
TA session #2ECON 342J. Mar
elo O
hoaJanuary 27, 2009Problem 1. You plan to estimate following panel data model:yit = xit� + "itwith "it = �i + uit . Re-write the model for all T periods as follows:yi = Xi� + "iwhere: yi = (yi1; : : : ; yiT )0; ui = (ui1; : : : ; uiT )0Xi = 






xi1xi2...xiT 





; "i = �i iT + ui ; E ("i"0i) = 
After long meditation you 
on
lude that it is reasonable to assume that:1. E (uit jxi ; �i) = 0 and E (�ixi) = 02. E (x0i
�1xi) = A is nonsingular (has rank K = K1 + � � � +KM)3. (a) E (uiu0i jxi ; �i) = �2uIT , and (b) E (�2i jxi) = �2�a) Obtain the asymptoti
 properties of your RE estimator.b) Your 
olleague suggests that (1), (2) and (3a) hold but (3b) does mightnot. Are your estimates of � still valid?1



Solution. Our assumptions imply:E (�2i ) = E (E (�2i jxi)) = �2� (1)E (u2it) = E (E (u2it jxi ; �i)) = �2u (2)E (uituis) = 0 (3)Thus, the diagonal elements of 
 
ontain:E ("2it) = E ((�i + uit)2) = E (�2i ) + E (u2it)+ 2E (�iuit) = �2u + �2�while the diagonal elements are:E ("it"is) = E ((�i + uit)(�i + uis)) = �2�therefore, 
 = 







�2u + �2� �2� � � � �2��2� . . . 0 ......�2� � � � �2u + �2�








(4)Using, 
̂ p�! 
we have: �̂RE = [ 1N N∑i=1 x0i 
̂�1xi]�1 1N N∑i=1 x0i 
̂�1yi (5)The limiting distribution of the RE estimator is obtained by writing:�̂RE � � = [ 1N N∑i=1 x0i
̂�1xi]�1 1N N∑i=1 x0i
̂�1"ipN(�̂RE � �) = [ 1N N∑i=1 x0i
̂�1xi]�1 1pN N∑i=1 x0i 
̂�1"iUsing the LLN and assumption (2) we have:
[ 1N N∑i=1 x0i 
̂�1xi]�1 p�! A�1

2



and the CLT along with (1)-(3) yields,1pN N∑i=1 x0i 
̂�1"i p�! N(0;H)with,H = E (x0i
�1"i"0i
�1xi) = E (x0i
�1E ("i"0i jxi)
�1xi) = E (x0i
�1xi)whi
h together imply:pN(�̂RE � �) d�!N(0;A�1HA�1
︸ ︷︷ ︸A�1 )=N(0;A�1)When (3b) does not hold we haveE (�2i jxi) = f (xi);therefore, E ("2it) =�2u + f (xi)E ("it"is) =f (xi)In this 
ase,E ("i"0i jxi) = 







�2u + f (xi) f (xi) � � � f (xi)f (xi) . . . 0 ......f (xi) � � � �2u + f (xi)






whi
h does not have the form of 4. The usual RE estimator 5 is still 
onsistentbut the varian
e-
ovarian
e matrix is no longer valid. In this 
ase, the CLTalong with (1)-(3a) yields,1pN N∑i=1 x0i 
̂�1"i p�! N(0;H)where, H = E (x0i
�1"i"0i
�1xi)Then, pN(�̂RE � �) d�! N(0;A�1HA�1) �3



Problem 2. Consider the model from the previous problem. After performinga Hausman test you realize that you should use a �xed e�e
t estimator.a) You de
ide to estimate your model using the di�eren
e estimator to elimi-nate the unobserved e�e
t �i . Under what 
onditions is your estimator
onsistent?b) What is the varian
e-
ovarian
e matrix of your estimator?Solution. Taking di�eren
es we have:yi1 = xi1� + �i + ui1yi2 = xi2� + �i + ui2...yi ;T�1 = xi ;T�1� + �i + ui ;T�1yiT = xiT� + �i + uiT ) �yi2 � yi1 = (xi2 � xi1)� + (ui2 � ui1)...yi ;T�1 � yi ;T�2 = (xi ;T�1 � xi ;T�2)� + (ui ;T�1 � ui ;T�2)yiT � yi ;T�1 = (xiT � xi ;T�1)� + (uiT � ui ;T�1)then the model `looses' t = 1 and for t � 2 we have:�yit = �xit� +�uitSta
king all T � 1 equations we 
an re-write the system of equations as:�yi = �xi� +�uiThe pooled OLS estimator from this model will be 
onsistent if:E (�x0i�ui) = 0Note that, �x0i�ui = (�x0i2;�x0i3; � � � ;�xiT )�






�ui2�ui3...�uiT 




whi
h implies that we need:E (�x0it�uit) = E ((xit � xi ;t�1)(uit � uit�1)) 0; for t = 2; : : : ; Twhi
h will fail if uit is 
orrelated with xit or xi ;t�1, and uit�1 with xit whi
his the same as saying uit is 
orrelated with xi ;t+1. For 
onsisten
y of ourestimator we 
an set our �rst assumption as follows:E (uit jxt�1; xt ; xt+1) = 0; for t = 2; : : : ; T4



A stronger assumption would be to assume strong exogeneity,E (�uit j�x2; � � � ;�xT ) = 0; for t = 2; : : : ; TWith this assumption at hand we have:� = [E (�x0i�xi)]�1�x0i�yiFor [E (�x0i�xi)]�1 = [
∑Tt=2 E (�x0it�xit)]�1 to be well de�ned we needthat it is invertible, thus we 
annot have a non-time varying variable in xi . Toobtain the FE estimator we write:�̂FE = [ 1N N∑i=1 T∑t=2�x0it�xit]�1 1N N∑i=1 T∑t=2�x0it�yitTo obtain the asymptoti
 varian
e-
ovarian
e matrix of this estimator weneed to make some assumptions about uit . We will keep it simple (for now)and assume that the error term is serially un
orrelated and 
onditionally ho-moskedasti
. As usual, re-write the estimator as:pN(�̂FE � �) = [ 1N N∑i=1 T∑t=2�x0it�xit]�1 1pN N∑i=1 T∑t=2�x0it�uitUsing the CLT we know,1pN N∑i=1 T∑t=2�x0it�uit p�! N(0;H)with, H = E (�x0i�ui�u0i�xi) (6)Under our assumptions we 
an develop this further. Noti
e that
 = E (uiu0i)has diagonal elements equal to:E (�u2it) = E (u2it + u2i ;t�1 � 2uitui ;t�1) = 2�2uand non-diagonal elements equal to,E (�uit�ui ;t�j) = { E (�u2i ;t�1) = ��2u; whenj = 1;0; whenj > 15



Then, 
 = �2u 









2 �1 0 � � � 0�1 2 . . .0 . . . . . . �10 �1 2










= �2u�whi
h implies that 6 
an be written as:H = E (�x0i�E (ui�u0i jxi)�xi) = �2uE (�x0i��xi)Finally, we 
on
lude that:pN(�̂FE � �) d�! N(0;A�1HA�1)where, A�1HA�1 = �2u [E (�x0i�xi)]�1 E (�x0i��xi) [E (�x0i�xi)]�1 �

6


