Chapter 4

WAVE PROPAGATION
AND POLARIZATION

In this chapter (Chapter 4 in textbook) we study the propagation of TEM waves
in general lossy media and their polarizations.

In contrast to the textbook, we first consider the general case for lossy media
by using the complex permittivity and complex wavenumber. The lossless case
is just a special case where 0 = 0, 0,,, = 0 and €, y and k£ become real.

For a TEM wave, both E and H are perpendicular to a certain direction,
for example a, where @ can vary with space. At every point in space, the E and
H vectors form an equiphase plane. These equiphase planes are in general not
parallel to each other at different points in space.

If these equiphase planes are parallel to each other everywhere, then these
TEM waves are plane waves. In addition, if these planes are also the equiampli-
tude planes, then the wave is called uniform plane waves. On such a plane, the
field is not a function of position.

4.1 Uniform Plane Waves in a Homogeneous Medium
The homogeneous wave equation for E in a homogeneous medium is

VZE+KE =0, k*>=w?jié (4.1)
where € [i are the complex permittivity and permeability. In the rest of the
class, this tilde will be omitted, keeping in mind that in general € and p can be
complex.

The general solution of this equation is obtained in Chapter 3. In particular,
for a uniform plane wave, we can write

E(r) = Efe %™ L By e/khr = BT (1) + B~ (r) (4.2)
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where the complex wavenumber k = k' + jk" = 8 — ja = w,/pe will take the
following values

=48>0, —k"=a>0. (4.3)

As discussed in Chapter 3, the choice of (4.3) will ensure that E+(r) = Ef e kb
is a wave propagating in +k direction, while E~(r) = Eg e/** is a wave prop-
agating in —Fk direction. Alternatively, we can define the complex propagation

constant
. . . a=—-kK'>0
v=a+jB=jk=—k"+jk, { B=k >0 (4.4)

where « is called the attenuation constant, and § the phase constant.
Given the plane wave expression (4 2), we can replace V operator by Fjk =
Fjkk depending on whether its a +k or —k propagating wave (i.e., ET or E7).
Then from Gauss’ law we have

V-E*(r) = Fjk-ET =0 (4.5)

that is, E is perpendicular to the propagation direction (ﬂ:lAc)
The corresponding magnetic field can be obtained by Faraday’ law:

. N ) '
Hir:ivXEi:—kinzlik x ET = HEeFikr 4.6
wh Wit 7 0

Noting that the form of the plane waves propagating in k and —Fk are the
same, we can summarize the expressions for uniform plane waves in a homoge-
neous medium as

E(r) = Ege /%7, H(r) = %k x E (4.7)

Conversely, if H is know, we have

E(r) = —nk x H (4.8)

4.1.1 Wave Impedance

The wave impedance of plane wave is

= — om ,
Zo=n=yfE= L = e (1.9
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4.1.2 Phase and Group Velocities, Power and Energy
Densities

The complex wavenumber is

k=(wp—jom)(we—jo) =k +jk" = 8 - ja (4.11)

where 3 and « can be obtained from the parameters p, €, o and o,

omo B - ) (2 2) - (- 2]
g = w\/%[\/(l - 520;76)2 + (i + Z—T;)Q + (1 - Z;’;"e)]m (4.12b)

For the special case where o,, = 0, we have

azw\/g[ 1+ (iy —1]1/2, (4.12¢)

—~

4.12a)

2 1/2
p=w /B 1+(Z) +1] (4.12d)
2 we
The phasor notations of E and H given in (4.7) are
R . 1 - . N
E = Ege~®FTe=ifkr  H = ﬂk x Ege ke =ilBkr—0n] (4.13)
n

As can be seen from (4.13), then is a phase difference between the E and H
fields. Assuming Ey is real, the instantaneous forms of the fields are

E(r,t) = Ege “** cos(wt— Bk-r), H(r,t) = Tm 9ok cos(wt—pBk-r+6,)
(4.14)
The phase velocity along k direction is then
dik-r) w
UP dt ﬁ ( 5)

In general, as o increases (assuming o, = 0), § increases, and hence v, de-
creases. When the conduction current dominates over the displacement current
(i.e., o/we > 1), B x /o and v, x 1//0.
The instantaneous energy densities are
1

we (r,t) = %eE(r, t)-E(r,t) = §eEge*2°‘k'r cos®(wt — Bk - 1) (4.16)

Wi (r,t) = 1pH(r,t) - H(r, t) = %,que_z"‘f” cos?(wt — Bk -t +6,)
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= #Ege—m’%'r cos?(wt — Bk -t +6,) (4.17)

The instantaneous power density is

.~ E2 - ~ ~
p(r,t) = E(r,t)xH(r,t) = kﬁe‘mk" cos(wt—pPk-r+6,) cos(wt—pk-r) (4.18)
n
The instantaneous group (energy) velocity is defined by the ratio between
the total power and the total energy density

_ p(r,t)

= 4.19
T (4.19)

Vy
Obviously from (4.16)—(4.18), for a lossy medium (o # 0) this group velocity
depends on space and time. This indicates the problem of the definition of group
velocity for a lossy medium using (4.19). Perhaps a more appropriate definition
for lossy media can be written in terms of the time-averaged quantities

