Chapter 3

POTENTIALS AND
WAVE SOLUTIONS

In this chapter (Chapter 6 in textbook) we consider again a general homogeneous
conductive medium, but with a particular source excitation. There are two
ways to solve the electromagnetic fields due to imposed sources. One is the
solve the fields E and H directly by using Maxwell’s equations or the derivable
second-order partial differential equations. The other way is to express the
electromagnetic fields in terms of potentials, and solve these potentials first.

In this chapter we will use the second way. We express the E and H fields in
terms of vector potentials A (magnetic vector potential) and F (electric vector
potential). PDE’s for A and H can be derived from Maxwell’s equations. And
the boundary conditions for E and H can be converted into those for A and F
so that these potential can be solved to yield the solutions for E and H.

Other potentials are possible. For example, sometimes the Hertz vector
potentials II, and II; are introduced to solve the electromagnetic fields.

3.1 Principle of Superposition

In Chapter 3, we introduced the complex permittivity € and permeability f
to include the effects of the conductivity in the medium. For simplicity, this
complex permittivity and permeability will be denoted simply as € and p in
the rest of the course, keeping in mind that it applies to both conductive and
non-conductive media.

The time-harmonic EM fields satisfy Maxwell’s curl equations (1.63) and
(1.64), which can be cast into the following linear form,

([5)-[2]
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where

_ | Vx  jwp
=T 8] 32

Equation (3.1) is a linear system, and hence the principle of linear superposition
applies. Specifically, if (E4, H4) are due to the electric current density J;, and
if (Ep, Hp) are due to the magnetic current density M;, i.e.,

c[z)-[2

Erp | _|-M;
‘[HF] _[ A ] (3.4)
then the total fields (E, H) due to J and M together will be
E=E,+Ep, H=H,+H;y (3.5)

This principle of superposition can be easily verified by summing up equations
(3.4) and (3.5).

Because of the principle of superposition, we can solve (E4, Ha) and (Ep,
Hpy) separately, and then sum them up to obtain the total fields. Each of these
set of fields will be obtained by the following vector potentials.

3.2 Magnetic Vector Potential A

In the absence of the magnetic sources (i.e., M; = 0, pp; = 0), Maxwell’s
equations for fields (E4, Ha, D4, By4) are

VXxEjg=—jwuHx (3.6)
VXHAzJi+jweEA (37)
V- -eEq = pei (3.8)
V-B4=0 (3.9)

From (3.9), it is clear that B4 = pH,4 is solenoidal (i.e., divergence-free).
Since V-V x A = 0 for any vector A, The magnetic flux density can be written
as

1
Ba=VXxA, HA=;VXA (3.10)
Then from (3.6) and (3.10) we obtain
V x (Eg + jwA) =0

That is, (Ea4 + jwA) is a curlfree (or irrotational) vector, and hence can be
written as
(Ea+ jwA) ==V,
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or
Es = -V, — jwA (3.11)

Vector A is called the magnetic vector potential, and scalar ¢, is called the
scalar electric potential.

To uniquely determine a vector A, one needs to specify both its curl and
divergence. The curl of A is given by (3.10), and so we need the divergence
condition. We may choose the so-called Lorentz condition (gauge)

V- A+ jwpep, =0 (3.12)

as the condition for its divergence. Alternatively, the Coulomb’s gauge (V-A =
0) can be chosen for the divergence.
Using the Lorentz condition together with (3.7) and (3.11), we obtain from
(3.7) the PDE
VA + k*A = —ud; (3.13)

This is the vector wave equation for the magnetic vector potential. Once A is
solve, the electric potential ¢, can be solved by (3.12), and (E4, H4) can be
obtained by (3.10) and (3.11). In summary,

Hi= 1V xA (3.14)
7
Es= —jwA — Vo, = —jwA — L V(V-A) (3.15)
wWhe
or .
j
A=—L(VxHs =Ty (3.16)

Equation (3.15) is more convenient for far-field evaluation since the second term
can be neglected as it decays faster than 1/r; whereas equation (3.16) is more
convenient for near-field evaluation since the the source singularity term jJ;/we
is explicitly given.

