — A34
P e = R Ry A3y
Conjecture that the investor’s value function is given by
1 i il i
J= g P =Ry (a)W* + 07 V(1) 97)] .
with the boundary conditions that a(7) = 1, V(T') = 0. This gives rise to
o a(t) Aty + 208 VT (1)by,
FADY + Blbg: = (1) A% ()b R,. (A35)

R, + R,
We now discuss the solutions for 3* and ®*. Similarly to Ou-Yang, to obtain an optimal contract
that is path-independent and that implements the investor’s optimal policy, we arrive at a set of

solutions:

A= a(b), (A36)
20V T ()by: Ry — Raalt)Alb),

O, — ) A
be R, + R, (A37)

Using Eq. (77?), we have

y 20 VT ()R, — Raa(t)AQqy

o' = A38
R, + R, (A38)
To eliminate the W} terms from the investor’s Bellman equation, we have
a(t) = <1 _ ”) R
r r
Substituting the above equations into Eq. (A33), we arrive at the optimal policy A%*:
where H is given by
R.R i R.R i
0 lag = 272 ER bpbEV ()] a(t) [aq — 25 5 bb TV (1)] A39)
N RoRp 34 15 T - :
k4 a2 (t) g bigbl A

20



This leads to T ,
R, W [a?(t)adby + 2KV (1)by |
R, + R, A '

The optimal fee structure can then be expressed as

Sy = 50+/

B A + Dby = (A40)

SK() A £y W, | dt

T [ qA*bi + 20 VT (£)by, HARE + 20T VT (bgs |
+Ra/ aA*' by + Dby , | | (DA™ + Dby |
2 Jo R, + R, P R, + R, P
. o T _. . .
+ / dWZ [rW +aQw1AZ*]dt} + / o [d\w - aq,iqﬂdt} ,
0

which simplifies to

2
Sho— & — Woal0) + Wi +1/Tki(t)A*i2dt+R“ _f /T[a(t)A*ibi + 20 VT (1)by ]
r = =W T3 2 \Ra+ Ry ) Jo ¢ v
- i T o T A
[a(t) A% by + 207 VT (£)by ] Tt — / a(t)aQUiA™idt + / & [av — agwdi]
0 0

A Y Y A 2 RaT*‘*' ) s ) T
_ 50—a(0)wg+§/ k(1) Al dt+7/ (BAIby + @bye) (BATb, + Biby) e
0 0

T A R,
- / [aQWi A + ag:Wildt + —2[Wi + 2 / VYT (1))
0 R, + R,
R T % i
e nUC ORI
o A R,
— - ) %2 )
_50+2/0 KA+ U(V) + P 0
Ra o |
! A¥Q g A41
g = aO)WG [ ()47 0guaw] (A41)

The investor’s Bellman equation can now be written as

. t
VO 0+ Hag) + [V7ay + aV] +
R,
2(Rq + Rp)A?
1
- JH'H [+ a?(t) Rybgb | — a(t)Ry [V by:bQH + HTbobG.V |

[a2(t)ang I QkVTb\Iﬂ} [QQ(t)ang + QkVqu,z}T

~2Ryby b VYT miitr [VIbyibli| =0, (A42)

where m{ denotes an N x N matrix with the element (1,1) = 1 and all other elements being zero,
and with N being the dimensionality of the vector W?. All the terms are deterministic function of

time t. V(¢) must satisfy the above equation with the boundary condition given by V(T') = 0.
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We now verify that our optimal contract implements the investor’s optimal portfolio policy A;.
To do so, we need to derive the manager’s Bellman equation using this contract. Conjecture that

given the investor’s optimal contract, the manager’s value function is given by

Vi W, W) = —;a exp [~ Ra L1 (OWi + Fo(1)], (A43)

with the boundary conditions that fi(7) = 1 and f2(7") = 0. The manager’s Bellman equation can

then be written as

sup{ —V*
At

1. o 1. . 1 _ .
v |:2kz(t)A*z2 _ 5]437’(15)/1@2 . ,YWz . 2Raq)lb\pib$iq)ZT] i V;l

