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Abstract

To develop numerical schemes for aeroacoustics,
numerical techniques based upon the upwind leapfrog
method have been devised and tested on some model
problems. Fourth-order variations of the upwind leapfrog
scheme are studied and methods for applying these
schemes to equations with source terms and non-constant
coefficients are developed. Additionally, extensions of
these upwind leapfrog ideas to the multi-dimensional ad-
vection equation and the acoustic system of equations in
stationary and uniform flows are studied.

1 Introduction

Propagation of linear or weakly nonlinear waves,
over distances comprising many wavelengths, is emerging
as a challenging computational problem in several sci-
entific disciplines, including electro-magnetics, elastody-
namics, and aeroacoustics. The feasibility of such com-
putations is largely governed by a parameter N identify-
ing the number of grid points that must be used to re-
solve each wavelength without incurring unacceptable er-
rors. The cost of computing any given three-dimensional
phenomenon is proportional to the fourth power of N.
Within the realm of finite-difference methods, many dif-
ferent approaches to reducing N are being studied. Com-
pact methods [1], optimized finite difference [2], [3] and
spectral methods [4] are all viable options.

In a paper presented to the 1993 ATAA CFD meet-
ing [5] we explored the possibility of reducing N from the
values around 30 that typify conventional CFD methods
to values around 5-6, by employing generalized leapfrog
methods [6, 7] on these problems. These are methods
that employ three or more time levels in their stencil,
and are constructed to be time-reversible, and hence free
from dissipation, but biased in space to propagate char-
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acteristic information in preferential directions. For one-
dimensional wave propagation from left to right, typical
stencils are shown in Figure 1 where the second figure
represents the method which is biased in the “upwind”

sense. Either scheme may be constructed by fitting a

(a) Standard Leapfrog

(b) Upwind Leapfrog

Figure 1: Second-Order Leapfrog Techniques

second-order polynomial to the data at uy, us, and ug
and then interpolating to —aAt to yield the update uy.
For propagation from right to left, this upwind stencil
is mirror-imaged, and for propagation in both directions
both upwind stencils are required. We developed second-
and fourth-order versions in one dimension, together with
a second-order version capable of being used in higher
dimensions for the special case of a stationary medium,
as in pure acoustics. The key to this multi-dimensional
version was the use of a staggered mesh, allowing dis-
crete bi-characteristic equations to be written that are
not over-determined. This paper will describe subsequent
development of these ideas.

1.1 Governing Equations

To place our efforts in context, we first set out the
governing equations that we would like ultimately to be
able to solve. Under the approximation that the primi-
tive variables of density p, velocity components u;, and
pressure p are comprised of mean flow (po(2;), uo;(2s),
and pg(z;)) and transient portions (p(x;,1), 4;(x;,t), and



p(z;,1)), the following linearization is made

p(xi,t) = po(wi) + ep(xi, t)
ui(mi, t) = UQZ(I‘Z) + 61]2'(1‘2', t)
p(xi,t) = po(xi) + ep(s, 1)

Since ¢ is very small (O(1075) for sound waves), the lin-
earized aeroacoustic equations that govern mass, momen-
tum and energy for the transient variables may be ex-
pressed as

dp N ap n O, _Opo _Oug;
_r U —— = —U;— —
ot 01 Ox; po Ox; Ox; p Ox;
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where we have defined the acoustic entropy s as
~_ ~ PO~ _ - 2=
S=Ep——pP=p—aop
Po

and ag(z;) is the local sound speed.

When there are no gradients in any of the mean flow
quantities, the energy-entropy equation may be used to
replace density in the continuity equation with pressure.
In this situation, the system of equations is reduced by
one, and the problem becomes one of pure acoustics, even
though there may a (uniform) mean flow.

However, when there are gradients in the mean flow,
the problem is then one of aeroacoustics. The energy-
entropy equation is an advective-like equation, whereas
the combination of the continuity and momentum equa-
tions describe both the transport of vorticity and the
propagation of acoustic waves; they are both advective
and wave-like in nature. In order to treat the full aeroa-
coustics equations, we need to be able to devise schemes
which can treat both advective and wave-like phenomena.
Furthermore, we need to be able to do this for equations
with non-constant coefficients and source terms.

1.2 OQutline of Paper

We first note some new studies on the simple ad-
vection equation
uy + auy = 0.

We add to the schemes described in [5] a scheme in which
the stencil is extended in time, and a ‘Hermitian’ scheme
that treats the solution gradients as independent quan-
tities to be transported. Both of these schemes are re-
markably accurate, being able to maintain one percent
accuracy or better with between 3 and 5 points per wave-
length. This defines the standard of accuracy to which
we aspire.