3.3 Electric Vector Potential F

Similarly, in the absence of electric sources, Maxwell’s equations for fields (Ep,
HF, DF, BF) are

V xEr = -M; — jwuHp (3.17)
V x Hy = jweEp (3.18)
V-Dr=0 (3.19)

V -BF = pmi (3.20)

It is clear that Dr = eEp is solenoidal (i.e., divergence-free), and can be
written as

1
Dr=-VxF, Ep=--VxF (3.21)
€
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Also, (HF + jwF) is a curl-free (or irrotational) vector, and hence can be written
as
(Hr + jwF) = -V,

or
Hp = —Vé, — juF (3.22)

Vector F is called the electric vector potential, and scalar ¢,, is called the scalar
magnetic potential.
The Lorentz condition (gauge) is

V. -F + jwued, =0 (3.23)

as the condition for its divergence. Alternatively, the Coulomb’s gauge (V-F =
0) can be chosen for the divergence.
Using the Lorentz condition together with (3.17) and (3.20), we obtain the
PDE
V2F + k*F = —eM; (3.24)

This is the vector wave equation for the magnetic vector potential. Once F is
solve, the magnetic potential ¢,, can be solved by (3.23), and (Er, Hp) can be
obtained by (3.21) and (3.22). In summary,

1
Er = _ZV xF (3.25)
Hp = —jwF - Vo = —jwF — ~—V(V - F) (3.26)
WHE
or .
Hy = 2(V x Ep + Mj) (3.27)
wp

Again, Equation (3.26) is more convenient for far-field evaluation since the sec-
ond term can be neglected as it decays faster than 1/r; whereas equation (3.27)
is more convenient for near-field evaluation since the the source singularity term
JM;/wp is explicitly given.

Because of the principle of superposition, the total field due to both electric
and magnetic sources are

E=E,+Ep, H=H,+Hp (3.28)

3.4 Homogeneous Wave Equations

From the previous section, the total fields are given by (3.28), (3.13)—(3.16),
and (3.24)—(3.27). More specifically,

: 1
E=E +Ep=—jwA - L V(V-A) - -VxF (3.29)
wWle €
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1 .
H=H,+Hp=-VxA—jwuF - V(V-F) (3.30)
7 wpe
where for a source-free region,
VZA + KA =0 (3.31a)
V?F +k°F =0 (3.31b)

The complex wave number is k = w, /€.
Equations (3.29) and (3.30) can be expanded in scalar forms. In Cartesian
coordinates,

j (024, sz 9%A, 1/0F, OF,
E, = —jwA; — — -—=-= 32
‘ g wue( Ox? 6w6y + 6w6z) e( Oy 0z ) (3.322)
j (0?4, %A, 1/,0F, OF,
By =—judy = WHE (8a:6y 6y6z) € ( 0z ox ) (3.32b)
Jj (0%A, 2Ay %4, 1/0F, OF,
E jwds = w—ue (83:62 0y0z + 022 ) ;(6—.% Oy ) (3.32c)
B j 82'F,c 0’F,  O’F, 1,04, 04,
Hy = —jwks = wue< Ox? 8w8y 6w8z) + ,u< Oy 0z ) (3-32d)
j (OPF, O°F, &F,\ 1004, 084,
H, = — — - .32
Y Jwky = Wiie (axay y2 ayé)z) + u( 0z Ox ) (3.32)
. j (0*F, O&%F, O%F, 1,04, 0A,
H. =—juk wpe ((%Uaz * Oy0z + 022 ) + u (—x Oy ) (3.326)
Similarly, in cylindrical coordinates, we have
Jj 07110(pA,) 10As O0A,7 1(10F, OFy
E,=—jwA,— —— - (=2 )
Jw wue@p[p op < pop ] e(p 9% 3z) (3.33a)
. _J 10 710(pAy) 104, 041 1/0F, OF;
By = —jwds wuep@d) [p Op p 06 ] e( 0z Op ) (3.33b)

