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In order to understand the development of the calculus, it is first necessary to remove from the mind the clear, or depending on the mind, perhaps a not so clear picture of this branch of mathematics as it is taught and understood today.  Calculus was not built upon the same sequence that a contemporary student is exposed to when it is first introduced.  In fact, the history of mathematics as a whole does not present itself in the same order as many children are taught: arithmetic and basic geometry leading to algebra and trigonometry and finally to calculus.  Rather, the calculus, in a way, has been present throughout; its beginnings can be traced back to the time of antiquity.  The discovery of the fundamental properties of calculus and the generalization of the most basic techniques occurred much later, in the seventeenth century.  Strangely enough, the foundations of calculus, or rather, the formalization of the ideas that make it work, could not be laid until later, when it was looked upon in a whole new light.  This brief summary will attempt to address the question that begs an answer: “Why would anyone build the foundation last, and doesn’t that make for an odd looking building?”

The historical foundations of calculus are deeply rooted in the problems it was initially invented to solve.  Along with the development of geometry came the challenge of calculating areas, volumes, arclengths of figures or curves, and also, to find the tangent to a point on that figure.  The solutions of these problems require an answer to a problem that presented itself in a number of different ways all through the development of calculus from 500 years before the Common Era up until the 20th century.  The question was first posed as whether a quantity should be thought of as divisible into an infinitesimal number of infinitesimally small parts, or as an enormous but finite number of extremely small parts.  One of the first replies to this question was related to a very famous problem: given a circle, can one find a square that has the same area?  It is said that Antiphon the Sophist hypothesized that if one continued to double the number of sides of a polygon inscribed within the circle, eventually, the polygon would have the same area as the circle.  It was known, at the time, that one could find a square with area equal to that of any polygon, so it would then be possible to find a square with area equal to the circle.  While this idea was not popularly supported due to the argument that the circle has an infinite number of sides and one could never reach the point where the area of the polygon equaled that of the circle, it did set the stage for the appearance of the famous method of exhaustion, generally attributed to Eudoxus in the 4 century BC.
  This method states that given some quantity, if one repeatedly removes at least half of that quantity, they can eventually get any arbitrarily small amount.  This method of exhaustion has many applications, including proving the formula for the area of a circle, and that the volume of a pyramid is 1/3 that of a prism, and calculating the area of a segment of a parabola
.  As helpful as the method was in the construction of proofs, it could only be used to prove formulas that were already known, and was not valuable as a tool for discovery.  While it was known that Archimedes proved a number of formulas in this manner, the way in which he discovered his formulas was not known until a copy of one his manuscripts was discovered in the 20th century.  His method of discovery, analogous to integration, has been called the method of equilibrium.  Using this method to calculate a volume of a certain figure involved cutting a solid into very thin slices of which one could calculate the approximate volume, and comparing these to slices of figures with known volumes until an equality was found.  Archimedes used the analogy of comparing the moments of these slices on a balance, so that the distance from the point of balance could be varied as well.  While Archimedes clearly valued this method, he realized the logical weaknesses involved, and used the method of exhaustion to prove the correctness of his results.
 

Archimedes’ work proved to be the plateau that the history of the development of calculus in Western Europe rested on for some 17 centuries, especially from a mathematically rigorous point of view.  While Kepler used similar methods in calculating the area of segments of an ellipse, he was interested in using these methods as a tool, rather than a method of proof.
  These ideas reemerged when an Italian by the name of Bonaventura Cavalieri presented an idea similar to Archimedes’ during the 17th century.  His method utilized the idea that, if 2 three dimensional figures are situated between two planes, and the areas of the cross sections of the two figures are equal on every plane that lies between and parallel to the two planes, then the volumes of the two solids are equal.  This “method of indivisibles” was later used by a variety of mathematicians to find the area under a variety of trigonometric and power functions.
  