Generalizing the problem to include a source term
creates the first problem, and we show that the apparently
natural extension of the schemes can be unstable. There

is, however, a fairly simple fix. Allowing the problem
to have a propagation speed and a source strength that
both depend on z introduces further kinds of instabilities.
These can be removed by ensuring that the equivalent
equation of the scheme does not contain any anti-diffusive
terms.

Then we discuss the application of these ideas to
experiments in one dimension to calculate the acoustic
effects of a sound source placed at the exit of a converging-
diverging nozzle. We were interested to follow such cal-
culations over very long periods of time, such that sig-
nificant asymmetry of the acoustic wave envelope would
develop from the weak reflections of waves from the area
changes. The method as reported in [5] would eventu-
ally break down after long enough integration times, but
the problem has been diagnosed, and simple modifica-
tions based on the scalar analysis have allowed both the
second- and fourth-order methods to be run for several
thousand time-steps with no sign of instability or accu-
mulated error.

We turn then to multidimensional problems, begin-
ning with the simplest case of scalar advection. One of
the most promising approaches seems to be extending the
stencils in both space and time, creating fully-discrete
methods that are time-reversible and fourth-order accu-
rate in nonuniform velocity fields. We demonstrate re-
sults for the classical test problem of a ‘Gaussian hill’ in
solid-body rotation.

We report a fourth-order scheme for pure acoustics,
and a second-order scheme for acoustics in the presence
of a mean flow.

2 Fourth-Order Upwind Leapfrog
Schemes for Scalar Advection

In the following, we present some methods for get-
ting higher-order accuracy for scalar advection based on
the upwind leapfrog technique. If we continue to con-
sider the schemes for advection as interpolation routines,
there are several options for gaining higher order accu-
racy. Since we demand zero dissipation from our schemes,
their stencils must still maintain the property of time re-
versibility or symmetry. To get fourth-order accuracy,
two additional pieces of data are necessary to fit a unique
fourth-order polynomial. The two extra pieces of data
may be obtained in one of three different ways. First we
may stretch the stencil out in space. This is shown in
figure 2a. Another way of achieving higher accuracy is
to stretch the stencil in time. By keeping the data from
the n — 2 time level one can devise another fourth scheme
based on the stencil in figure 2b. Finally by updating
and carrying the slopes as new variables (the Hermitian
approach) one can devise a fourth order scheme based
on the stencils in figure 2c. Even higher accuracy can of
course be gained by combining these strategies.

The scheme corresponding to the extension of the
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Figure 2: Fourth-Order Upwind Leapfrog Techniques for
Scalar Advection

stencil in space is

£ = N DY
v (v— 1)6(21/ -1 (U?+1 B U?_z) (1)

and the scheme corresponding to the extension of the
stencil in time is

Jv—-1, e
T (uf —up)

Bv—-1Q2v-1) (U’P—l B un_l) .

v+1

When the Hermitian technique is employed, a to-
tal of six pieces of data are available for the polynomial
interpolation ( u}, u?_,, u?__ll, Ugpl, Ugi 1, ux?__ll). Us-
ing all six pieces of data yields a fifth order scheme for
scalar advection. However, the resulting scheme is un-
stable, containing singular terms proportional to »~! and
(1 — v)~! A non-dissipative fourth-order scheme results

from ignoring u, " when predicting u' ™', and ignoring

ulr}+1 _

(2)

u?__ll when predicting um’-H'l. The scheme is, abbreviating
uz Az by s,
wit = (=) (27— 2w - 1) (0 — )
— v =) (=1 (P +s) +ul (3)
S?H = —12v(v-1) (U? - “?—1)

+ (602 —6v+1) (s} + s q) —siT (4)

Error |E|=1%
Scheme | Order || v =0.25 | v =20.75
Leapfrog gnd 25 17
Upwind Leapfrog ond 11 6
Space Extended 4th 4.7 3.6
Time Extended | 4th 2.1 2.0 (v = 0.4)
Hermitian 4th 2.7 2.1
Table 1: Cells-per-Wavelength Requirements Using the

Leapfrog Schemes for Scalar Advection

For each of these schemes along with the second-
order standard and upwind leapfrog schemes, Figure 3
shows the phase speed error as a function of both N and
v, and Table 1 the N required for each scheme to be
within one percent accuracy.

Here, we have defined this phase speed error F as

E%:(ﬁ—”—l) x 100

e

where ¢., and ¢, represent the exact and numerical phase
speeds respectively.

As can be seen from the figure, the fourth-order
versions all do a much better job then their second-order
relatives. In particular, the time-extended scheme shows
phenomenonal accuracy with only a little over two points
per wavelength required to maintain at most one percent
The Hermitian scheme has some nice properties
in that a Courant number up to one may be used, and
the compact stencil makes the scheme accurate and ro-
bust at boundaries. The cost, however, 1s that double the
memory must be used.

