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The ideas contained within the field of projective geometry have been considered for ages.  They can be seen in literature that survives from antiquity, and while no written record remains, the concepts are so basic that they could possibly have been discussed even earlier.  The formalization of modern projective geometry, though, has been a quite recent occurrence.  The field has been constructed upon numerous foundations; the most obvious are the Greek study of optics, Renaissance realism in Italy, and the study of mathematics in 19th century France.  Artistically speaking, the field has been examined through media such as Renaissance painting, photography, and most recently, computer graphics.  From a mathematical point of view, it can be said that projective geometry reduces geometry to its simplest ideas, and attempts to build from them.  Considering the varied paths that have led to the formalization of the concepts of projection and perspective, a concise synthesis of the background, and the main ideas is appropriate.  

The study of the geometry of projections can be traced back to its ancient roots in the study of optics.  Euclid, best known for his compilation of mathematical knowledge in the Elements, also produced the first manuscript that describes Greek knowledge of the study of optics.  In this work, Euclid describes the line segment from the eye to an object as a visual ray, and describes the collection of these rays as a visual cone (Edgarton, 68).  The dominant viewpoint during the period supposed that an object was illuminated by the Sun, and seen via an invisible ray emanating from the eye.  Also discussed in Optica is the fact that doubling the distance to an object does not reduce its size proportionally, which is related to the fact that the size of a distant object depends on the visual angle formed by its magnitude (Calvert). 

It is also evident that the Greeks had some knowledge of the idea of drawing with perspective, and applied it to stage design.  Vitruvius’ masterpiece, De architectura, discusses how parallel lines going away from the audience should converge.  While the concept of a point at which they intersect is implied, it is not explicitly stated (Edgarton, XV)

Ptolemy, during the second century of the Common Era revisited the study of optics, and produced his own treatise on the subject, also entitled Optics, or Optica, in Latin.  Ptolemy went one step further than Euclid in describing the visual rays that were said to emanate from the eye.  He noted that the rays located in the center of the visual cone were the shortest, and that the ray in the very center of the cone would have the least magnitude (Edgarton, 69).  Ptolemy also dealt with creating a map of the known world, which involved projecting the three-dimensional surface of the spherical earth onto a 2 dimensional sheet of paper.  This is analogous to projecting the image of the three dimensional world onto a canvas with a paint brush.  

The rediscovery of these ideas and the first documented successes at painting in proper perspective originated in Florence. Here, an architect named Filippo di Ser Brunelleschi figured it all out, and rather than benefit from his discovery, it seems that he passed the knowledge on orally to his painter friends.  These methods were finally recorded by a man named Leon Alberti in his Della Pitura.  Other notable artists who toyed with the early ideas of perspective were Leonardo da Vinci, and Albrecht Dürer, who traveled to Bologna to learn from the Italian masters, and to carry the ideas with him back to Germany in northern Europe.  

While history does not show that Brunelleschi ever recorded his methods, we have an elaborate description of how he demonstrated his genius to passersby on the streets of Florence.  The description of his sideshow explains that he would first paint a picture of a building, one example being the Baptistery in Florence.  Then, with the building in plain view, he would position his painting with the painted side facing the building.  Then, he would ask an unsuspecting victim, positioned behind the painting to peep through a hole that he had poked in the middle of the painting.  As the person looked through the hole, Brunelleschi would hold up a mirror, so that the person actually saw the painting reflected in the mirror.  Then, he would pull the mirror away, stunning the observer at how much the real building looked like the painting.  (Calter)

As mentioned previously, a method for reproducing this trick was recorded by Leon Alberti, who describes a two step method to establishing proper perspective, using gridlines on the “ground” of the painting, later called construzione legittima, or legitimate construction (Field, 238).  

Alberti would start by drawing a window, or rectangle on the canvas.  This window would represent the cross section of a plane with the cone, or more appropriately here, the pyramid of visual rays emanating from the viewers eye.  Then, he would sketch an appropriate sized person, establishing a scale for the rest of the painting.  A vanishing point, or centric point, as he called it, was then drawn on the same level as the person’s eye.  Then, that person would be divided into three equal parts, called braccia in that day.  Finally, the bottom of the window would be sectioned off into braccia units, and diagonal lines were drawn to each of the braccia points, representing how parallel lines going away from the viewer would converge toward the vanishing point.  (Edgerton, 45)

During the turn of the 16th century, a German artist and mathematician named Albrecht Dürer facilitated the development of these ideas of perspective into the branch of mathematics called projective geometry.  Dürer traveled to Bologna to learn from the Italian masters of perspective, and incorporated the methods into his own work.  While it can be argued that he did little to actually advance what was known in the field, Dürer’s treatise on the subject, Underweysung der Messung mit dem Zirckel, has been cited as the first to address the mathematics inherent in what the Italians viewed as artist’s tool (Pedoe, 56).   