s £ 1000, 10 5 LI 25 s

With respect to a given direction, we can define modes as the transverse elec-
tric (TE), transverse magnetic (TM), and transverse electromagnetic (TEM)
modes, if the electric field, the magnetic field, or both are transverse to this
direction, respectively. This direction is often chosen as the direction of propa-
gation.
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3.4.1 TEM, TM, and TE Modes in Cartesian Coordinates

A. TEM? Modes

For TEM modes, both electric and magnetic fields are transverse to a given
direction, say the z direction. In that case, £, = 0 and H, = 0 in (3.32¢) and
(3.32f). Let A, = Ay =0 and F, = F, = 0, then equations (3.32c) and (3.32f)
reduce to

o (9 e\,

= w,ue(@z2 +k )AZ =0 (3.34)
__ @ 2N\ _

H, = wu6(622+k)Fz_0 (3.35)

The solutions to (3.34) and (3.35) can be written in terms of waves propagating
in +z and —z directions, i.e.,

Ac(z,y,2) = A (z,y)e 7% + A (z,y)e’™* (3.36)

F.(z,y,2) = F} (z,y)e™" + F (z,y)e" (3.37)
Given A4 and Fy, all other field components can be written by (3.32)

: : 1 0AF 10Ff : 1 0AF 10F;
E, = Ete %4 Feik = (— zZ _ 2772 \po—ikz z _ 9% \ _jkz
’ z€ B e ( JiE 0z € Oy Je +(\//E Or € Oy Je
(3.38)
E, = Ere %y Eet® = (- 1 3Aj+16Fz+)e—jkz+( 1 047 lan_)ejkz
Y Y Jpe Oy € Ox JpeE Oy € Ox
(3.39)
H, = Hfe77% 4 H &% = —\/EE;'e_ij + \/EEy_ejkz (3.40)
1 1
Hy,=Hje 7" + H /" = \/EE;e—W - \/EEy_ej’“ (3.41)

The following ratios are called the wave impedance for the +2z and —z prop-
agating waves,
Ef Ef

+ T __ Yy H
Z’”_Hj__Hj_\/g (3.42)
_ E; E; ©
Yy z

Note that the signs of the ratio follow the right-hand rule. For example, for the
propagation direction (+2), the electric field component (ZE,) and magnetic
field component (yH,) form a right-hand rule.

Two other special cases (i) A, = 0 but F, # 0, and (ii) 4, # 0 but F, =
can be obtained easily from the above.

B. TM?* Modes
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For TM? modes, we have H, = 0 but E, # 0. Welet F = 0 and A =
2A.(z,y,2), then from (3.31a) we have

V2A, + kA, =0 (3.44)

Note that equation (3.44) is different from (3.34). It hence accepts a general
solution of

A, = [C1 cos(kyx)+ Dy sin(k,x)][Ca cos(kyy) + D2 sin(kyy)] (Ase™*#=7 + Beh=7)

(3.45)
where
k,+k +k =k (3.46)
Field components can be found from (3.32),
j 94,
y = ——— 3.47
wpe 0x0z (3.47)
i o4,
Jopp—— 4
Y wpe Oydz (348)
i 0% .
E,=—(=—+k)A, A4
o (52 TF) (3.49)
104,
H,=-— 3.50
o (3.50)
104,
=2 51
H,=0 (3.52)

C. TE? Modes
For TE? modes, we have E, = 0 but H, # 0. Welet A = 0 and F =
2F,(x,y, z), then from (3.31b) we have

V2F, +K’F, =0 (3.53)

Note that equation (3.44) is different from (3.34). It hence accepts a general
solution of

F, = [C1 cos(kyx)+ D1 sin(k,x)][C2 cos(kyy) + D2 sin(k,y)](Aze 7%= + Byel*=*)

(3.54)
where
2,22 72 _ 2
R+E k2 =k (3.55)
Field components can be found from (3.32),
18F,
B, =12 (3.56)

€ oy
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E, = éaaiz (3.57)

B. =0 (3.58)

= _w%e g;g: (3.60)
- _wL/;w(;_; +})F, (3.61)

In Cartesian coordinates, once the modes with respect to z direction are
derived, those with respect to other directions are easily found.