RE (R

2
%0 iTy,T ixpi iTy,T T i pik

i i iyt 50 A i T Loi i i T a2
Vi [P+ agA'W — Ra®jAbyibly' | + S Viwbiphy' A } = 0.
Using Eq. (A35), the above Bellman equation becomes

sup {—vi [Ra (BA™ by + @by (BA™bly + Bbys)

e ) kU t) . A _. )
v l ( )A*22 _ ( )AzQ — AW — iRaq)Zb\pibgi(I)ZT + th

2 2

Substituting Eq. (A43) into the above equation and using Eq. (A37), we can show that the manager’s
Bellman equation is independent of W% at Al = A%*. Given that fi(t) = a(t), the above equation
becomes independent of W}. The manager’s Bellman equation is then satisfied with a proper choice
of fa(t).

We next verify that the investor’s optimal policy satisfies the manager’s FOC. The FOC of the

manager’s Bellman equation yields
(a(t) Rabigbly' | Af = a(t)aq¥’ — Ry&'WH, "

Substituting Eq. (A37) into the above FOC leads to

RoR. i
alt) |aq — 24 bbE. V (1))

bt a2(t) i gy

A
)

Al =

which is indeed the investor’s optimal policy.
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To show the contract form (??) in Theorem 1, we note that
T T S )
/ a(t) A7 Qoud¥,; = / a(t) Aoy lal, Vidt + biydByi]
0
- / 1A Q' — alyWidt),
where
T A T
/ a(t)ALdQ = / a(t)[dW; — riV;dt]
0 0
T
— (1= Dywp+ 1/ (AW, — rWdi]
r r Jo

T
= -Tywr + %/0 A2dQ'.

Equation (?7?) can then be obtained in a straightforward manner. The proof for the implementability
of this contract in the case of k*(t) = 0 follows the same strategy as for the general case and is thus
omitted. The point is that when k?(t) = 0, there exist multiple solutions for the manager’s and the
investor’s FOCs.2 We next show that our optimal contract achieves optimal risk sharing and that
there exists a simple linear contract form in the absence of a cost function for the manager.
The investor’s Bellman Eq. (A42) can also be written as:
V4 a(;) [aTH T HTaQ} + [VTaq, + aEV} +
R2
(R R)A?
_ By
2A2

T o1
|a(t)H bg + 2V by [a(t)H bg + 2V by | — RH"H —

T
(a(t)Hbq + 2V by | [a(t)H bg + 2V bys | + miltr [V byibli| = 0. (Ad4)
This can be simplified as:

v+ a’(;) [aTH + HTaQ} + [VTaq, + a€V} +

2(Rq 4 R,)A2 [a(t)H bg + 2V b\I]’L] [a(t)H bg + 2V by 2/{:H H
+mﬁtr {VTb\pibgz} =0, (A45)

This Bellman equation is equivalent to that of a single agent who has a risk-aversion of fﬁ and

who maximizes the utility over his terminal wealth.®> Therefore, our contract is an optimal risk-

2See also Ou-Yang for details.
3See Appendix E for the Bellman equation for a single agent who trades for his own account without the delegation
portfolio management problem.
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sharing allocation based upon the risk tolerance of the manager and of the investor as in Wilson (
1968).
As a robustness check, we examine the contract form in a special case in which R, = 0. In this

case, our general contract form reduces to
) ) T1
St = &+ W% — Wéa(O) + / ikA?dt
0
T T T T
+ / [a(t)AbQ + 21/)TVwa] dt — / a(t)agy Adt + / ®by,dB,
0 0 0
and the investor’s Bellman equation becomes:
. 1
STV + a(t)pTah A + 20TV ay — kA +ir {Vwabﬂ — 0.
From this simplified Bellman equation, we obtain
. 1 1
WV + 20TV dy + St [2VTb¢bﬂ = kA —a(t)aguAdt + 2" VbydB = d (¢TV¢) .
Therefore, the optimal contract is given by
S = & + Wi — Woa(0) — 1 Voryg = Wi 4 constant,

which means that the investor sells the entire fund to the manager for a constant payment.
We next show that in the absence of a cost function, the linear function of the terminal value
of the portfolio Wr is an optimal contract. Recall that the optimal fee structure and the investor’s

