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Procedure 2 B that is obtained from the regression of y on x.
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Consistency of S

How do we obtain B? Use the annihilator matrix
Let
M, =1-2(z'z) 'z

and obtain:
M,y = M, (XB + vz +¢€)

What do you obtain?
M,y = M, XB +v M,z+M.e
~—
=0
sz = /\/IzX/3 + Mzg

then:

B = (X'M.M,X) X' M. M,y = (X' M X)X M,y



Consistency of
How do we show consistency?



Consistency of §
How do we show consistency? Yes! B LN B



Consistency of §
How do we show consistency? Yes! B LN B
The sampling error equals:

B = (X'M,X) XM,y
= (X'M X)X M, (M, XB + M,e)
B—B=(XMX)1XM,e



Consistency of §
How do we show consistency? Yes! B LN B
The sampling error equals:
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Consistency of §
How do we show consistency? Yes! B LN B
The sampling error equals:

B = (X'M,X) XM,y
= (X'M,X)"1X'M(M;XB + M)
B —B=(X'MX) X M,e
In terms of sums:

X'M,e = X'[I - 2(2'2)"'z]e = X'e — X'2(2'2) " '7’e
n n n —1 n
=D _xiei - (Z sz") (Z Z:2> (Z zm)
=1 i=1 i=1 i=1
X'M,X = X[l - 2(z'2)"'z]X = X'X — X'z(2'z) "'2'X

n n n —1 n
DI DL R DIL B DI
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Consistency of S

E X,'Z,'> (
n=«
i=1 i=1
n n
1 1
X | = Xi€i + | = g X;Z;
n -
i=1 i=1
1 n ! P ! 1
s xixi = E (xx] a
1 n P _ 1
o Ei:l X;Z; — E (X,'Z,' = n Z
L=

1 n
7 2z Xi€i
Replacing we have
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Asymptotic distribution of 8

o[t (1) (252) (15|
[l () (50) ()]
VIS xe) & N (0,02E (xx))

Vi(B=B) % [E (xx)] ™ N (0,0%E (x:x1)) = NV (0,07 [E (xxp)] )
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Consistency of f

y=XB+v
with v =yz 4 ¢.
p=(XX)"'X'y
Thus, the sampling error is:
B=XX)X'XB+v)=B—p=XX)Xv

Is the estimator consistent?

1 o 1 o
B—B= (E ZX,‘XC—)flg ZX,‘V,‘
i=1 i=1



Consistency of f

y=XB+v
with v =yz 4 ¢.
B = (X'X)"'X'y
Thus, the sampling error is:
B=(XX)X(XB+v)=F-B= (XXX
Is the estimator consistent?

n n
1 ol
=(= E XiX;) = E X;V;
n 4 n-
=1 i=1

Yes! Because:
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Asymptotic distribution of
V(B —B) = ZXX,) Yvn (i;x,—v,)
vn (;l] gx,v,) LYY (0.E (v,zx,x:-))

We have:
E (v?xix}) = E (V227 + €7 + 2yzie;)x;x))
Using the law of iterated expectations:

E (v?xix}) = E (E (v’ zPxix; + €2x;x; + 2yziex;x}|x;))
= E (Y?E (Z7|%) xiX; + E (7]x;) x;x} + 2YE (zi€i|x;) xix})
— 72 (E () %) + 07 (xx)



Asymptotic distribution of

V(B — B) % [E (xx)] 7" N (0, E (v2xix}))
2 (0, [E (xix)] ! E (vPxx) [E (xo)] )

! 1



Asymptotic distribution of

V(B - B) LN [E (x;x)] "t N (0, E (v?xix}))
% (0, [E ()] E (vPxix)) [E (xxp)] )
Then,

-1 1

[E (xix!))] ™ E (v2xix}) [E (xix})]
=v2 [E (xx{)] " E (E (22]x) xix}) [E (xix)] ™" + 02 [E (xix})]
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Is ,[§ more efficient?

We need to show if it has a smaller variance,
V(B) - V(B)

is positive definite.

V(B) - V(B) = v* [E (xix})] " E (E (221x) xix}) [E (x;x!)]

Yes! this matrix is positive definite.
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Problem 2
We observe w; = (y;, x;) are iid, and we want an estimate of

p=E()

We have two moment conditions:
E(aw ) £ (Y # ) <0
1

but one parameter, so the model is overidentified.
The GMM estimator of u, solves:

mmn( Zg(w, ) W (;Zg(w/,u)> = ngn(p) Wgs(1)
i=1
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Let,

E( (WI /“l’)g(wl =



What is the optimal choice of W?

W = [E (g(w;, p)g(w;, u))] "t = 571

Then,

2 -1 2
W g, Oxy 1 Oy —Oxy
o o2 - 2\ —¢ o2
xy X 0xTy — (Oxy) xy y

But, do you see a problem with W7
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Efficient GMM estimator

First-order condition:
dJn(f) n

du 646, — (G )2 [-263(7 — 3) + 26, %] = 0
xO0y Xy




Efficient GMM estimator

First-order condition:

dJn(/:I,) n AD (= ~ A =
du 5’x6'y - (a'xy)z[ UX(y Iu’) " UXYX] °
Then: ~
_ Oxy_
h=y— =%
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Problem 3

The model,
vi=xB+¢

More moment-conditions:

q;€;

E(aw.8) — £ 37 ) =0

than parameters.
We use GMM:
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What is the optimal choice of W?

W = [E (g(w;, p)g(w;, u))] P =51

X;€j
(3w

Uz( E (xx;) E (a;q}) >

E(aix;) E (a/a)

E (a(w;, w)g(wi, )"



What is the optimal choice of W?

W = [E (g(w;, p)g(w;, u))] P =51

q;€;

Uz( E (xx;) E (a;q}) >

E(axj) £ (aia;)

E (gt watwi u)) = £ (( 297 ) (e ale)

Uy
I
Q

1 n ! 1 n !
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n
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What is the optimal choice of W?

W = [E (g(w;, p)g(w;, u))] P =51

X;Ej
(2 e

E(xx;) E (a;a))

- 02< E(qx) E(aiq) >

E (g(w;, u)g(w;, 1))

1 1
S _ 42 ( §ZZ:1 X;X] ézgﬂ q,d; )
! !
n Zizl q;X; 4 Zi:l q,9;
with,
1 n 1 n R
~AD A2 12
0T = 2 8=, (vi —x;BoLs)



Efficient GMM estimator

In(B) =ngn(1s) Wan(1)

!
1 . ! c—1 1 . !
=n [n ;W,’(y/’ —X;ﬁ)] S n;w,(y, —x;6)
=n[Z'y — Z'XB) 571 [Z'y — Z'XB]
=n [y’ZS‘lz’y + B'X'Z571Z'XB +y'25717'XB

4 ﬁ’x’zé—lz'y}

with Z = (X Q)



Efficient GMM estimator

In(B) =ngn(1s) Wan(1)

!
1 . ! c—1 1 . !
=n [n ;W,’(y/’ —X;ﬁ)] S n;w,(y, —x;6)
=n[Z'y — Z'XB) 571 [Z'y — Z'XB]
=n [y’ZS‘lz’y + B'X'Z571Z'XB +y'25717'XB

+ ﬁ’x’zé—lz'y}
with Z = (X Q)

~ N -1 N
Boum = [x'2871Z'x| " x'28-1Zy
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