
TA session #4ECON 342J. Mar
elo O
hoaFebruary 10, 2009Problem 1. Consider the following binary 
hoi
e panel data model:y �it = �i + x 0it�0 + "ityit = I [y �it > 0℄for t = 1; 2, and i = 1; : : : ; N. The e
onometri
ian observed yit; xit but not the `individualspe
i�
 e�e
t' �i , nor the disturban
e term "it , whi
h we will assume is independent andidenti
ally distributed a
ross i and t. We assume that ve)i is distributed independently ofxi1; xi2; �i and has a Logisti
 distribution,P("it � x) = 11 + exp[�x ℄ = �(x)The parameter of interest is �0 whi
h we will try to estimate in this question.(a) Evaluate, P(yi1 = 1jyi1 + yi2 = 1; xi1; xi2; �i)How does it depend on �i?(b) Evaluate, P(yi2 = 1jyi1 + yi2 = 1; xi1; xi2; �i)How does it depend on �i?(
) Propose a MLE for �0, only using individuals where (yi1 = 1; yi2 = 0) or (yi1 = 0; yi2 = 1).Solution. Consider an individual that swit
hes states, i.e., yi1 + yi2 = 1. The probability ofbeing at state 1 at t = 1 given she swit
hed in t = 2 equals to,P(yi1 = 1jyi1 + yi2 = 1; xi1; xi2; �i) = P(yi1 = 1; yi1 + yi2 = 1jxi1; xi2; �i)P(yi1 + yi2 = 1jxi1; xi2; �i) (1)1



The denominator in (1) 
an be written as,P(yi1 = 1; yi1 + yi2 = 1jxi1; xi2; �i) =P(yi1 = 1; yi2 = 0jxi1; xi2; �i)=P(y �i1 > 0; y �i2 � 0jxi1; xi2; �i)=P(�i + x 0i1�0 + "i1 > 0; �i + x 0i2�0 + "i2 � 0jxi1; xi2; �i)=P("i1 > ��i � x 0i1�0; "i2 � ��i � x 0i2�0jxi1; xi2; �i)=P("i1 > ��i � x 0i1�0jxi1; xi2; �i)P("i2 � ��i � x 0i2�0jxi1; xi2; �i)= exp[�i + x 0i1�0℄1 + exp[�i + x 0i1�0℄ � 11 + exp[�i + x 0i2�0℄= exp[�i + x 0i1�0℄
(1 + exp[�i + x 0i1�0℄) (1 + exp[�i + x 0i2�0℄)while the denominator is equal to,P(yi1 + yi2 = 1jxi1; xi2; �i) =P(yi1 = 1; yi2 = 0jxi1; xi2; �i) + P(yi1 = 0; yi2 = 1jxi1; xi2; �i)= exp[�i + x 0i1�0℄1 + exp[�i + x 0i1�0℄ � 11 + exp[�i + x 0i2�0℄+ 11 + exp[�i + x 0i1�0℄ � exp[�i + x 0i2�0℄1 + exp[�i + x 0i2�0℄= exp[�i + x 0i1�0℄ + exp[�i + x 0i2�0℄

(1 + exp[�i + x 0i1�0℄) (1 + exp[�i + x 0i2�0℄)Repla
ing these two expressions ba
k into (1) we have:P(yi1 = 1jyi1 + yi2 = 1; xi1; xi2; �i) = exp[�i + x 0i1�0℄exp[�i + x 0i1�0℄ + exp[�i + x 0i2�0℄= �
�

�
�exp[�i ℄ exp[x 0i1�0℄

�
�

�
�exp[�i ℄(exp[x 0i1�0℄ + exp[x 0i2�0℄)= exp[x 0i1�0℄exp[x 0i1�0℄ + exp[x 0i2�0℄= exp[�(xi2 � xi1)0�0℄1 + exp[�(xi2 � xi1)0�0℄ = 1� �[(xi2 � xi1)0�0℄whi
h does not depend on �i . Similarly we 
an show that,P(yi2 = 1jyi1 + yi2 = 1; xi1; xi2; �i) = 11 + exp[�(xi2 � xi1)0�0℄ = �[(xi2 � xi1)0�0℄Therefore, the 
onditional likelihood of observation i is equal to,`i(�) = I[yi1 = 1; yi2 = 0℄� (1� �[(xi2 � xi1)0�0℄) + I[yi1 = 0; yi2 = 1℄� �[(xi2 � xi1)0�0℄2



then, the MLE of � is equal to,�̂ = argmax� N
∑i=1 I[yi1 + yi1 = 1℄`i(�)Interestingly, this problem is nothing more that a 
ross-se
tional logit regression andanalogous to di�eren
ing in the linear 
ase with T = 2! �Problem 2. Consider the Logit model with P(yi = 1jxi) = �(�0 + �1xi), where the s
alarrandom variable xi is binary, taking values of 0 and 1.(a) Show that this model 
an be written as a linear probability model P(yi = 1jxi) = 
0+
1xiand derive 
0 and 
1 as fun
tions of �0 and �1(b) Show that the MLE of 
0 and 
1 is equal to the least squares estimate of yi on xi withinter
ept.
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