Nearly a century after the publication of Underweysung der Messung mit dem Zirckel, a Frenchman by the name of Girard Desargues began the first true exploration of the field of projective geometry.  Desargues’ work suggests his musings on the idea of parallel lines intersecting at a point of infinity (Pedoe, 178).  Also present in his work is a theorem that bears his name that can be stated as follows:
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Figure 1: Desargue’s Theorem:  If two triangles are in perspective, that is, the lines connecting the corresponding points intersect at a single point, the intersection of the lines that make up the corresponding sides are collinear.  

As is shown in the figure, the triangles 
[image: image2.wmf]1

1

1

C

B

A

 and
[image: image3.wmf]2

2

2

C

B

A

are in perspective, that is, the lines connecting the corresponding vertices intersect at a single point, point P.  Then, by the theorem, it follows that the intersections of the corresponding lines, A1B1 and A2B2, A1C1 and A2C2, and B1C1 and B2C2 are collinear. This becomes a matter of great importance to one studying the use of perspective in art.  The theorem holds true for any two figures that are drawn in perspective.  For instance, figure 2 shows the projection the image of quadrilateral ABCD onto a picture plane, so that the images appear identical at the viewing point P. The intersection of the lines that make up the corresponding sides all intersect on one line, called the axis of projection, or the intersection of the two planes.  

[image: image4.wmf]a

a

¢

A’

B’

A

B

V

C’

D’

C

D


Figure 2

In order to prove Desargue’s Theorem, it is first necessary to formalize the idea of the projective plane.  Looking at figure 3, we see the Euclidean plane projected onto plane ’ from V, the vertex of projection.  In this case, V is located within plane which is parallel to  If we take the projection of A onto ’, called A’, and connect it to 
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, we see that this line intersects  at point P.  Similarly, if we take the projection of B onto ’, called B’, and connect it to 
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, we see that this line also intersects  at point P. Clearly, there is something special about this point P.  As the parallel lines 
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do not intersect in the Euclidean plane, their intersection on ’ at point P represents a point that has no true physical location.  To get around this, we assume that point P represents a mythical “point at infinity” where the parallel lines intersect.  Assuming the existence of this point at infinity, we then see that parallel lines, like any other two lines, meet at exactly one point.  Following a similar line of logic, if lines 
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 were pointing in a different direction within  but still parallel, their projections would intersect at a different point, which would still be on the line of intersection between ’ and   The collection of all of these points would be the “line at infinity”, represented by line ST in the figure.  This line is treated the same as any other line would be treated, and this plane, consisting of the Euclidean plane along with a line at infinity, is a model of the projective plane. (Horadam, 18)
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Figure 3

We also need to establish an axiomatic system to work from.  Clearly, Euclid’s axioms no longer hold true, as many of the elements of Euclidean geometry, including angle measures, lengths, and circles are not maintained under projection from one plane to another.  In fact, the only main characteristic that holds true is that of incidence, or the idea that a line will always intersect the same two points, and that a point will always be the intersection of the same two lines.  This leaves us with two major axioms 

1.      Any two points determine a line.

2.      Any two lines determine exactly one point.  

Examining the two main axioms closely, one stumbles upon one of the main properties in dealing with projective geometry.  The two axioms are actually one and the same, if one replaces the word points with the word lines.  In fact, this works for any statement in projective space.  If one substitutes the word line for point, and vice versa, and changes the surrounding language to make it grammatically correct, the result is another true statement.