3.4.2 TEM, TM, and TE Modes in Cylindrical
Coordinates

A. TEM Modes

In cylindrical coordinates, TEM modes have different forms for p, ¢, and
z directions, in contrast to Cartesian coordinates. Therefore we will derive for
different TEM modes. One equation useful is

010(pf) _10 0f f (3.62)

Opp Op  pOp Op p?

a. TEM? Modes
For TEM” modes, E, = 0 and H, = 0. We choose A3 = A, = 0 and
Fy = F, = 0. Therefore, from (3.33), we have

= A, OO A,) G100 e LY,
By = —jwd, wue@p[p Op ]_ wue[p@pp8p+(k 2)]A‘o(_323)

 jop, 0 OOE)) G100 o 1an
Hy = —jwF, wueap[p dp ]_ wue[p@pp6p+(k 2)]Fp ;5(254)

Note that equations (3.63) and (3.64) are Bessel differential equations with
n = 1, and hence have solutions of the forms

A, = AF (6,2 H (kp) + 4, (¢, 2)H" (kp) (3.65)
F, = F}(¢,2)H" (kp) + F, (6, 2)H{" (kp) (3.66)

The other field components are given by (3.33) as
j 10

Bo =~ 59|

10(pAy)1 10F,
=5 ] o (3.672)
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0 0 p1apA)y  110F,
E. = wue@z[p op ]+ep o¢ (3.67b)
j 10 [18(F,)] 104
o= Cpmsl o5 | uor @70
___J O y10(pFp)1 _1104,
= w,ueaz[p Op ] wp O¢ (3:67d)

One important thing to note is that the wave impedances, if defined as the
ratio between E4 and H, or between —E, and Hy, are functions of space;
moreover, these two definitions yield different values. Only for p — oo do these
definitions converge to the same constant value.

b. TEM? Modes
For TEM? modes, E, = 0 and Hy; = 0. We choose 4, = A, = 0 and
F, = F, = 0. Therefore, from (3.33), we have

Gl .

Eo=-o0 [_p2—6 ¢2+k]A¢_O (3.68a)
__d 1o —

H, = wue[p2a¢2+k]F¢,—0 (3.68b)

Unfortunately, one cannot find a solution to (3.68) which satisfies the periodic
condition Ag(¢+27) = Ay(¢). This seems to suggest that TEM? Modes cannot
exist in a homogeneous medium, unlike what the textbook has implied.

c. TEM? Modes

The derivation of TEM? modes is similar to that for Cartesian coordinates,
and will not be repeated here. Note that for these modes, the wave impedance
can be uniquely defined.

B. TM Modes

a. TM? Modes
For TM? modes, H, = 0, so we choose F = 0 and A = pA,. The vector
wave equation is VZA + k2A = 0. However, in cylindrical coordinates,

v, = (spod + i+ )
= pL oo + L (po + $A,) + poH
=g+ e + B2 — o] + o'
=ilidet - S vk e
Therefore, we have
e = I CTY
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204, _
p? 09

(3.69b)

From (3.69b), it is seen that A, is not a function of ¢. The solution to

(3.69a) is

A, = [A H? (k,p) + BLH" (k,p)|[Ase %% + Byei*=?

where k? + k> = k*. Other field components are

10 04, A4,

By = - -2, e g2y,
P2

wie p@p Op

b. TM? Modes

(3.70)

(3.71a)

(3.71b)
(3.71c)
(3.71d)
(3.71e)

(3.71f)

TM? modes can be derived in the same way as for equations (3.69)—(3.71).

c. TM? Modes

TM? modes are derived in the textbook and are similar to those in Cartesian

coordinates.