During the time that Cavalieri was developing his methods, two Frenchman were independently discovering a powerful new way of looking at geometry.  René Descartes, in his work, La géométrie, described a new analytical geometry that forwarded the ancient Greek ideas by perceiving the idea of 
[image: image1.wmf]2

x

 not only as the area of a square with side 
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 From this, one can draw lines of length 
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, and the idea of plotting points that satisfy a certain relation follows.  For if one marks off a starting point on a line 
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[image: image7.wmf]y
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.  La géométrie also included a section on the classification of curves, and a unique description of how to construct tangents.  Despite the common belief one easily gleans from a standard secondary education, Descartes work did not include a clear explanation or diagram of the xy-coordinate system where the lines representing the axis intersect perpendicularly at the origin.

The field of mathematics was certainly thriving in France during the beginning of the 17th century, as Pierre de Fermat was also making advancements towards what is now modern analytical geometry.  In a paper published after his death in 1665, called Isogage ad locus planos et solido, Fermat gives the equation for a “general straight line”, a circle, and discusses other conics.  Fermat’s method of beginning with an equation and working towards finding the points that describe it allowed for the discovery of a number of new curves.
  

Fermat also developed a way of calculating a relative maximum or minimum of a function, which is analogous to differentiation.  He noticed that as a curve approaches a relative maximum or minimum, the amount of increment of the function approached zero.  At values close to the maximum, the equality 
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is almost true, so Fermat would set the two equal to each other, let 
[image: image11.wmf]e

 be zero, and find the roots of the resulting equation.  This method works for problems such as finding the maximum product of two parts of a whole, and can be shown to be the same as finding the extrema of a formula by differentiating and finding values where the derivative is zero.
    

Shortly after these Frenchman began to develop the field of analytic geometry, two British mathematicians were setting the stage for the climax of our history of the calculus.  John Wallis, in 1656, published Arithmetica infinitorum, which summed up the methods of Descartes and Cavalieri, and also analyzed the idea of the curves and degrees of exponents.  He asserted that the conic sections were curves with second-degree exponents, and he also characterized the properties of non-positive and non-integer exponents.  Wallis also worked extensively with the problem of finding areas under curves; most notable is his attempt to find the value of 
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 by finding the area under one quadrant of a circle with radius 1. 

Meanwhile, at Cambridge, Isaac Barrow was developing the idea of the “differential triangle” which was used to find the tangents of curves.  If one were trying to find the tangent line to a curve at a given point P using the differential triangle (similar to that which is used in today’s calculus textbooks), they would note the fact that at a point Q, very close to P, the line connecting P and Q is very nearly the tangent line.  

[image: image13.wmf]Q

R

a

P

N

M

e

T

Y

X

O


Figure 1: Barrow’s differential triangle as printed in An Introduction to the History of Mathematics, by Howard Eves

As can be seen in the figure, then, if the triangle was infinitely small, triangles PTM and PQR are in fact similar, so 
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.  Setting PR equal to a and QR equal to e, we can then find the equation of the tangent line:
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If we then note that if 
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, and substitute these values into the equation of the curve, one can find the value of 
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.  For simplicity’s sake, this will be demonstrated for the equation of a circle, 
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.  First, we substitute the coordinates for the point Q into the equation, and expand the binomials.
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Then, since 
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 and 
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 are infinitely small, we can assume 
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 to be negligible, and remembering that 
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, the equation can be reduced to
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In addition to introducing the differential triangle, Barrow was possibly the first to recognize the relationship between integration and differentiation, pointing to the fundamental theorem of calculus which is discussed to in his most notable publication, Lectiones opticae et geometricae.  As great as his accomplishments were, Barrow is probably best known for his work in training Isaac Newton, and for quickly recognizing that the genius in his pupil, finally “abdicating” the Lucasian chair or Mathematics at Cambridge in favor of Newton at the age of 39.