€rror.

3 Scalar Advection with a Source
Term

In this section, we look at methods for using the
upwind leapfrog for scalar advection with a source term

uy + augy +bu =0

Straightforward application of the second-order upwind
leapfrog scheme on a uniform grid leads to the scheme
u?_tll - u?_l = (1= 2v)(ulyy —ul) — bAH(u] 1 +u})
Since this is a three-level scheme, it has two families of
solutions. As usual, one family simulates the differen-
tial problem, while the other is spurious. Without any
source term, both solutions are neutrally stable. Thus, if
there is no strong mechanism for introducing the spuri-
ous solution, it will remain small compared with the true
solution. With the source term, and the above discretiza-
tion, 1t is easy to show that the amplification factors G,
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Figure 3: Phase Speed Characteristics for Various Second
and Fourth-Order Leapfrog Techniques to Scalar Advec-
tion

of the true solution, and G of the spurious solution sat-
isfy G;Gs = 1. Thus, whenever the true solution should
be decreasing (b > 0, G; < 1), the spurious solution will
grow. Even though the spurious solution may only be
generated by rounding error, it will, in time, overwhelm
the true solution.

In this simple case the problem can be nicely over-
come by introducing the transformation

—bt

u=-ce ‘v = v + avy = 0

Applying the upwind leapfrog method to update v, and
then expressing the result in terms of u, leads to the fol-

lowing algorithm
ebAt n+1

Ujt1

—bAt n—1 __
e ui” = (1

= 2v)(ujq —u}).

By construction, we now have G, = Gy = e~ ?2* and the
spurious solution never grows at the expense of the true
one.

(b) Weighted Legs Technique

(a) Simple Source Term

Figure 4: Two Different Variations of the Upwind
Leapfrog Technique for the Spherical Wave Equation
(Az=1,1=2000, v = At/Ar = 0.75)

A formal generalization of this is possible by inter-
preting u as a vector, and a,b as matrices, with e=?4% a
matrix exponential. This generalization was successfully
implemented for the nozzle problem, but it is an expen-
sive procedure. A much more practical alternative is to
abandon the idea that both amplification factors be ex-
act, but to retain the condition that they be equal. This
leads to replacing the factors e*?2? by their first-order

expansions 1 + bAt. This gives a scheme with

1+ sAt At 3
s = = e $ At .
¢ Gy V 1 — sAt ¢+ O(AL)

The next question is whether this local analysis pro-
vides a valid scheme for problems with non-constant co-
efficients; to test this we have calculated solutions to the
problem

u
ut+uf‘+_:07
T

which represents spherically symmetric outgoing waves.
Its general solution is

Jir=1)

r

U=

We impose sinusoidal boundary conditions at r = 5 and
compute the solution in a domain 5 < r < 300. With
the original version of the scheme, an instability sets in
after a few hundred time-steps (Figure 4), and although
its amplitude never becomes catastrophic, the solution is
very poor in the region r > 100. With the simplified mod-
ification, we can run the code on a larger domain, and the
solution reaches an asymptotic state after about 500 time-
steps. We've tested the scheme another 13,000 iterations
and the solution envelope shows no further changes.

One way to summarize this result is that in the
presence of source terms the scheme should NOT be re-
versible. In particular, the time derivative needs to be
evaluated by some weighted combination of the two time
differences. In the simplified scheme above, this combi-
nation would be

(it — ) |1 (u} — i)

|
(14 bAt 1 — bAt
(1 +bA) =0 5 )" Ay



4 Non-Constant Coefficients and
Source Term

In this section, we construct upwind leapfrog
schemes applied to scalar advection with non-constant
coefficients for both the advection and source terms.

urta(@)uy+b(z)u=0

There are a multitude of ways in which to discretize the
non-constant coefficients. For example, in using the up-
wind leapfrog scheme, we could choose the wavespeed a at
x; or x;_1 which we will denote as a; or a;_1. But clearly
an average of the two (a; 4+ a;—1) /2 is what is required
to achieve second-order accuracy. As for the source term,
we treat it in the same manner as was described in the
last section by weighting each of the time legs and then
adding (b; + b;—1) (u;‘ + u?_l) /4. This defines the basic
second-order scheme.