A, = [ALHD (k,p) + BLHY (k,p)][As cos me + By sin m¢|[Aze *=* 4 Byelk=7]

—j %4,
wpe Dpdz
—j A,
¢~ w,ue@qﬁ@z
52
- w,ue(az
1104,
*T up 99
1104,
°T up op
H,=0

p =

kZ)A

C. TE Modes

(3.72)
(3.73a)

(3.73b)
(3.73¢)
(3.73d)

(3.73e)

(3.73f)
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a. TE? Modes
The derivation for TE? modes is similar to (3.69)—(3.71) and will not be
repeated here.

b. TE? Modes .
For TE? modes, we choose A =0 and F = ¢Fy. Then equation
V2F + k%F = 0 becomes

119 0F, ., 1 1 9°F, 0%F;1 .20F,
ek — )y + = —p=l o0 (374
The solution of (3.74) is
Fy = [A H® (k,p) + ByH® (k,p)|[Ase™7** + Bsei*=*] (3.75)

where k? 4+ k> = k*. Other components are derivable through (3.33).

c. TE? Modes
TE? modes are dual to equations (3.72) and (3.73).

3.5 Inhomogeneous Wave Equations

In this section we aim at solving equations
VZA + E2A = —pJ(r) (3.76)

V2F + k*F = —eM(r) (3.77)

where the sources are arbitrary functions of space. Note for convenience, we
have dropped the subscript 7 from the impressed sources. We will first solve
for these vector functions due to a point source, and then extend the results to
arbitrary sources.

3.5.1 A Point Electric Dipole Source

First we look at a z directed electric dipole source J = £Jyd0(r). Then (3.76)
becomes
V2A, + k*A, = —pJod(r) (3.78)

The solution of A,(z,y,z2) should depend on r = \/22 + y2 + 22 only. Fur-
ther, if we write
a4 =10

. (3.79)

then (3.78) becomes
>f s
W +k f = —,U/J()T'(S(I‘) (780)
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The general solution to (7.80) is
f(r) = Cie7 9% 4 Gyl (3.81)

where C; and C} still have to be determined. For a out-going wave, we choose
C5 = 0. Then

e—jkr
A(r)=C1 . (3.82)
Integrating (3.78) over a sphere of radius a — 0, and using
O0A, 1 —jk Cikr
VAZ = TW = T‘(—r—z + T)C’le J
and Gauss theorem, we have
fVAZ - rds + kz/Azdv = —udg.
s v
That is,
1 jk r Ik
471'a2(_—2 — ]—)Cle*jkr + k2 /47rr201 ¢ dr = —uJy
a a r
0
As a — 0, the second term approaches zero. So
Ji
—477'01 = —/J,Jo, Cl = M
4
Hence, solution (3.82) is
Jo .
A, = P20 =i (3.83)

4d7r
For a point electric dipole in an arbitrary direction at origin, J = aJod(r),
we then have

A(r) = d%e‘j’" (3.84)

For a point dipole source away from the origin, J = aJod(r — r’),

Alr) = a%.%eijm’ R=lr—r|=\(z—2)2+@y—y)?+(z-2)
T
(3.85)
where R is the distance between the source and the observation point.

3.5.2 Arbitrary Volume Sources

By the principle of superposition and equation (3.84), if the electric current
density is J(r), the magnetic vector potential is

—jkR
A(r) = % / I v’ (3.86)
Vv
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Similarly, the electric vector potential due to an arbitrary volume magnetic
current source M(r) is given by

o—JkR

F(r) = i / M(r') ' (3.87)
\4

which is the solution to equation (3.77).