Isaac Newton began attending Trinity College in Cambridge at the age of 18, in 1661, and was introduced to the classics in mathematical literature of the time: Euclid’s Elements, Descartes’ Geoemetrie, and Wallis’ Arithmetica infinitorum to name a few.  Through studying these books and others from Wallis’ library, and listening to Wallis’ lectures on motion and time, Newton gained an interest in infinite series, which played a large role in Newton’s formalization of the calculus.
  Around the year 1664, Newton discovered the binomial theorem, using the method of interpolation that Wallis relied heavily upon.  Newton first considered the areas under curves with equations of the form 
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, noting that Wallis had found that the areas under every other one, starting with 
[image: image28.wmf]0

=

x

were 


[image: image29.wmf]...

5

1

3

2

,

3

1

,

5

3

3

x

x

x

x

x

x

+

-

-

.


Using interpolation, Newton found that the areas of the “in-between” values could be represented using infinite series. Most notably, he found that the area under a circular curve, 
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He then noted the infinite series representing 
[image: image32.wmf]2

1

2

)

1

(

x

-

 could be found using interpolation.  In fact, the results looked the same as the terms found by interpolation of the areas, excluding the denominator and reducing the degree of x by one (which today we would recognize as the power rule of differentiation).  In this roundabout way, Newton discovered the theorem for expansion of a binomial.   He was able to check his results for the series representing 
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 by multiplying the infinite series by itself, thereby obtaining 
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.  The idea of multiplying two infinite series together to get a simple binomial seemed to impress Newton, so he tried to find the same result by an arithmetic process used in that day and encountered success.
  This led Newton to the conclusion that one could operate with infinite series in a similar manner to the way one operates with finite polynomials.
  It also opened the door to the possibility of finding the area of curves through term-by-term integration.  


  This binomial theorem proved very handy in developing a method for finding the tangents of a curve.  Newton introduced the variable 
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 as a negligible interval of time, and states that if  
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 represent the variances of the quantities 
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 would be the slope of the tangent at that point in time.  The value for that ratio could be found using the binomial expansion.  To find this ratio for the curve 
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 into the equation, and perform the binomial expansion on the right side of the equation.  Then, if one divides by 
[image: image44.wmf]o

 on both sides of the equation, and realizes that any terms still containing 
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would either cancel or be negligible, one obtains the result 
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Newton described these quantities x and y as “fluents” or, changing quantities, and he referred to the rates of change of these quantities, (
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 and 
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 in the above example, and what would today be called
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 and 
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) as “fluxions”.  In later writings, Newton decided upon a differing notation, substituting 
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Using his method of differentiation, Newton realized that in order to obtain the formula for the fluent, one would simply need to perform the inverse operation on the formula for the fluxion.  For instance, in the above example, given that the ratio of the fluxion of 
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 to the fluxion of 
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 could be found by multiplying by 
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 and dividing by 
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, one could calculate the value of 
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 from this ratio by multiplying by 
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 and dividing by the resulting power of 
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.  It followed that in order to find the area under a curve, one would simply perform the inverse differentiation operation again.  Newton proved this using a geometric argument, similar to the following.  From our above example, we have a curve 
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 EMBED Equation.3  [image: image65.wmf].  If the quantity 
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 is increased by an infinitesimally small quantity 
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, then the resulting area, 
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Then, after expanding 
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Realizing that 
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 , those terms can be cancelled out, and then, after dividing by 
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 and canceling any terms that contain the infinitesimally small 
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 , we are left with 
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Newton, aware of the logical flaw in considering the infinitesimally small 
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 quantity and later considering the same quantity negligible to the point of non-existence, eventually decided upon a different explanation involving prime and ultimate ratios.  A look at this description is valuable, but to make reading easier, modern language will be substituted for Newton’s language of fluxion and fluent.  In figure 2, we see a reproduction of a figure from Newton’s De Quadratura, 
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Figure 2: Description of the Prime Ratio, from Newton’s De Quadratura
Newton explained the prime ratio using the argument that the ratio of the instantaneous rate of the changes of ABC to ABDG is equal to the ratio of BC to BD because line BCD moves horizontally at a constant rate.  (At any instant, the rate of change of the area of a triangle as x increases is equal to its height; likewise, the amount of area that a rectangle is gaining as x increases is equal to its height…).  