While these two axioms are said to be the foundations of projective geometry, only one is included in the most cited axiom system developed for projective geometry by Veblen and Young in 1910.  Applying the major criteria of an axiomatic system, independence, completeness, simplicity, and consistency, Veblen and Young created the brief axiom system containing the ideas of points, line, and incidence that most texts on the subject, including that by H.S.M Coxeter, whose version is printed here, is based:

1. There exist a point and a line that are not incident.

2. Every line is incident with at least three distinct points.

3. Any two distinct points are incident with just one line.

4. If A,B,C,D are four distinct points such that AB meets CD, then AC meets BD.

5. If ABC is a place, there is at least one point not in the plane ABC.  

6. Any two distinct planes have at least two common points.

7. The three diagonal points of a complete quadrangle are never collinear.

8. If a projectivity leaves invariant each of three distinct points on a line, it leaves invariant every point on the line.


From these axioms, one can begin to develop a series of theorems that describe the projective plane with increasing detail.  For instance, as an exercise, Coxeter suggests proving that 4 distinct points exist.  This can be done simply enough by noting that by Axiom 1, there exists a line and a point that are not incident, and then using Axiom 2 to show that the line must be incident with three points; consequently, 4 distinct points must exist (Coxeter 15). 


The omission of the second main axiom, being that two coplanar lines intersect at a common point, can be solved using the above axioms.  The proof is as follows:

Figure 4

We are given two lines that are coplanar.  We can define any two points on one of the lines to be A and B.  Let P be a point that is also on that plane, but not incident with AB.  By definition, the plane ABP is determined by the collection of lines that are on point P and intersect AB.  Therefore, we can take the second line to be the line connecting any two points on any two of these lines.  We will say, without loss of generality, that this line connects C on line PA’ and D on line PB’.  We know that A’C meets B’D at P, so it follows from Axiom 4 that CD meets AB.

  
There is one other theorem necessary if we are to achieve the desired result in proving Desargues’ Theorem; oddly enough, it is the converse of that theorem.  We must prove that if two triangles are in perspective from a line, meaning the lines making up their corresponding sides intersect on that line, they are also perspective from a point.  This configuration (identical to that showing Desargues’ theorem) is shown in the following figure where triangles A1B1C1 and A1B2C2 are in perspective on line EF.  
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Figure 5

There are two possibilities given this configuration: one being that the two triangles are in the same plane, the other being that they are unique planes.  The latter is easier to prove, and so will be tackled first.  We know from axiom 4 that if A1B1 intersects with A2B2, then A1A2 intersects with B1B2.  Likewise, since A1C1 intersects A2C2, A1A2 intersects C1C2 and following the same method, it can be shown that B1B2 intersects C1C2.  The 3 points of intersection of these sets of lines must either be concurrent at some point P or form a triangle.  As the two triangles A1B1C1 and A2B2C2 are on different planes, the triangle that is formed would have to be in both planes, which is impossible, so the intersections must be concurrent, and the triangles must be perspective from a point.  


For the coplanar case, our argument must get a bit more creative.  It is necessary to draw, in a distinct plane that passes through the line DF, lines through point D, E, and F that do not all intersect at the same point.  Supposing the figure above was the view from top, looking at the plane with the triangles, the figure below can be thought of as a side view.


Figure 6

As the diagram shows, line
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goes through E.  Hence, triangle 
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 is in line perspective with both triangle 
[image: image17.wmf]1

1

1

C

B

A

 and triangle 
[image: image18.wmf]2

2

2

C

B

A

.  From the previous noncoplanar example, it follows that 
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 is the intersection of A1S1 and A2S2, so we know from Axiom 4 that A1A2 must intersect S​1S2.  Similarly, 
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 is the intersection of B​1S1 and ​B2S2 and and 
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 is the intersection of C1S1 and C​​2S2, so B​1B2 and C1C​2 must intersect S​1S2 as well.  The only point on which these lines can intersect S1S2 is where S1S2 intersects the plane, and as this can only happen at one point, A1A2, B​1B2, and C1C​2 must coincide at some point P.


The proof of Desargues’ Theorem is now attainable with only a bit of work.  Looking again at our figure, we assume that 
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 are in point perspective with respect to point P.  Using Axiom Four as we did above, we can show that the lines forming the corresponding sides meet at three different points, namely, D, E and F on our diagram.  We can show that these points are collinear by looking at triangles A2EA1 and B2FB​1.  The lines connecting the corresponding points meet at points C2, C1, and P, which are collinear, so the two triangles are perspective from line PA1.  From the theorem proved above, if they are perspective from a line, they are perspective from a point.  We can find that point by picking the intersection of the lines connecting two corresponding vertices.  A​2B2 and A1B1 intersect at point D, so this must be the point from which they are in perspective.  It follows that D E and F are on the same line, and therefore, 
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 are in perspective from a line (Coxeter, 19).