Bellman equation are given by

Si 50+/T (1kA2+’yW) g+ (=L 2R“/T |a(t)H b + 2V by | [a(t)H bg + 2V by, T at
T 0 9 Ra+Rp 2 Jo Q ' Q U

Rp T T
v eE /0 a(t) AbodB + /0 wadB] ,
and
V+ a(2t) {agH + HTaQ} + [VTa\p + a@V] +
wﬁf% [a(t)HTbQ T 2Vwa} [a(t)HTbQ + 2vaW]T
—%kHTH +mNtr [VTb@bgi] -0, (A46)
respectively.
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Multiplying the above Bellman equation by =%, we have

+Rv

LM
R, + R,

R, o alt) R
R, + R, 2 R,+R,
R2R,
2(R, + R,)?A?

1 R, R,
P kaTH
2R, + R, tm ”R +R,

[abH + H"ag| + [V7ay +ayV] +

[a(t)HTbQ + 2va@} [a(t)HTbQ + 2vaq,i}T
tr [V7byibl: | = 0. (A47)

Further manipulation leads to:

/wa fy Vi Rp/Tll}Vb dB—Rp/TkA2dt+/Ta(t)Rp 7,7 A

0 R +R Ra+Rp 0 w 2(Ra+Rp) 0 0 Ra+Rp Q
T R2R, -

/o e [a(t)HTbg + 2V by:| [a(t)H b + 2V by | vt = 0.

This gives rise to a reduced contract form Si.:

. R T 9 T T R
L= — 2 | kA%t / Wdt / dv—2—V
St 50*2(RG+R,,)/ Ty et YRt g, Y

T R
T ab Adt / 1) AbodB
+ /0 a(t) Ra R w + —— R R Q

R,
— L I e / Wt — T / ) [ W — r Wt
&+ 53R, +R / T h 7 MR+ R, °¢0+R "R, rwdi.

When k = 0 and v = 0, this S reduces to a linear function of Wr:

X R
St = constant + —2—Wr.
T R.+R, "

D  Numerical Procedures in Optimal Linear Contracting

D.1 The Manager’s Problem

Given the linear contract form, S = a + Wr, the manager’s problem is

a—i—ﬁWT—/Tcdt]}.
0

As in the optimal risk sharing case, we define the manager’s value function as

1
sup——FEgexpl —R,
oy Ra 0 { a

VM = sup, . _R%Et exp {—Ra [a + BWrp — ftT cdu} } . The manager’s Bellman equation is then given
by
1 1
sup {—VM(—QkA2 — W) + VM + Vi (W 4+ agA) + 5VV%VbegA?
Ay

1
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Conjecture that the manager’s value function is given by VM = —R% exp{—Rgy|a + a(t)W; +
U7, W]}, with the boundary conditions being a(T) = 3 and Q = Oyxy. « is determined by the
manager’s participation constraint at time 0:

M 1 T 1
Vo' = Eo{——= exp|—Raa + a(0)Wy + ¥y QoV]} = —— exp(—Rao),
R, R,
which relates o to (3.
It can be shown that the FOC of the manager’s Bellman equation yields the following expression

for A;:
x _ a(t)Ra(aQ — QRGbe\pQ)\IJ
! k+a?(t)Rabobly

o Y r(T—t) v
t)=(00—-— —.
a(t) = (5~ Lyer0 4.2
The manager’s Bellman equation then reduces to