He then argued that the rates of changes of the area are almost equal to the amount that the area increased over a given time 
[image: image78.wmf]BbdD

BCcb

, and that it is equal to the ratio of these areas when they first come into existence, which would be the original ratio of 
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.  He then designated this special ratio, 
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 , the prime ratio.  

In this manner, Newton argues that if you draw line VCH tangent to the curve at point C, the sides CE and ET of triangle CET define the prime ratio of the rate of change in the y direction to the rate of change in the x direction 
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, which can then be found using the similarity between CET and VBC.

In Newton’s effort to remove the idea of infinitesimals, he invented the idea of the prime and ultimate ratios (the existence of which is assumed using a similar argument).  A question, however, remains in the idea that a ratio between the areas of two polygons exists before the polygon is created from the movement of a line segment.  For if the polygons do exist, then the ratio between the areas of the two is necessarily not equal to the prime ratio.  The correction of this slight flaw will be addressed, after a summary of the discoveries of one who independently, but during the same period of time, also discovered the concepts at the calculus.

Gottfried Leibniz was well learned in a broad variety of subjects, including theology, law, philosophy, and mathematics, but after receiving his doctorate, went into diplomatic service which afforded him the opportunity to visit much of Europe, and to engage with a number of scholars of the time.  He met Christian Huygens in Paris in 1972, who referred him to Pascal’s work in mathematics; it is also known that he was in London in 1673, and bought a copy of Barrow’s Lectiones geometricae.

Descriptions of Leibniz’s invention of the calculus usually begin with his solution to a problem posed by Huygens, whereby one was to find the sum of the series of the reciprocals of the triangle numbers, or: 
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, and found that summing a series of differences often ends in success due to the cancellation of terms, in this case, being 
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  The general residue of an idea that remained ingrained in Leibniz’ thoughts was that the concept of the cancellation of terms due to the taking of differences and the summing of series was due to the two operations being inverses to some degree.  The next logical step, that seems so obvious to one having studied the basic ideas of calculus but took quite a creative leap at that time, was to realize the essential relationship described by the calculus.  Being familiar with the idea that the tangent of a curve relied on finding the ratios of the differences in the x and y values of two points on a curve, and that integration to find the area under a curve dealt with summing the tiny slices that make up the curve, Leibniz guessed that there must be some sort of inverse connection. This synthesis was most likely due to his familiarity with the “characteristic” triangle that Pascal used to describe the area under a sine curve, and that Barrow used to find the area of a curve.  Leibniz used this curve, along with Newton’s binomial theorem, to find series for 
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, which led to his realization of how integration and differentiation could be applied to all types of rational and irrational functions.
  It is this ability to generalize these tools, and Leibniz’s synthesis of a technique to apply these tools to problems of many different types, that constitute the claim that Leibniz, after, but independently from Newton, invented the calculus.  Leibniz legacy is apparent in the notation that we used today.  The terms calculus differentialis, calculatorius integralis
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, along with the use of the elongated s, that stands for summa, to represent integration as in 
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A remark about the differences between the calculus developed by Leibniz and the methods of fluxions described by Newton will shed some light on the subsequent developments.  In regards to a continuous curve, Leibniz described 
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 to be an infinitesimally small increment in the series of values that represent the x value, or abcissa, while
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 was said to be the difference in the corresponding y-values.  The fact that they were both infinitesimally small meant that the ratio between the two, 
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, was worthy of consideration, but that either one was negligible compared to the actual values of 
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 could be ignored.
  Newton, on the other hand, attempted to describe his method using ratios representing fluxions, being wary of the argument of an infinitesimally small quantity.  Also, Newton’s perception of the relation between integration followed from his description of the fluent and the fluxion, while Leibniz related the two using an analogy with the summation of differences in series. The other main difference in the two is most evident in the notation and accompanying explanations published by both men.  While Newton’s notation is a bit awkward, and his explanations take a bit of sifting through, Leibniz’s descriptions and notations are a bit more intuitive, despite the fact that they are terse and his definition of the differential is consistent among his articles (Leibniz predicted criticism over the idea of infinitesimally small differentials).  One could argue however, that a bias is inevitable, due to our familiarity with the notation.