While these are only a few theorems that can be proven with our axiom system, it gives a taste of what is possible.  Another interesting discussion involves the properties in Euclidean geometry that still hold in the projective plane.  We briefly alluded to the fact that angles and parallel lines will not be preserved.  It is also easy to see that circles do not retain their shape under a projection by simply projecting the light from a cylindrical lamp shade onto the wall.  Depending on how the lamp is held, one can easily see that the projection can be any conic section, beginning with a circle when the shade is pointed directly at the wall, then turning into an ellipse, parabola, and hyperbola as the lampshade is continually tilted (Pedoe, 4).  The most important exclusion in projective geometry is the idea that length is not preserved; the compass has no place in projective constructions.  There does seem to be one seeming exception to this rule though.  While the ratio of the lengths between two points is not conserved, the ratio of the ratios of the lengths is preserved, and the proof is one that is quite fitting here:
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Figure 7

We are given two lines, 
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, and four lines that are in point perspective, meaning that they coincide at point O.  The intersections of these lines are named as in figure7.  In order to show that the cross ratios are equal, or 
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, we must first show that the left side of the equation can be written only in terms of angles.
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[image: image36.wmf]÷

ø

ö

ç

è

æ

÷

÷

ø

ö

ç

ç

è

æ

Ð

Ð

Ð

Ð

=

OB

OA

OCB

BOC

OCA

AOC

BC

AC

sin

sin

sin

sin

.  

Now, 
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Looking at our original equation for the cross ratio, and carrying out a similar procedure for the denominator we find that 
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(Horadam, 25)


The final topic to be discussed is one that has more practical appeal.  When dealing with present day applications of projective geometry, it is necessary to have some sort of mapping of coordinates from 3 dimensional space to our model of the projective plane, which includes the Euclidean plane augmented with a line at infinity. Cartesian coordinates are not sufficient, for two reasons.  First, there are no points that are “not used” that we could use to describe the augmented points at infinity.  Secondly, a system of two equations representing parallel lines in Euclidean geometry would not have a solution, meaning that they do not intersect.  To remedy this problem, a third coordinate is added to the standard 2 dimensional Cartesian coordinates; in other words, (x,y) becomes (x,y,z) where for any non-zero z, (x,y,z) can be thought of as 
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.  If z does equal 0, though, this point would correspond to a point on the line at infinity.  This provides a solution to the second dilemma that can be shown if we take first a system of Cartesian equations:


[image: image41.wmf]0

0

2

2

1

1

=

+

+

=

+

+

c

y

b

x

a

c

y

b

x

a



From a bit of algebra we can see that the solution is at point P, where 
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The lines would then be parallel when 
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=0, that point being undefined.  However, if we express that point with our 3 coordinate system, 
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we then have a set of points, where the z coordinate is zero, where two parallel lines would meet. (Horadam, 27)  


The one glaring issue that seems to arise with this new coordinate system is that when 
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, in this case, we see that  (1,2,1) would be the same point as (2,4,2).  Indeed this is true, only the ratios x:z and y:z seem to matter.  This makes sense if we return to our model of the projective plane in figure 3.  Any points that lie between the points A and A’ on the line on the line VA would be mapped to the same point on  the plane of projection.  


This coordinate system, called the homogeneous coordinate system, can be simplified and applied to one-dimensional space, for simplified explanations.  Conversely, the most clear contemporary application of these ideas is in the field of three dimensional computer graphics.  This involves the use of four homogenous coordinates to represent three-dimensional projective space (Davis, 13).


Clearly the field of projective geometry is one that has a rich history, and a broad future.  One aspect that seems to be missing from the literature on the subject is an accessible introduction.  The textbooks designed for a college level course seem to lack an appropriate starting point, and the more basic books on the history of projective geometry in perspective drawing lack also lack an introduction to the mathematical implications.  While there are a handful of authors who have written on both extremes, gaining a basic understanding required much research and many sources.  Hopefully, this brief survey leaves one with a clear understanding of at least the most basic ideas relevant to the subject.
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