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1 Introduction

This paper brie y summarizes a body of work that describes a ombination
of methods that have been found useful in greatly increasinghe speed of
dynamic simulation of complex dynamical systems of very hig dimensions.
These were initially developed with uid-structure intera ction phenomena in
mind for streamlined bodies that are elastically deformingin a owing uid.
However they have also been applied to blu body oscillatiors, the primary
subject of the present paper, as well as to the dynamics of blogical molecules.

In each of these areas of interest, the traditional time marting simula-
tions of spatially discretized models of the uid, elastic dructure, or atoms
comprising a molecule simply take too long for most researcpurposes, not to
mention design and optimization studies. Hence the commontallenge is to
reduce the cost and time of computation. The methods describd here have
been developed to achieve this goal.

For a classical and recent summary of the literature on blu body dynamics
of uid-structure interaction, please see references [1 ]2 For a recent summary
of the nonlinear dynamics of uid-structure interaction (a eroelasticity) for
streamlined bodies, please see references [3,4,5].

2 New Methods of Analysis

There are three methods of analysis that have proven to be higly e ective.
Each of these is well known in the dynamics community and havéeen success-
fully used for many years for dynamical systems of relativel low dimension,
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e.g. fewer than 100 degrees of freedom. The novelty in our wkris to ap-
ply these methods to systems with thousands and even millios of degrees of
freedom [3,4,5].

The rst method is to determine the static equilibria of the system and
then perform a small perturbation (linear) dynamical analysis about each
static equilibria. For a typical uid-structural system, t here is often only one
static equilibrium of interest which simpli es the study. B y contrast, in molec-
ular systems there may be many static equilibria and indeed he dynamic
transition from one static equilibrium to another is a subject of great interest.

This static equilibrium/small dynamic perturbation analy sis is computa-
tionally much faster than a typical nonlinear dynamic analysis and allows
us to answer several important fundamental questions aboutthe nonlinear
dynamical system.

Typically this computation is a thousand times faster than a time marching
nonlinear dynamic simulation.

For example, the dynamic stability of the static equilibriu m may be de-
termined and, if the static equilibrium is unstable, then we know for what
combination of system parameters (e.g. ow speed) a non-tiial nonlinear
dynamic state (limit cycle oscillation, LCO) may exist.

The second method has been developed to determine this nonkar dy-
namic state or LCO while avoiding the time consuming task of @mputing
the transient oscillation that occurs prior to the system reaching a (periodic)
steady state oscillation. In this method, the solution is asumed to be peri-
odic in time although the period for self-excited oscillation is initially unknown
and must be determined as part of the solution. Note however lhat the rst
method will give an excellent approximation of this unknown period.

Given that the solution is periodic in time, then one may expand each time
dependent unknown of the system in a Fourier series in time, &d construct
a system of nonlinear algebraic equations for the Fourier cecients in this
series. For technical reasons (see the references for désgiit may be advisable
to compute the solution in the time domain for a discrete set d times over
one period rather than in the frequency domain. Note that there is a unique
(and linear) transformation between the solutions for a disrete number of
times (2*N + 1) and the Fourier coe cients where N is the numbe r of Fourier
harmonics retained in the Fourier series.

Typically this method is 10 to 100 times faster than a time sinulation.

The third method is to use the small perturbation analysis to determine
the eigenmodes of the system or its components (e.g. the uigystem or the
structural system) and then reconstruct the equations of mdion in terms
of these modes. For very high dimensional systems that are tyical of uid
models (say a million degrees of freedom), determining theigenmodes may
be a formidable task. Thus alternative basis functions to ejenmodes have
been found useful, namely proper orthogonal decompositiofPOD) modes.
See again the references for details as to how these POD modare found.
Su ce it to say here, that they are much more readily found. Mo reover they
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o er a good set of basis functions and are often in fact equivent to or in
some cases superior to eigenmodes.

The use of POD modes is now well established for the small pautbation
dynamical analysis and this speeds up that calculation by a dctor of one
thousand or more.

A current topic of research is how to combine the second and tind meth-
ods for the nonlinear dynamical system analysis. See refanee [6]. Also non-
periodic dynamics may be treated using an extension of the send method
when the motion is composed of multiple incommensurate fregencies by ex-
panding in a Fourier series for each frequency [7,8].

For a related approach to the second method, also see the intesting work
of Jameson et al [9].

3 Application to the Oscillations of a Blu Body
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(a) Computational Grid (b) Total Pressure Contours

Fig. 1. Unsteady Vortex Flow Aft of a Cylinder in Cross ow, Re = 150.

In Fig. 1, we consider the classical case of a cylinder mountetransversely
to an oncoming uid stream. First consider the case of no cylnder motion.
We seek to determine the Reynolds number Re) at which the steady ow
(static equilibrium) becomes dynamically unstable. This is done using the
rst method. Then we seek to determine the nonlinear dynamially state or
LCO at higher Reynolds numbers using the second method. Seeid: 2 for
these results.