It is at this point in the history of calculus that we can begin to view our subject as consisting on two different time lines, a fact due to the controversy surrounding the priority of invention of the calculus.  Although Leibniz published his methods first, he was accused of plagiarism shortly before the turn of the 18th century, on the presumption that he took his methods from a series of letters from Newton.  The result of the dispute was the isolation of British mathematics from mainland Europe, and a polarization between Newtonian and Leibnizian calculus.  It is the mainland timeline that we will follow with now, as the development of the calculus stagnated in Britain due to the isolation and a lack of able stewards.
  


Leibniz’s main successors were two brothers from a family whose name pops up quite frequently upon perusal of texts involving the history of mathematics: Jakob (Jacques) and Johann (Jean) Bernouilli.  Jakob, the eldest, a professor of Mathematics in Basel, studied works published by Wallis, Barrow, and especially Leibniz.  He engaged in discussion on the subject of the calculus with both his brother, and Leibniz himself, until he added his own contributions, publishing in the same Acta Eruditorum Lipsiensium in which Leibniz had first published his methods.
   Jakob’s articles largely had to do with solving the problems relevant to the math of the day, using Leibniz’s powerful new method.  He also became very interested in infinite series, especially with problems dealing with the convergence and divergence of a variety of series.  Through these articles, and others published by Leibniz himself, the idea of the calculus spread throughout Europe.  The methods could hardly be learned from these articles, though, and the void concerning the lack of a proper textbook was to be filled indirectly by Jakob’s younger brother, Johann.  


Johann was trained as a doctor, but along with his brother, became quite interested in mathematics, especially Leibniz’s methods of the calculus.  After writing two short textbooks on the subject that were not published at the time, he traveled to Paris, and there so greatly impressed the Marquis de L’Hospital with his ability to calculate the curvature of a variety of curves that the Marquis paid him to be a private tutor in the methods of integration and differentiation.  The written supplements to these lessons was saved, and using his newfound comprehension, L’Hopital set about to write the Analyse des Infiniment petits, the first well-known text book on differential calculus.
  The Analyse is unique in its treatment of the differential as infinitesimally small additions or deductions from the value of a variable; conversely, it is in agreement with Leibniz’s description in that it does not include the idea of functions or limits.
  In the text, L’Hopital attempts to establish a set of postulates upon which the methods can be based, including the first postulate, which contains a logical contradiction that will be discussed in our examination of the contemporary criticisms of the methods of the calculus:

Postulate 1. Grant that two quantities, whose difference is an infinitely small quantity, may be taken (or used) indifferently for each other: or (which is the same thing) that a quantity, which is increased or decreased only by an infinitely smaller quantity, may be considered as remaining the same.

Meanwhile, Johann Bernouilli published a number of articles solving problems using Leibniz’s methods, took over his brother’s position as professor of Mathematics at Basel, and is credited with being the most influential publicist for the calculus in mainland Europe.  

As word of the utility of these new methods spread, it was at first met with little criticism.  There were skeptics, like Bernard Neiuwentijt, who were critical of Leibniz’s use of differentials of differentials of a degree higher than one and Newton’s use of so called “evanescent” quantities, or quantities at the initial state of being.
  In fact, in the years following the turn of the 18th century, there was a debate amongst scholars in the French Académie de Sciences with complaints raised mostly by Michel Rolle, who was eventually convinced of the method’s validity.  It was not until 1734 that the calculus truly came under fire; Bishop George Berkeley leveled an attack on the foundations of the calculus in order to make a point that the fundamental doctrines of the Christian faith were no less capable of being defended those of mathematics and the “sciences”.
  Berkeley’s criticism is found in his work entitled The Analyst; or, a Discourse Addressed to an Infidel Mathematician.  Wherein It is Examined Whether the Object Principles, and Inferences of the Modern Analysis are More Distinctly Conceived, or More Evidently Deduced, than Religious Mysteries and Points of Faith.  Berkeley’s main argument was with the use of high order fluxions (and differentials), but he does not exclude first order fluxions from his denunciation.  