To create a higher-order method, we first determine
the modified equation for this second-order scheme. We
obtain

_flu + .fZUx + fBUxx + f4ux1717

u; + augy + bu 1242 Ax?
+0(Az")
where
fi = 21/3('21)3 — by, — aazby) + 3a001/2(axbx + abyy)
fo = 21/2(3ab2 —aay? — d’agy — 3a2bx)
+3acov(3aby + aagy + ag’ — bz) — 3byaes>
fs = —3az(—6e +va)(2va—ac)
fa = —a(—aw +va)(2va—ac)
Here a, is a reference wave speed used to define the
Courant number v = acAt/Az. There are no third-

order error terms, so that a fourth-order scheme can be
obtained by subtracting a numerical estimate of the lead-
ing error. For example, at the centroid of the stencil,

0 = %JFO(M?)
a; — aj—1 9
e = ——V— A
a AL + O(Az?)
Q41 — G — @j—1 + G2 2
Apy = + O(Az”
AL (Az7)
e — aiy1 — 3a; + 3a;-1 — a;_2 +O(A?),

Azx3

with similar expressions for the derivatives of . Because
the errors already contain a factor (Az)? the estimates
need only be, as above, second order.

We demonstrate the resulting scheme on the prob-

lem
Uy

2 + cos(2mz)

with initial condition

up + + sin(27z)u = 0.

u(z,0) = sin(27z)
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Figure 5: Model Problem Time Evolution

This equation unfortunately does not have an exact
solution; however, a numerical solution that repeats with
period 2.0 can be determined using a root finding tech-
nique. By using this with an extremely small tolerance,
we can essentially get an exact solution. Figure 5 shows
the exact solution at steps of a quarter of a cycle over
the course of one period. As can be seen, the change in
wavespeed and the effect of the source term cause the sine
wave to become quite modified in shape over the course
of a cycle.

Figure 6 shows the results of various finite-difference
schemes applied to the model problem at ¢ = 99, halfway
through the fiftieth cycle. We choose this time since
the objective of our schemes is to be able to move data
on the order of 10 to 100 wavelengths, and further-
more, any errors look most noticeable at mid-cycle. In
each case, a mesh of 50 cells and a Courant number of
Vv = ascAt/Az = 1/4 has been used. All of the three
time-level schemes use the two time-level Lax-Wendroff
scheme for their initial steps. In the figure, the solid and
dashed lines represents the exact solution and numerical
solutions respectively.

Figure 6a shows the rather poor results for the Lax-
Wendroff scheme. In this version of the Lax-Wendroff
scheme, the source term was simply added as b;u} to the
standard Lax-Wendroff scheme for scalar advection. The
results show that the scheme appears to be going unsta-
ble. Better results may be obtained by a better treatment
of the source term. Next, Figure 6b shows the results of
the standard leapfrog scheme. Again, for this tested form
of the standard leapfrog scheme, the source term was ex-



plicitly added as b;u}. Although the solution appears
to be stable, there is a large quantity of high frequency
noise. The solution was evolved for several hundred more
wavelengths, yet never went unstable.

Figures 6¢,d show results for upwind leapfrog
scheme and the weighted time leg version of the upwind
leapfrog scheme. Although, there appear to be no differ-
ences in the solutions, an examination of the L, norms
of the solutions proves otherwise. The weighted time leg
version produces slightly better results. Both schemes
are stable, yet it can be seen that the dispersion error has
become quite significant.

Finally, Figures 6e,f show the results for the fourth-
order space extended upwind leapfrog schemes. In Fig-
ure 6Ge, the space extended fourth-order version of the
upwind leapfrog scheme (equation 1 has been used with
the wave speed simply treated as @ = (a; + a;—1)/2 and
source term added as bu = [(b; + b;—1)(ul + ul_{)]/4.
As can be seen, this is an improvement over the upwind
leapfrog and weighted upwind leapfrog schemes; however,
this scheme does not account for the terms arising from
variations in a, b and is still formally only second-order.
Figure 6f finally shows how the formally fourth order tech-
nique developed above, handles this problem very well.

5 The Aeroacoustic Nozzle Prob-
lem

In this section, we address how to apply the up-
wind concepts studied so far to the aeroacoustic nozzle
problem. The method that we reported in [5] eventually
breaks down after a few hundred timesteps due to the
manner in which we treated the source terms. The use
of different weights for each time leg has effectively cured
this problem.

Beginning with the linearized governing equations
for mass, momentum and entropy for a varying area noz-
zle flow

u; + Auy = Du

where (we have left off the ™ over the transient variables)

2
p U, poa, 0
u=| u A= 1/p, u, 0
s 0 0 U,
and
YUo —(li 0
poa? u?
D= 1 i 1
= Pog poaZ Poltlo  poal
Uo(1-7) 0 Uy
poaz poa?

we may create a stable upwind leapfrog scheme as follows.
First, multiplying the system by left eigenvectors of A
leads to the characteristic form of the equations

W, + AW, =SW

2.0 — 2.0

(c) Upwind Leapfrog (d) Weighted Upwind Leapfrog

(e) Near Fourth Order

(f) Fourth Order

Figure 6: Various Finite-Difference Techniques for Model
Problem (t = 99, aoo = 1/2, v = aco At/Az = 1/4)

where
P+ polott Uy +a, 0 0
W= | p—poaou A= 0 U, —a, 0
s 0 0 U,
'yui+aou§+a§uo—ai 'yu2+aou§—a§uo+ai 1
2poazu? 2poazu? Polo
S =p, wui—aoui—aiuo—ai 'yui—aou§+aiuo+ai —1
T 2poa2u? 2poau? Pols
Uo(l—y uogl—'y Uy
2p,a2 2pa? Poa?