In Fig. 2, the oscillating lift amplitude on the cylinder is shown versus
Reynolds number. The onset of the oscillations begins at Reylds number
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Fig. 2. Magnitude of Unsteady Lift as a Function of Reynolds Number.

Re = 47. For lower Reynolds numbers, the lift is zero since thereis not net
lift force acting on the cylinder.

Next let the cylinder be given a prescribed motion of a certan amplitude,
h, and frequency,f . fy is the natural frequency of the uid oscillation in the
absence of cylinder motion as determined from the analysisusnmarized in
Fig. 2. We do not show results forfy here, but our results agree with those
previously found in the literature [10-15]. In Fig. 3, a plot of h=D where D
is the cylinder diameter is made versusfy . It is well known that if fy is
su ciently close to one then, the uid will oscillate with th e same frequency
as the cylinder motion. This is called \lockin". However if t his frequency ratio
is su ciently far from one, then the uid, fy, and structure, f, oscillate with
di erent frequencies. Moreover ash=D becomes larger, the range of frequency
ratio for which lockin occurs increases. Our computationaldata are compared
to some experimental data in Fig. 3 and generally show good agement in
determining the regions of lockin and no lockin.

Finally we place the cylinder on a spring support and allow the cylinder
and uid to interact freely. The cylinder now has its own natu ral frequency and
in a certain Reynolds number range there is a large responsd the cylinder
motion and outside this range the response is very small, ewethough the ow
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Fig. 3. Oscillation Amplitude Versus Ratio of Strouhal Frequency o f Wake to Pre-
scribed Frequency of Cylinder Motion.

itself is oscillating. See Fig. 4 that shows the cylinder amptude, h, normalized
by D, plotted versus Reynolds number. In the range of large motiq, it is
experimentally observed that the cylinder and uid both oscillate with the
same frequency which is near the natural frequency of the ciider. Thus in
our analysis we have assumed that the cylinder and uid both cillate with
the same frequency which is determined by analysis to be neahe cylinder
natural frequency. Our analysis may be extended to the case here the uid
and structure each oscillate at a di erent frequency, but we do not pursue
that here [7,8].

Comparing our computational results to experiments in Fig. 4 we see there
is generally good agreement. Two points are worthy of specianention. First
of all there is narrow range of Reynolds numbers where the coputations nd
two solutions for h=D. However it is found that the smaller h=D branch is
dynamically unstable and thus would not be found in a physicd experiment.
The other point is that our computation gives results for the largest observed
h=D that are smaller than those measured in experiment. This maybe a lim-
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Fig. 4. Oscillating Cylinder Amplitude Versus Reynolds Number.

itation of the analysis, but it also may be due to inevitable three-dimensional
ow e ects in what was designed to be a two-dimensional expeiment. The
authors wish to thank Professor J. M. R. Graham of Imperial Cdlege for
suggesting the latter possibility.

A more extensive discussion of these results is contained ineferences
[10,11]. The experimental data are taken from the discussio of Williamson et
al [12] and Anagnostopoulos et al [13].For relevant work usig time marching
methods see Karniadakis et al [14,15].

4 Concluding Remarks

Three methods have been used for the linear and nonlinear dyamical analy-
sis of very high dimensional systems and these have proven nee ective in
speeding up the computation while maintaining the same accrtacy as more
traditional solution methods. In the present paper, two of these methods have
been used for the computation of the transverse ow around anoscillating
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cylinder and have been shown to give results in reasonable egpment with
experiment. Other applications have been made as well and ardiscussed in
the literature.

Unsteady aerodynamic forces on oscillating blu bodies hae been de-
scribed by a variety of mathematical models ranging from emjrical models
which describe the aerodynamic force itself as an (Van der Rp oscillator
to much more complex computational models based upon the Naer-Stokes
equations [1]. The former are relatively easy to solve in colrination with an
appropriate structural model for the blu body, but the latt er require very
substantial computer resources and computational times. Vpically the latter
uid-structural model is solved by discretizing the Navier -Stokes (partial dif-
ferential) equations in the spatial variables and solving he resulting ordinary
di erential equations in time by a time marching algorithm. The long com-
putational times required are a consequence of the large nuber of resulting
ordinary di erential equations (on the order of a million or so) describing the
ow variables at various spatial points in the ow and also th e long transient
oscillations in time that occur before the steady state (limit cycle) oscillation
of interest is reached.

In the last few years the present authors have pursued a new &dion ap-
proach which avoids the calculation of the transient oscilation in time and
determines the steady state oscillation directly by computng the solution at
a (small) number of discrete times over only one period of thesteady state
oscillation [2-8]. This method is discussed in the present gper and several
examples of its use in uid-structural interaction of the o w around an oscil-
lating blu body are given. The blu body chosen as an exampleis the circular
cylinder in cross- ow, although the method has also been us successfully
for blades in turbomachinery at high angles of attack [5,7] vinich exhibit the
same basic vortex shedding phenomena as are encountered tbe cylinder.
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