3.5.3 Arbitrary Surface Sources

In many applications, surface currents J, and M; exist on a surface S described
by equation S(r) = 0. Recall that the surface current densities are defined as

Js(r) = Allilgo.](r)Ah, M;(r) = lim M(r)Ah,

where Ah is the thickness of a thin surface layers parallel to the surface S.
Hence, in terms of general functions, the current densities are

I(r) = J5(r)d[S(r)], M(r) = M;(r)3[S(r)] (3.88)

where S(r) is the equation describing the surface S. The magnetic and electric
vector potentials due to these sources are obtained from (3.86) and (3.87), and
reduced to

Aw) = X [ 1.00 2 g 3.88
0= 2 (5,60 s (359
S

Fw) = £ [ M.@)
S

o—JkR

ds’ (3.89)

3.5.4 Arbitrary Line Sources

Similarly, sometimes line currents I, and I,, exist on a curve C' described by
the intersection of two surfaces Si(r) = 0 and S2(r) = 0. In terms of general
functions, the current densities are

I(r) =L (r)d[S1(r)]6[S2(r)], M(r) = L (r)8[S1 (r)]6[S>(r)] (3.90)

The magnetic and electric vector potentials due to these sources are obtained
from (3.86) and (3.87), and reduced to

AW =L / () o g (3.91)
C
€ e JkR
F(r) = 4—/Im(r') 7 dl’ (3.92)
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3.5.5 An Infinitesimal Electric Dipole

As infinitesimal electric dipole can be either regarded as a special case of (3.90)
with I.(2) = 2Ip€(2), or as a special case of (3.84) with Jy = Ip¢. The result is

Il
A =34, = 2%51’”. (3.93)

To obtain the expressions for spherical coordinates, we use the transformation

A, A, sinf 0 cosf
Ag | =T | 44|, T=|cos@ 0 —sind (3.94)
Ag A, 0 1 0

which gives

Iyl ; Y Y4 ,
A, = A, cosf = i cosfe kT Ay = —A,sinf = _plot sin e 77 Ay =0
A7r 47r
(3.96)
The electric and magnetic fields are
1 ~ klolsing I\ ik
H=_-VxA=¢gj—————(1— =) 7% 3.97
VA =3 0 - e (3.97)
. Iplcosé I\ —ikr . 5. klofsing J 1. .
E =in—2 (1 — L )eikr 2 - L - Jemdk (3.
™ 2712 ( kr)e +0in 47y [ kr k2r2]e (3.982)

where n = \/u/e. However, if we use equation (3.16), i.e., E4 = —WL;(V xHy —
J;), we obtain

Iyl cosb
272

(1= 3m)e " +0n

kIOIZsinH[l_ j 1
kr

E=r J
7"77 47y kr  k2r2

Je kT 4 2@5@)_
we

(3.98)
Note that (3.98) and (3.98a) differ by the last term of (3.98), which corresponds
to the singularity of the electric field. This term has been missed in the dif-
ferentiation of the vector potential leading to (3.97) and (3.98a), showing the
potential pitfall of the approach using vector potentials. Of course, such a dif-
ficulty leading to (3.96a) can be overcome if one does the differentiation of the
vector potentials properly, by making use of the PDE (3.78) for A,.

3.6 Radiation and Scattering Equations

3.6.1 Near Field Equations

First we consider fields due to an electric current source J. The magnetic vector
potential is given by (3.86). Then the magnetic field is

1 1 ~ kR
HAz—VxA:—/J(r')xV(eR )dv’ (3.99)

v
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where identity V x (¢J) = (Vg) x J + gV x J has been used. Therefore,
_ L ' 1+ jkR _ir
Hy= o / 3(') x R I e akng, (3.100)
v
Noting that
VxJIxR)=—=J -VIR+IJV-R+(R-V)J-RV-J