Next, by introducing the transformation

W=V =  V,+AV,=0

we can generate a “weighted” time leg version of the up-
wind leapfrog scheme for the system of equations. If
0 < ug < ag then the discretization is

PyWili+ = QuWi 5 = (1= 2v)(WAl? = Waliy)



Poi Wi |24 = Qo Wil = (1+ 2v)(Wal? — Wal?yy)
P Wi [P+ — Qa;Wil75 = (1= 2ws)(Wslf — Wali,)

where
[P]=1—SAt ~ ¢S4

[Q] = 1 + SAt x 541

and v; = A;At/Az. The matrices [P] and [@Q)] associated
with the (u, + a,) and u, waves are evaluated at 7 — %
and at ¢ + % for the (u, — a,) wave

To maintain a given noise level at the nozzle exit,
the pressure is prescribed as p, + esinwt. At each time
step, the solution i1s updated by considering the Riemann
problem for all pairs of consecutive grid points. Because
of weak reflections from the area changes, the final grid
interval usually contains an outgoing wave that gives rise
to changes at the last grid point. Thus we impose, at this
last grid point, a pressure change Ap sufficient to bring
the new pressure to the desired level along with a velocity
change Au = —Ap/p,a,. Because ug — ag is small near
the throat (M; = 0.86), we used a nonuniform grid with
refinement close to the throat.

Using this technique, we are able to compute stable
pressure envelopes for various mesh sizes (M) as shown
in Figure 7a. The problem specification is as in [5].
These envelopes are found to remain stable even after
many thousands of time integrations. Applying the tech-
niques as described in the non-constant coefficient sec-
tion, we have developed a fourth-order, and in this case,
a time extended scheme which offers even better results
as shown in Figure 7b. Using this fourth-order method,
we are able to converge rapidly to the asymptotic enve-
lope. Most features of aeroacoustics are present in this
problem, even though confined to one dimension. The
exception is that flow in a transonic throat is essentially
nonlinear. Currently we are developing a uniformly-valid
description of transonic acoustic waves, to avoid having
to solve the full nonlinear equations in near-sonic regions.

6 Multi-dimensional Scalar Ad-
vection

The remainder of the paper is devoted to multidi-
mensional aspects. In this section, we look at higher-order
upwind leapfrog scheme to handle two-dimensional scalar
advection with non-constant coefficients.

s + a(z, y)ug + b(z,y)uy =0

To begin with, we will look at the case where a and b are
constants, such that the advection direction is given by

a = arctan(a/b)

Depending upon the advection direction, we might choose
one of the four upwind leapfrog stencils shown in Fig-
ure 8. Figure 9a,b, show the dissipation and phase errors
of this scheme. The solid, dashed, and thin dashed lines

0.0 0.2 0.4 0.6 0.8 1.0

(a) Second Order

0.0 0.2 0.4 0.6 0.8 1.0

(b) Fourth Order

Figure 7: Comparison of Second and Fourth Order Up-
wind Leapfrog Schemes for the Aeroacoustic Nozzle

South
Figure 8: The Upwind Leapfrog Scheme for Two Dimen-
sional Advection

represent trends in the cases of 4, 8, and 16 cells-per-
wavelength. However, the stencil of the scheme changes
abruptly when the advection direction bisects the coor-
dinates. To avoid this we may consider blending the
schemes.



(c) Amplitude Error Weighted (d) Phase Speed Error Weighted

Figure 9: Amplitude and Phase Speed Errors for the
Single and Weighted Upwind Leapfrog Scheme for the
Two Dimensional Scalar Advection Equation (v; = vy, =

0.25)

If we let the capital letters N, S, F/, and W denote
the directions North, South, East, and West respectively,
w represent weighting, and s denote scheme or stencil,
then the net update may be expressed as the sum of up-
dates from each of the stencils

()

net scheme = wysy + wsss + wgsg + wwsw
One way of choosing a weighting is
0<a<lT
7<a<?2m
—7/2<a<7/2
7/2< a<37/2

wg = sin2(a), wy =0
wg =0, wy = sin2(a)
ww = 0, wg = cos?(a)
wy = cos?(a), wg =0

This leads to a slightly dissipative scheme as is shown
in Figure 9c. However, we do not experience a discon-
tinuity of slope in the phase error. The blending of two
dissipation-free schemes, each with phase error O(h?) can
be shown to yield a scheme with the same order of phase
error, but with dissipation @(h?"). The scheme will be
stable if the weights are both positive. This technique for
creating ‘almost non-dissipative schemes’ appears to be
very useful.

