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Problem 1

Model:

yi = x0i� + 
zi + "i

V (ei jxi ; zi) = �2 E (x0z) = 0

Procedure 1 �̂ which is obtained from the estimation of y on x

and z .

Procedure 2 �̃ that is obtained from the regression of y on x .
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Consistency of �̂

How do we obtain �̂?

Use the annihilator matrix

Let

Mz = I� z(z0z)�1z

and obtain:

Mzy = Mz (X� + 
z + ")

What do you obtain?

Mzy = MzX� + 
Mzz︸︷︷︸
=0

+Mz"

Mzy = MzX� + Mz"

then:

�̂ = (X0M 0

zMzX)�1X0M 0

zMzy = (X0MzX)�1X0Mzy
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Consistency of �̂
How do we show consistency?

Yes! �̂
p�! �

The sampling error equals:

�̂ = (X0MzX)�1X0Mzy

= (X0MzX)�1X0Mz (MzX� + Mz")

�̂ � � = (X0MzX)�1X0Mz"

In terms of sums:

X0Mz" = X0[I� z(z0z)�1z]" = X0"� X0z(z0z)�1z0"

=

n∑
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Consistency of �̃

y = X� + v

with v = 
z + ".
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Thus, the sampling error is:
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Is �̃ more e�cient?

We need to show if it has a smaller variance,
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Problem 2

We observe wi = (yi ; xi) are iid, and we want an estimate of

� = E (yi)

We have two moment conditions:

E (g(wi ; �)) = E

(
yi � �

xi

)
= 0

but one parameter, so the model is overidenti�ed.

The GMM estimator of �, solves:

min
�

n

(
1

n

n∑
i=1

g(wi ; �)

)
0

W

(
1

n

n∑
i=1

g(wi ; �)

)
= nḡn(�)0Wḡn(�)
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What is the optimal choice of W?

W = [E (g(wi ; �)g(wi ; �)0)]
�1

= S�1

Let,

E (g(wi ; �)g(wi ; �)0) = E

((
yi � �

xi

)
(yi � � xi)

)
=

(
E (yi � �)2 E ((yi � �)xi)

E ((yi � �)xi) E
(
x2i

) )

Then,

W =

(
�2y �xy
�xy �2x

)
�1

=
1

�x�y � (�xy )2

(
�2x ��xy
��xy �2y

)
But, do you see a problem with W?
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E�cient GMM estimator

Jn(�) = nḡn(�)0Ŵḡn(�)

=
n
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First-order condition:

dJn(�̂)

d�
=

n

�̂x �̂y � (�̂xy )2
[�2�̂2x (ȳ � �̂) + 2�̂xy x̄ ] = 0

Then:

�̂ = ȳ � �̂xy

�̂2x
x̄
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Problem 3

The model,

yi = x0i� + "i

More moment-conditions:

E (g(wi ; �)) = E

(
xi"i
qi"i

)
= 0

than parameters.

We use GMM:

Jn(�) = nḡn(�)0Wḡn(�)
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E�cient GMM estimator
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Ŝ�1

[
1

n

n∑
i=1

wi(yi � x0i�)

]
=n [Z0y � Z0X�]

0
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X0ZŜ�1Z0y



E�cient GMM estimator

Jn(�) =nḡn(�)0Ŵḡn(�)
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