R
VIR) = f(R)%
we can find the electric field
Esa= EVXHA——J()
= il J{ - O xR) x V[ dhR] 4 LR —ikRY (I x R) Jdo!
v
—7uJ(r)
= — i / {GIJ +GRR-I(r )]}e‘ijdv’ ~ L@ (3.101)
where
11— 2 p2 : _12p2
G, = JER+E°R G2:3+]3kR k*R (3.102)

R3 ’ R5
Similar expressions can be obtained for the fields due to the magnetic current

source M: 1 kR
/ M(x' +RJ e IR gy’ (3.103)

_ .7 ! ! —J ! 1
Hp _—m!{GlM(r)+G2R[R-M(r )]}e B dy —mM(r) (3.104)

These equations are valid everywhere in arbitrary coordinates. The textbook
shows the expressions for Cartesian coordinates. Note that the expressions given
for E4 and Hp are only valid away from the source since they do not include
the source singularity terms as in (3.101) and (3.104).

3.6.2 Far Field

For the far field zone, we can approximate

r —r'cost, for phase variations

— 2 02 ! 1/2
R =[r"+r%=2rr' cost)] { T, for amplitude variations

(3.105)
if r >> X and r > 2D?/) where D is the largest dimension of the radiator
or scatterer, and costy = 7 - 7' is the angle between r and r’. Under this
approximation,

—jk(r—r'cos ) —Jjkr
Ax B /J(r')e—dv' =K N (3.106)
r 47y
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€ e—Jk(r—r" cosy) ce—Jkr
Fr~— | M@ dv' =
47 ) r 4d7r

where
N = /J(r')eﬂ"’ sVy', L= /M(r')ejlw’ cos VY gy !
v 4
For the surface current densities, we have
N = /Js(r’)ejkr' cos ’/’ds', L= /Ms(r')ej'"l cosy gt
s s
And for line current sources
N = /Ie(r')ej’w' osvqe L= /Im(rl)ejkr’ cos 9 gt
¢ c

Now let us write these vectors N and L in component forms
N = #N,(6,9) + 0Ny (6, ) + SNy (6. 9)

L =7L,(0,9) + 0Ls(0,8) + dL4(0,4)

Using B4 = —Z2-[V(V - A) + k>A], we have
Es = f[g+ > %]e‘j’"
'n,:273’...
= Con | ,—jkr
o[+ B Gee
n=2,3,---

Keeping only the (1/7) terms, we obtain

B~ —0jwAy — pjwldy = —jw[A — F(A - 7)]

(3.107)

(3.108)

(3.109)

(3.110)

(3.111)

(3.112)

(3.113)

(3.114a)

Note to make sure that only the § and ¢ components are calculated using the

about equation, we can write (3.114a) as
Ea~ —0jwAg — dpjwAy = —jwlb(@ - A) + $(6- A)]
Similarly, for far fields due to M,
Hr ~ —0jwFy — ¢jwFy = —jw[F — #(F - #)]

or
Hr ~ —0jwFy — pjwFy = —jw[0(0 - A) + ¢(¢ - A)]

(3.114)

(3.115a)

(3.115)
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Once E4 and Hp are obtained by above equations, H4 and Er can be
obtained by Maxwell’s equations. Keeping only the (1/r) terms, we have

OE A0
Hy, OF Ay — ~
4 wﬂrst[ sin6Eag 0¢ I~ 0
j 1.1 8Es O(rEad) 7 J 0Bas _ _5Eas
H - < - — r—0———=—0—
Al w,ur[sin() 09 or ] wp Or n
= J 1.0(rEal) OEar _ (Z)LaEAH _é%
A¢ = wpr or 80 " Twp or T q
or
HAzl/f)(EA:—J—TAXA
n n
Similarly,

EFZ—anHFZ—anF.
Therefore, the total far fields in terms of N and L vectors are

E., =0

&
2

Jk:e jkr (L¢+nN9)
Ey w ik - T(La nNy)