“… the Imagination… is very much strained and puzzle to frame clear Ideas of the least Particles of time, or the least Increments generated therein: and much more so to comprehend the Moments, or those Increments of the flowing Quantities in statu nascenti, in their very first origin or beginning to exist, before they become finite particles.”

Berkeley went on to further criticize the idea of finding the rates of change of these quantities, and especially the second and third order “velocities.”  He then finds fault in the idea of the dual characteristics of Newton’s small increment 
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, which is first divided and so assumed to not be zero, but then assumed to be zero when terms containing the quantity are cancelled.  He does not, however, deny the validity of the results, stating that it was more or less coincidence, in a most memorable passage:

“If you had committed only one error, you would not have come at a true Solution of the Problem.  But by virtue of a twofold mistake you arrive, though not at Science, yet at Truth.  For Science it cannot be called, when you proceed blindfold, and arrive at the Truth not knowing how or by what means.”

This attack prompted defenses from a variety of mathematicians who had become familiar with the subject, both in England where Berkeley’s voiced his criticisms, and on the mainland.  

A friend of Newton and French ex-patriot, Abraham De Moivre spent most of his adult life in England, and became interested in applying the calculus to problems of probability.  His main contributions include the probability integral 
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 (Eves, 358).   Of more significance to the matter at hand though, were the contributions of Colin MacLaurin.  MacLaurin, in his 1742 publication Treatise of Fluxions, attempted to strengthen the ideas at the heart of Newton’s fluxions by perceiving them as instantaneous velocities, which he thought would be more intuitive.  He also attempted to reinforce the foundations with a rigor with a style reminiscent of the ancient geometers including many proofs based on the method of exhaustion.  The result was an infrequently read textbook with few advancements, a notable exception being the integral test to determine whether a series converges or diverges.


On the mainland, the 18th century can be thought of as the “age of Euler”, as it was Leonhard Euler who towered over his contemporaries by demonstrating his ability in virtually all known branches of mathematics.  He is said to top the list of the most prolific writers in the history of mathematics, and a considerable amount of many of his publications involved the use of integration and differentiation.  In fact, it was Euler’s writings on infinite series in Introductio in analysin infinitorum that established the branch of mathematics called analysis, with the calculus playing an integral part.  In this treatise, he secured its use as a tool in infinite analysis, a concept that will became important as those who followed attempted to establish a higher level of rigor within the field.  Euler is especially known for throwing caution to the wind in his dealings with divergent series, and for solving many problems involving infinite series using algebraic methods that had only been proved valid in the finite case. His influence is evident in the many remnants of his choices for notation that were made popular and still in use today: e, i,
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, 
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, and f(x) to name a few.
  His response to Berkeley’s comments can be found in a textbook on differentials, where he argues that while infinitesimally small quantities cannot exist and must equal zero, there can still be a ratio of two zeros, that can equal any given quantity.

One of Euler’s contemporaries, and the leading French Mathematician of the day, Jean Le Rond d’Alembert, also weighed in on how to answer the question of why calculus worked.  He championed the idea of finding the “limits of the ratios of finite differences of two variables”, stating that there can be no middle ground between the existence and non-existence of a quantity.  He argued that the differential notation was not a complete description, but more of a shorthand that has validity only as that, and must be defended using this idea of the limit.  D’Alembert defined the limit as the quantity that a variable could get nearer to than any other, without ever actually achieving that quantity.
  While the concept of the limit did, in fact, provide the framework upon which the foundations of calculus could be based, d’Alembert’s definition describing the limit of a variable still raises questions about whether or not the limit could be reached.  If we assume that a variable varies continuously through its domain, how can the variable not reach a limit if it has a different value on the other side?
  From our contemporary perspective, we can see that the issue can be solved with the usage instead of the limit of a function dependent on independent variables.  The use of the function by Euler was one step in the process, and was supplemented by the work of Joseph Louis Lagrange.  While history grants Euler the title of the most prolific and influential scholar of the day, it is Lagrange who is known to be the ablest mathematician of the 18th century.