To create schemes of fourth-order accuracy, we have
again followed the path of subtracting from the second-
order schemes numerical estimates of the errors revealed
by the equivalent equation. Use of symbolic manipulation
was very neccessary to achieving this. We were not suc-
cessful in creating a time-extended scheme in this way;

(a) Scheme 1

[ X

12

L

(b) Scheme 2

Figure 10: Quasi-Compact Time Extended Fourth-Order
Upwind Leapfrog

apparently the spatial stencil must be large enough to
support a steady scheme of the desired accuracy. This
requirement is trivial in one dimension, but imposes lim-
itations in higher dimensions. Purely spatial extension of
the three-level schemes led to large stencils that would
create problems at boundaries. We compromised by cre-
ating four-level schemes that are also somewhat extended
in space, using the stencils shown in Fig.10. With the
orientations as shown, the schemes are
Scheme 1

Cti(up —ur + w1 — ur) + Cta(ur — ug + us — ui1)
+Cxy(uy — ug + u1g — u11) + Cwa(us — ug + ug — ug)
+Cy1(us — ug + u1s — u14) + Cy2(us — uy + ugs — u13)
+Cd[(u1 — uz + uz — ug + ug — 10 + Uy — Uy1)

—(us —u7r +u2 —u14)] =0



where

Cti = vp+1, Cty=bv,—-1, Cd=vzy,

Cr; = 41/§ — 2, — vy +

Cry = 21@ + 22Uy + vy — 1y

Cyr = vy(dve —vy+ 1), Cys = vy Qug + vy — 1)
Scheme 2

Cti(up — us + u1s — ur) + Cta(ug — u11 + us — u12)
+Cx1(u; — ug + ur2 — u14) + Cxa(uz — us + urg — u12)
+Cz3(ur — ug + w15 — u1s) + Cyr(u1 — uz + u13 — u14)

+Cya(us — ug + ug — u1g) + Cys(usz — ug + 11 —ug2) =0

where
Ctl = Yy + 1, CtQ = 5I/y -1
Czy = (—81/§ + vy — 6rgpry)/8
Crys = (8v2— vy —6v,1y)/8
Crs = 1bygu,/2
Cy; = (Vﬁ—?l/xuy —|—1/x—|—1/5—1/y)/16
Cys (1/5 — vy + 2vvy + I/i —v;)/16
Cys = (471/5—1/§—|—1/y)/8

The stencils for these schemes appear to be the most
compact possible, in that the conditions for fourth-order
accuracy cannot be met with fewer points.

We have blended these two schemes together, since
they are accurate at different propagation directions.
Scheme 1 will be used when the advection direction is
close to x-direction (@ < 40°) and Scheme 2 used for
the advection direction close to y-direction (a > 50°). A
blend is used when 40° < o < 50°.

Unew = r(a)u; + (1 —r(a))us

This again introduces a slight dissipation proportional
to d¢?, where d¢ is the phase difference of two up-
dated scalars. For either 4-level quasi-compact scheme,
phase error is less than 0.1% with 4 grids per wavelength.
Therefore, both d¢ and the dissipation are very small.
For example, if d¢ is 0.001, the dissipation will be 1076,

To test the scheme, the following equation, repre-
senting solid-body rotation was considered

Uy + yugy — zuy = 0.

This equation advects the initial distribution (a Guassian
hill) along circles centered at the origin of the coordinates.
Figure 11 shows the results of simulating the above equa-
tion with 4-level quasi-compact scheme on a 40 x 40 grid.
The variation of advection speed was not considered and
the scheme is only second order accurate. At t= &, the
distribution starts to distort and after ¢ = 2x, the error
increases rapidly.

To achieve fourth order accuracy, the scheme was
modified slightly as in Section 4, leading to the results

Figure 11: Second-Order Upwind Leapfrog Applied to
Circular Advection of a Gaussian Hill.

shown in Figure 12. The modified scheme does not
change the initial distribution shape or generate any dis-
turbance. Because of the blending there is very slight
dissipation and the peak amplitude of the disturbance
decreases steadily by 1.5% over the course of six revolu-

tions, which is consistent with the estimate given above.