4rr

2

H =0

Hy ~ %" (N, Lo
kr

Hy - (N, 4 L)

A. Evaluation of N and L in Cartesian Coordinates

(3.116)

(3.117)

(3.118)

(3.119)

(3.120)

(3.121)

(3.122)

For radiators or scatterers with rectangular geometries, it is more convenient
to perform the integration in Cartesian coordinates. But the observation point
(components) should be represented in spherical coordinates. Note that

z f sinfcos¢p cosfcos¢p —sing
9| =Ts [0, Ts = |sinfsing cosfsing cos¢
Z 0] cos@ —sinf 0

We then have in spherical coordinates

N = / 'SV [, T ] Tey

> D B

Jzcosfcosp+ Jycosfsing — J, sinf

Jysinfcosp + Jysinfsin ¢ + J, cosd
/dv ejkr cos Y
—Jgsing + Jy cos ¢

(3.123)
A
g (3.124)
¢



quziu 40 CHAPTER 3. POTENTIALS AND WAVE SOLUTIONS

Similarly

~

z
L:/dv'@jkr’cos¢[Mx My MZ]TS’I' [g]

- M, sinf cos ¢ + My sinfsin ¢ + M cos 0 ¢ T
= /dv'eﬂ" s | M, cosf cos ¢ + M, cosfsin ¢ — M, sin 9 (3.125)
— M, sin ¢ + M, cos ¢ 1)

In the above,
dv' = dz'dy'dz’ (3.126)

r'cospy =r' -7 =2'sinfcos ¢ + y' sinfsin ¢ + 2’ cosf (3.127)

In general, for the far field we only need the 6 and ¢ components of N and L.

If the surface current densities are present, then the above volume integration
need to be changed to surface integration. Those can be easily derived from
above.

B. Evaluation of N and L in Cylindrical Coordinates
In cylindrical coordinates, we first note

Jz Jp cos¢’ —sing’ 0
Jy| =Tre | Jg |, Tre= |sing’ cos¢’ 0 (3.128)
J. J: 0 0 1
Then
z
J = [J Jy J1|9
Z
A
= [J, Js J|T'Tsr 0
¢
sinf cos(¢ — ¢') cosBcos(¢p — ¢') —sin(¢p — @) 7
= [J, Jp J.]|sinfsin(¢p—¢') cosfsin(¢—¢') cos(¢ —¢') ¢
cosf —siné 0 10)
Thus,

N=/dvlejkr'cos1/)

J,cosbcos(¢p — ¢') + Jy cosfsin(¢p — ¢') — J, siné

%
[J ,sinfcos(¢p — ¢') + Jysinfsin(¢p — ¢') + J, cos€]t [
—J,sin(¢ — ¢') + Jg cos(¢ — ¢')

A
6| (3129
¢
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where
dv' = p'dp'd¢' dz’' (3.130)
' costp = z'sinfcosp + y' sinfsin ¢ + 2’ cos@ = p' sinf cos(¢ — ¢') + 2’ cos
(3.131)

Again, the expression in (3.129) is a volume integral. For a surface current,
it should be changed to a surface integral. For vector L, one needs only to
replace J by M in (3.129):

L= /dvlejkr’ cos ¢
1%

M, sinf cos(¢ — ¢') + My sinfsin(¢ — ¢') + M cosb !
- | M,cos@cos(¢p —¢') + Mg cosfsin(p — ¢') — M, sinf
—M,sin(¢ — ¢') + My cos(¢p — ¢')

Some useful integrals are listed below:

A
4| (3.132)
¢

c/2
jaz g, _ . sin(ac/2)

e?¥dz =¢ a2 (3.133)

—c/2

2+
eizcos(@=9") qo' — 2 Jo(2) (3.134)
/zJo(z)dz = z2J1(2)|§ = ¢Ji(c) (3.135)

0

/wl_pJp(aw)dx = —éwl_pJp_l(am) (3.136)