LaGrange, applying the ideas of functions, asserted that for every value of the domain of any function, a power series could be written for 
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This, LaGrange claimed, allowed one to define the first derivative of a function as the coefficient of the power series, rather than using infinitesimal quantities.  This argument was not logically sound, however, due to the question of the convergence of the series, which again directs one back to questions of infinitesimally small quantities.
  


It was, indeed, the function that allowed for a proper description of the “so called” metaphysics of calculus.  The term function, used first by Leibniz to describe characteristics of a curve that varied along the curve itself and by Johann Bernoulli to describe formulas for curves with one variable, was certainly not well defined by the time Euler established its necessity in the description of the workings of calculus.  Euler himself viewed the function as a loose concept, pertaining to the analytical expression involving algebraic operations and transcendental functions, as well as variables representing any characteristic of a curve that varies with some other variable that might not allow for an analytical expression.  Despite Euler’s vagueness, the 18th century view of a function certainly did not allow for discontinuous functions or those that cannot be differentiated.
  


In 1816, a mathematician by the name of Augustine Louis Cauchy, following in the footsteps of Laplace, was appointed professor at the famous École Polytechnique in France.  In his writing, Cauchy favored the Lagrangian rigor rather than the freewheeling style of Euler; this preference was one that  would revolutionize the basic design of the foundations of calculus.  Applying d’Alembert’s idea of the limit, Cauchy defined the infinitesimal as a variable quantity whose value “decreases indefinitely in such a way as to converge toward the limit zero
.  He then defined the limit as a value that a variable approaches such that it can get arbitrarily close to that quantity.  Next, he carefully defined a function using both of these terms.


Suppose that the function f(x) is single valued and finite for all values of x within two given limits, then if the difference 
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 is always infinitely small between these limits, we say that 
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 is a continuous function of the variable x between the limits in question.
 

Once these definitions are established, it was then possible to define the derivative as it is today,
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which Cauchy did.  His definitions do include the ideas of infinitely small differences quantities, but given the context, these can be rephrased in terms of limits to be in agreement with the language used in today’s elementary calculus textbooks.  Also, his taking the derivative as a function following the definition above avoided the problems mentioned earlier associated with the “continuity” of variables over a given domain.
  Regarding integration, Cauchy again returned to the idea of the limit, defining the definite integral as the limit, S, such that
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as the intervals between successive values for 
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 goes to zero (and 
[image: image110.wmf]n

 goes to infinity).
  Finally, as the two operations are not related as inverses inherently by their definitions, it was necessary for Cauchy to prove that fact, which he did using the mean value theorem that states that for some function 
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 that is continuous over the closed interval between a and b, and differentiable over the open interval between a and b, then there will be some value for x such that the derivative that point is equal to the slope of the line connecting the points (a, f(a)) and (b, f(b)).  Using this theorem in the symbolic form
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it follows that 
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 can be represented as some function, 
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, and the increase in that function as x is increased by one of Cauchy’s infinitesimals can be represented as
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Again applying the mean value theorem, we can show that
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Dividing both sides by 
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 and taking the limit as 
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, we are left with the fundamental theorem of calculus, and necessarily,
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It is at this point in the history that we must call attention to a remarkable coincidence.  All the time, while Cauchy was writing his 3 textbooks that firmed the foundations of calculus in France (and also Prague while he was in exile due for political reasons), a Czech priest named Bernhard Bolzano was working away at developing the same methods in the isolation of Prague.  While the two lived in the same city for a time, it is not documented that they ever met.  Unfortunately, despite his advancements, Bolzano’s name and accomplishments gained little attention.  In fact, it seems now that Bolzano had found the solutions to a number of problems that Cauchy left unsolved.  For instance, he had discovered a continuous function that could not be derived at any point on its domain. Also, the internal convergence test, whereby one can determine a series’ convergence by establishing whether or not the values of the sums of successively longer series converged toward zero was known to Bolzano before Cauchy had discovered it.  While it seems a bit unfair that Cauchy gets most of the credit, it was his influence that led mathematicians towards a more careful approach when dealing with the convergence or divergence of a series.