1 : 1
5/-@42 — VOV — aag AV + §a2RabegA2 — 20T Qay ¥

—tr(Qbydl) + 2R, U1 Qb bL QU + 2b0bya R, QP A = 0,
or

%k:HTH ~Q—aHag + %aQRaHTHbeg — 2Qay

—myitr(Qbybl) + 2R, QbgbLQ + 2R,a H bobaQ = 0. (A48)
D.2 The Investor’s Problem

Given the manager’s trading strategy A* and the constant term in the contract form «, both of
which are functions of 3, the investor’s problem is to choose an optimal § so as to maximize the
expected utility over her terminal wealth:
1
sup —R—EO exp{—Rp[(1 — B)Wr — al},
B P
s.t. dWi = rWidt + A*(ﬁ>th

Numerically, we may simply compute the above expectation using simulations. But we find that it
is more efficient to adopt the following dynamic programming approach solving an ODE.
Define the investor’s value function as J = supg —R%Et exp{—R,[(1 — B)Wr — a]}. Her Bellman

equation is then given by
1 1
o+ Jw(rW + agA* W) + iwabegA*Q + Jyay ¥ + §tr(.]\p\pbq,b€) + boby JwwA* = 0.
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Conjecture that J is given by J = _R%, exp{—Ry|a,(t)W+UT AV —q]}, with the boundary conditions
being a,(T) = (1— ) and A7 = 0. To eliminate the W} terms from the Bellman equation, we obtain
ap(t) = (1—P)e" T, Note that the matrix A is a function of 3. It can be shown that the investor’s

Bellman equation leads to the following ODE:
. 1
~A —a,H ag + §a§prngHTH — 2RpAay — tr(Abgby) + 2Rpbyby A + 2a, R, H bobh A = 0.

D.3 The Numerical Procedure

(1) Guess a 3y, the manager solves his maximization problem for the trading strategy A*.

(2) Guess the whole path of matrices {2y and A in the value functions.

(3) Solve for the A’s from the ODEs derived from the equilibrium condition, i.e., A} = 6;.

(4) Given the above price process, we solve the investor’s maximization problem for 3; that maximizes
the investor’s value function at time 0 while making sure that the manager’s and the investor’s ODEs
(from the respectively Bellman equations) are satisfied. This gives rise to €; and A;.

(5) Use B1, 21, and A; to solve the manager’s problem for \o’s, which determine a new price process.

(6) Keep iterating until
[n+1 — Qn|[ <0.001;  [[An41 — An]l < 0.001;

[An+1 = AN <0.001;  [|Bn+1 — Bn ]| < 0.001.
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E Proofs of Theorems 3, 4, and 5

E.1 Proof of Theorem 3

1 0 0 O 0 0
UV=| O |; ag= 0 —ae 0 |; byg= 0 be
Dy G 0 0 bp 0
aQ = [ }\Ot — T/\Ot + G )'\hg — (CL@ + 7") )\hg )'\Qt — T')\Qt ] N bQ = [ bD(l + )\2,5) Altb@ } .

Using the optimal policy given in Theorem 1, the investor’s Bellman equation (A42), and the
equilibrium condition (??), we arrive at the ODEs that determine the coefficients Aoz, A1z, Ag¢, and
the coefficient matrix V:

Not — Aot + G = 0, Aot — Ao = 0,

. R, R A
At — 2— L B2V (2,2) | Mt — —— =0
1t <a9+7“+ Ra+Rp6 (7)> 1t a(t) )

: 1
V(2.2) + a(t)T; - 2Rya(t)AnV (2,2)68 — 200V (2,2) — 2R,V2(2,2) - 5 [+ a?(t) R, (b3 + \03 )|

R? 2
P 2 4 2 2.2 ( 2 _
+2A2(Ra+Rp)’ |:bDG (t)Ft +)‘1tb® (a (t)Ft+2kV(2,2)> ] —O,
where
R, R A R, R
[y = 22 A2V (2,2) + — | A=k+a?(t)—22 b4 + 22,03 | .
¢ (Ra+Rp 1te(’)+a(t)>’ +a()Ra+Rp{D+ 1t@}

The boundary conditions are A\gr = A7 = Ao = Vp(2,2) = 0. The solutions to Ag; and A9 are given
by
G
A== (1=, =0
r

A1t and V(2,2) can be calculated numerically as a set of solutions to the system of above ODEs.