7 Schemes for Acoustics in Sta-
tionary and Uniform Flows

In this section we look at some extensions of the
higher-order upwind leapfrog schemes to the equations
that govern acoustics in stationary or uniform flows.
With given mean flow parameters (ug, vg, po, po), these
equations are

Pt + uopz + vopy + poag(ux +vy)
Uz + oz + vouy + (1/p0)ps
vt + Uy + vovy + (1/po)py

Multiplying these equations respectively by
1, poag cos o, ppagsin, and adding, gives
characteristic form of the equations,

the bi-
(0 + (uo + ao cos @)dy + (vo + agsina)dy) x
x(p + poagu cos o + pgagv sin «)
= po ag(cos ady —sinad;)(vcosa — usin a)

In our previous paper we devised a scheme for dealing
with the case ug = vg = 0 and were able to create a
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Figure 12: Fourth-Order Upwind Leapfrog Applied to

Circular Advection of a Gaussian Hill.

compact, physically motivated scheme by implementing
a strategy of staggered storage. In Figure 13¢ we show
the stencil used in [5, 7] to compute the pure acoustic
problem, with open circles denoting the points where p, u
are stored, and black circles the points where ¢, v (q is an
extra pressure variable) are stored. The illustrated stencil
is used to discretize the wave moving in the direction a =
0. The advantage of this staggered storage lies in the fact
that we can easily discretize only those bi-characteristics
for which the propagation direction is along a coordinate
line. Thus, the two z-direction bi-characteristics, defined
by @ = 0,w, are available to update two unknowns at
each cell boundary where z is constant. Similar use can
be made of the directions @ = 7/2, 37 /2 at the boundaries

where y 1s constant.
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7.1 Dispersion Analysis

Given periodic data of the form

p P 6t oz 8
r.1) = U (= i Y
S i T exp[ <At Az Ay)]

the acoustic equations, within a uniform stream, will have
the following exact phase speed ¢, relations

be = { —Myv 0,

where My = ug/ag and M, = vg/aq are the coordinate
Mach numbers, and vy = agAt/Az and v, = agAt/Ay
are the coordinate Courant numbers. The first quantity
represents the exact phase speed for a vorticity wave, and
the second two quantities represent exact phase speeds for
acoustic modes. We again define F as the phase error as

9n ) % 100

o
where ¢, is the numerical phase error. In all the tests
to follow, we will consider a uniform mesh, so v, = v, =
v, and we will choose this Courant number to be 0.25.
Usually it is possible to choose the Courant number larger
than this, and that would improve the accuracy.

—Myvy 0, — Myv,0,
- Myv, 6, + 0, 20,2 + Hyzl/yz

5% = (

7.2 Schemes for Acoustics in Stationary Flow

We start off by examining some upwind leapfrog
schemes which are applicable only for stationary acoustics
(My = M, = 0). Figure 13 shows calculated phase speed
errors via Fourier/von Neumann analysis along with the
computational stencils for the standard, staggered, and
upwind leapfrog scheme. In each figure, the Fourier an-
gles 6, and 6, are related to the number of cells-per-
wavelength N and the wavefront direction « via the fol-
lowing relations

2

0, = ﬁﬂ- cos(a)
2

6, = WT sin(a)

In each plot, we have plotted the wave direction « be-
tween 0 and 90 degrees. This was done since each of the
schemes has identical properties in each quadrant on a
uniform mesh. Finally, we choose 4, 8, 16 for the values
of N to give an indication of order of accuracy trends.
Figure 13a shows the results for the standard
leapfrog scheme. Although, very easy to construct, com-
pared to the second-order schemes that are devised on a
staggered mesh, its results are rather poor on these coarse
meshes. Figure 13b shows the properties of a simple stag-
gered leapfrog technique. This is the standard (Yee [8])
scheme used in electromagnetic simulations. Advantage
is taken of the limited way that the unknowns are coupled
so that only one variable is stored at each location on the
mesh. Here we have drawn the stencil that would be used



to update the pressure. As can be seen there is a signif-
icant improvement over the standard leapfrog technique,
however, some of the drawbacks of this scheme are that
it has a Courant number limitation of 1/(2v/2) ~ 0.35,
there are difficulties in using the scheme at computational
boundaries, and the storage strategy ceases to be appli-
cable when there is a mean flow present.

Finally, Figure 13c illustrates the properties of the
upwind leapfrog scheme for stationary acoustics. The
stencil in the figure represents the update for the bi-
characteristic in the positive x direction. This the scheme
that we presented in [5], but at that time we did not
have the dispersion analysis available. This scheme has
some nice properties in that 1t may be used at a com-
putational boundary, and it works for a Courant number
up to 0.5. Furthermore, its phase error is very symmet-
ric about the zero phase error line, and it thus has the
interesting property of having zero phase speed error for
wave front angles of approximately & = 25° and 65° for
the case v, = v, = 0.25.

Figure 14 shows two methods that are based on the
the Fourth-order upwind leapfrog techniques for scalar
advection. In the time extended version, we have kept
the stencil width to one cell which still enables us to use
the scheme at computational boundaries. The scheme
possesses fourth-order phase speed properties when a
wave front is aligned with the mesh, however, it becomes
second-order when the wave direction is oblique to the
mesh. Nevertheless, it represents a big improvement over
the original second-order scheme.