It was the spirit of rigor in Cauchy’s textbooks that both describes, and contributed to, the atmosphere of the time.  While samples of the work created in such an atmosphere abound, it is fitting to next discuss the work of Joseph Fourier, who, after winning a French Académie prize for an essay on heat with a touch of criticism from the esteemed referees for a loose logical argument, spent some ten years attempting to sure his reasoning before publishing.  His work includes the highly celebrated Fourier series, a summation of a series of cosine functions and sine functions which can be written to represent any function.  The benefit of this series over the Taylor series is the possibility of writing a series for functions that are not continuous or completely differentiable.  Fourier’s attempt at rigor was still faced with degree of skepticism.  In an attempt to prove its validity, Cauchy developed what he thought was a proof of its convergence.  This proof was invalidated, though, by Lejeune Dirichlet, who subsequently conceived of the appropriate conditions for the series’ convergence.


An even greater testament to the “spirit” of the day is to look at the work of one who criticized Cauchy’s work, for his lack of clarity in respect to the integral.  Bernhard Riemann, while attempting to loosen the necessary restrictions for convergence of a Fourier series stated by Dirichlet, went one step further than Balzono, finding a function that was discontinuous at every point, but could still be integrated.  It is from these roots that the present day definition of a definite integral in elementary calculus, or the Riemann integral, was created.  This new definition allowed for the calculation of the area under any variety of bounded functions, for instance, a piecewise-continuous function, which Cauchy’s definition of an integral did not allow for.

The time had come for the definition of a function, and even that of a real number, to be pushed even further.  A group of German mathematicians, including Karl Weierstrass and J.W.R. Dedekind continued the work that had been deemed necessary and initiatiated by Bolzano, whose call had not been widely heard.  Weierstrass also discovered a continuous nondifferentiable function and was given credit for the first discovery of such a function, despite Bolzano’s earlier accomplishment of the feat.
 The next clarifications that were attempted by Weierstrass were new definitions of rational and irrational numbers that were not dependent on limits or geometrical ideas.  This was necessary in order to correct for the circular logic used by Cauchy in defining the limit of a series as a rational number and a rational number as the limit of a series.  While his definition involving defining an irrational number as the sequence of a series rather than the limit is valid, it is the definition proposed by Dedekind that is more widely used and known today as the “Dedekind cut”.  Dedekind defined an irrational number as the only number that can cut the rational numbers into two classes so that every member of the first class is less than every number of the second class, and vice versa for a rational number.  For example, 
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 separates all rational numbers that are either negative or whose squares are less than 2 from the rational numbers whose squares are greater than 2.  In this way, rational and irrational numbers are both defined in purely arithmetic terms, freeing rational numbers from the circular logic used by Cauchy.


The last of Cauchy’s definitions that was revamped was his concept of the limit, complete with terms referring to infinitesimals and traversing a curve as a function of time.  This time it was neither Weierstrass, nor Dedekind, who published the clarification, but rather it was Eduard Heine, a student of Weierstrass.  Heine’s definition removes all of the more subjective terms, in deference for more precise mathematical language:
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It is this definition, with 
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, that one sees in the textbooks of today, and it is, generally, at this point in history that we can say that the logical basis for the calculus was solidified.
  Over the span of two centuries, the logical reasoning for the correctness of the calculus was developed, and redeveloped.  Indeed, the calculus as it is taught today bears little resemblance to its appearance when it was created.  While the methods are the same, they are built upon different foundations.  It is with this remark that we return, finally, to our building analogy. 

While the structure created by Newton and Leibniz still stands on the property prepared by those that came before, the shelter now is now fixed permanently on a firmed foundation, with logically sound supports.  While a discussion of the decorations adorning the edifice and the many branches of mathematics whose applications can be found within it has not been given, it suffices to say that these, at present, reach far and wide, and will most assuredly continue to diverge with the passage of time.   
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