E.2 Proof of Theorem 4

UT = (1 ©; G¢ Dy). Since the only signal* about G is Dy, the solution to this one-dimensional

filtering problem is

Ji dfy f?
dGS = 2L 1D, - Gear), Pt = _IL

with boundary conditions that G§ = Gp and fo = b%. It can be verified that G¥ is given by

Dy + Gol;

GS =
¢ I+t

I

4P, does not contain any extra information about G in its conjectured form.
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2
where I; = ZTD' Due to the above linear relationship between G§ and Dy, one of them becomes
G

redundant. Therefore, the equilibrium price can be simplified as
P, = dot + M\©Os + )\ztGg.

Note that the price is fully revealing about ©.

1
The vector of state variables is now given by ¥ = O; |. We also have
Gy
- L [dD; — GSdt]
By =| o7t
By ( dBe ’
0 0 0 0 0
ay — 0 —ae 0 5 b\p = bO b@
0 0 0 Iﬁt 0
aQ = { Xot —rAot Aie— (ae +7) A Aop —rdgp +1 } ; bg = [ bp (1 + I’t\itt) A1tbe } .

Using the optimal policy given in Theorem 1, the investor’s Bellman equation (A42), and the

equilibrium condition (??), we get the ODEs as

/‘\Ot — T)\Ot = 0, }\Qt — T)\Qt + 1= O,

R.R,

P 21/(2.2) =0
Ry + R, © (2,2) =0,

At — (ag 4+ )y — 2

V(2,2) + a(t)ly - 2Rpa(t)hiV (2,2)b3 — 200V (2,2) = 2R, V2(2,2) — o [k + a* ()R, (bh + A1,03 )|

1
2

R? 1 \2 2
+WP+R) [b% <1 +7 H) a' ()07 + 23,6 (P (O + 2KV (2,2)) ] =0
a P

where

Iy = (2%A1tbév(2, 2) + a%) :
The boundary conditions are given by Aor = A7 = Aop = 0 and Vp(2,2) = 0. A\p; and Ay are given
by
Aot =0, Aoy = % [1—erT=n].

A1r and V(2,2) can be solved numerically from the above ODEs.
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E.3 Proof of Theorem 5

Define agent 4’s value function as

a

. . . 1 1 T .
Ji(t, W, ) = E [_R exp [—RQ[WT -3 / k%(t)A;ﬂdt]H .
¢
The agent’s Bellman equation is then given by

. o 1 o .
sup {JRac - Ji+ Jw [1W A+ ag AL + 3 Tww AT Hoby
AL

1 , .
+ Jgia\p\lﬂ + itfr’ (J\I;i\pib\pibgi) + bZQb\I;iJW\I;iA%} =0
The FOC with respect to A yields
TRK (1) Al + Jwaq¥' + Juw Albobl " + bibyi Jyrg: = 0

Conjecture that the agent’s value function J(-) is given by

J:_j;em{—Ra@@ﬂVR+WﬂVUVWHv

with the boundary conditions that a(T) = 1 and V(T) = 0. A% then reduces to

a(t) [ag — 2RabVLV (1)]

Al = HU, H=— —
K(T) + a?(t) Rabibl,

Substituting A% and J(-) into the agent’s Bellman equation, we obtain

vﬂ+9@2pgﬂ>+HT%ﬂ4—ﬁﬂﬁw+agv]+
—%HTH [k + a2(1) Rabgbh | — a(t)Ra [V by b H + HTbgb% V]

~2Rby b VVT + miitr [VTbyibli| =0, (A49)

where m{{ denotes an N x N matrix with the element (1,1) = 1 and all other elements being zero,

and with N being the dimensionality of the vector W,
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