Figure 14b illustrates a fully fourth-order technique
which we derived using the same techniques as were used
to create the fourth-order scheme for non-constant coef-
ficient scalar advection. Here, we stretched the stencil in
space to obtain suitable finite difference representations
to all the terms in the modified equation truncation error
of the second-order upwind leapfrog scheme. These were
subsequently subtracted from the upwind leapfrog dis-
cretization to obtain the resulting fourth-order method.
As can be seen, the phase speed properties of this scheme
are extremely good, yet there are difficulties in using this
stencil at computational boundaries. This is why we do
not yet have successful numerical experiments to report.

7.3 Schemes for Acoustics in Non-stationary
Flows

The standard leapfrog scheme (but not the stag-
gered version) may be used for non-stationary acous-
tics without any modification to its stencil since ev-
ery dependent variable is stored at each mesh point.
However, for the upwind leapfrog scheme, we must ex-
pand the bi-characteristic stencil in the lateral direc-
tion in order to come up with discretizations for lat-
eral gradients (e.g. wu,, and p, for the positive z bi-
characteristic). We also found that the scheme was un-
stable at high wavenumbers if v, was approximated as

11

(v?_1/27j+1/2 — v?_1/27j_1/2)/Ay. We found that using

vy = (Vg page = Vio1ya,j_s/2)/(3AY) stabilizes the
scheme.
In Figure 15 an underlying uniform flow with

M = 1/3 is aligned at an angle of 45 degrees to the
mesh, and we examine how mesh refinement effects the
performance of the schemes. As can be seen, the upwind
leapfrog scheme once again provides lower phase error and
this error tends to be very symmetric about the zero er-
ror level. Then we use a very coarse mesh to examine
the efffects of Mach number (Figure 16). The upwind
leapfrog scheme again shows much better phase speed
properties, yet appears to have greater difficulty as the
Mach number starts to increase. Perhaps we are not yet
being sufficiently faithful to the physics of the problem,
in which only the irrotational component of the velocity
field participates in the acoustic waves.

8 Conclusions

In a continuing effort to develop efficient schemes
for aeroacoustics that are based upon the upwind leapfrog
scheme, we have looked at some of the main issues that
need to be resolved in order to achieve this goal. These are
higher accuracy, especially in the presence of source terms
and variable wave speeds, and the extension to higher
dimensions.

By either extending the upwind leapfrog stencil in
space or time, or by updating the derivative of the de-
pendent variable, one can derive fourth- order accurate
methods. Each of these techniques is still neutrally sta-
ble, and has excellent phase properties. We have been
able to make both the space and time-extended methods
into the basis of more general algorithms. The Hermitian
technique is harder to analyse, and as yet we do not have
its multidimensional implementation.

Since the upwind leapfrog scheme is neutrally sta-
ble, one must be careful with the manner in which the
source term is treated. If the source term is simply added
to the discretization, instability can result. An easy fix
to this problem is to weight the time legs of the stencil in
an appropriate manner. Once this is accomplished, the
even ordered derivative terms in the modified equation
are eliminated and stability is once again achieved.

When dealing with the scalar advection equation
with non-constant coefficients and source terms, one can
create higher-order upwind leapfrog schemes by appro-
priately removing the higher-order gradient terms from
the modified equation. Starting from the scheme that
we developed for constant coefficient advection with a
source term, we can create a fully fourth-order scheme
which generates much better results than any compet-
ing second-order scheme to a simple model problem. We
were able to obtain excellent results for acoustic waves in
a subcritical nozzle by applying these ideas.

In two dimensions we have had some success with
pure advection and with pure wave propagation. When



modelling a pure advection problem, we found that us-
ing a staggered mesh extended in space and time with
a blending function to merge the updates from the co-
ordinate aligned upwind leapfrog stencils provides a nice
method. In this case the overall scheme becomes very
slightly dissipative.

When modeling multi-dimensional wave-like phe-
nomena, like acoustics, we found that by forming upwind
leapfrog like discretizations to the coordinate aligned
bi-characteristic equations, we can derive very efficient
schemes. In addition to having better phase speed proper-
ties than the standard leapfrog scheme, the second-order
upwind leapfrog scheme for stationary acoustics has the
added feature that it may be used easily at computational
boundaries. A time extended and fully fourth-order space
extended technique offers even better results.

The case of non-stationary acoustics is much more
difficult. So far, we have be able to derive only one up-
wind leapfrog scheme which is based on the stationary
second order scheme. However, it still maintains much
better phase speed properties than the standard leapfrog
scheme. Our current work is directed toward obtaining
a better synthesis of our results for the component prob-
lems.
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