T
i r,t)dt
T{p( ) ~cosf,/2ln]  -2|n|cosb,
Vg = T = kl(e n %) = €|77|2 n 7 (420)
%f(we + Wy, )dt 4 In]
0
For a lossless medium, o = 0 and 8, = 0, n = /£, a = 0. Then both definitions
(4.19) and (4.20) give
v, = L (4.21)
T
Only for lossless media, we have v, = v, = 1/,/p€.
The time-average power density (Poynting vector) is
_ 1 * _ I |‘E0|2 —2ak-r
Pav(T) = 2§)‘Be[E(r) xH*(r)] =k 20| e cos Oy (4.22)
4.1.3 Skin Depth
In a conductive medium, a uniform plane wave is
E = Ege—ohTe=iBkr (4.23)

The skin depth is defined as § = (k-ry — k-r1) such that |E(ry)|/|E(ry)| = 1/e.
Hence

=2 =1so [ (- Zm) (2 22) - (- )]

For o,, = 0, we have

azézl/w\/%[ 1+(£)2—1]1/2. (4.24)




4.1. UNIFORM PLANE WAVES IN A HOMOGENEOQOUS MEDIUM qu s 47

For a good dielectric, the displacement current dominates the conduction
current, i.e., (0/we) << 1, then

o |u 2 [e n
N —4— SEBN N —, = IS 4.25
a 2\/:7 ﬂ Wa/ €, o P /1/7 n \/: ( )

For a good conductor, the conduction current dominates, and (o /we) >>
1. Then

wpo wpo 2 Wi .
R —— R —— Ny — ~a/—(1 4.26
am [U07 B U0 am [ e fRat) (426)

In these approximations, we have assumed that o, = 0.

4.1.4 Decomposition of a TEM* Mode into TEY and TMY
Modes

Assuming the propagation direction k is on the (z, 2z) plane and makes an angle
of §; with the 2 direction, so that

k = Zcos; + & sinb;, lAc-r::csinGi+zc050,~ (4.27)

A uniform plane wave E = E()eA_j’“i“'r is a TEMF mode as both E and H are
perpendicular to k, that is Eg - k = 0 and Hy - £ = 0. If we can always write

E = Ey[j cos b, + (Z cos; — #sin ;) sinf,]e " * = E; + E5, E; = jjcosé,

(4.28)
where 8, is the angle between Ey and y axis. Then E; and E, are respectively
the TMY and TEY modes.

A. TMY wave
For the TMY wave

E, = jE cos Oye_jki“'r = §E cos O, e k(@ sin itz cos b:) (4.29)

H, = %I% xE; = Eq cosby (=& cos 0; + 2 sin §;)e Th(@sinbitzcosbi) (4 30)
The directional impedance in z and z directions are, by definition,

(Zo)Tm, = % = ﬁ (4.31)

(Z:)T™m, = —f&i = coZH,-' (4.32)

Note that in general for lossy media 7, (Z,)Tm,, and (Z;)rm, are complex.
Recall that jk = a + j3 is complex, we see that the phase of E; is

0p = wt — Bk - v = wt — B(z cosb; + x sin 6;) (4.33)
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Letting 6 = constant, (4.33) gives the directional phase velocity in z direction

as p
z w
L= — = > 4.34
Uz = Bcos; — Yr (4.34)
The directional group velocity in z direction can be found in the same way
as (4.20), that is

p(r,t) - 2dt

T
J
. 2 0
Vg = ; =gk - 2 = vy cos0; = % cost; < vy, (4.35)
€
1 [ (e + wy,)dt g a
0
where vy, is the group velocity in k direction.
B. TEY wave
Similarly, for the TEY component Es, we have
E, = Fysin 6, (2 cos§; — 2sin f;)e k(@ sinbitzcosd) (4.36)
H, = gEo sin o~ k(@ sin 0:+7 cos 0:) (4.37)
n
The directional impedance in z and z directions are, by definition,
Ey. .
(Za)rp, = ——= = nsinb; (4.38)
y Hly
E
(Z)1E, = =% = ncosb;. (4.39)
v Hly

Note that in general for lossy media 7, (Z;)Twm, , and (Z.)Tm, are complex. The
directional phase and group velocities are the same as in (4.34) and (4.35).

4.1.5 Standing Waves

Let’s consider the superposition of two plane waves propagating in k = +2
directions with E = ZE, and

~

E,(2) = Ef e **e795% 4 Eje*eiP?
= \/(E(}L)Qe*%‘z + (Ey )2e227 + 2B Ey cos 203z
L [Bfem_Bgen )
X exp{ Jtan [E;e_MJrEO_eM tan Bz

= 5(z) exp[—j¢(2)] (4.40)

Then the instantaneous form of the field is

E,(z,t) = S(2) cos[wt — ¢(2)]. (4.41)
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It is clear that

S(z) = \/ (B} e + (By )2e*= + 2B By cos2B2 (4.42)

is the envelop of the maximum values the instantaneous field (4.41) will ever
achieves as a function of time at the given position z. This envelop does not
move in position as a function of time, and is called the standing wave pattern.
The associated field (4.40) or (4.41) is called the standing wave.

Note that the envelop is in general a complicated function depending on «
and (3. Clearly in the range of —oo < 2z < oo the global maximum is at infinity
if a # 0. Moreover, the pattern is not periodic.

In the special case where the medium is lossless, a = 0, and

S(z) = \/(B)? + (Ey )2 + 2B Ey cos 28z (4.43)

becomes periodic. The standing wave ratio is defined as the ratio of maxi-
mum/minimum values of S(z), or of E(z),

|Ey |
By (D)max L T IEF 14T

|Ex (2)lmin 1 _ gl 1]
Ei

SWR =

(4.44)

where I = E; /E{ is the reflection coefficient. In general 1 < SWR < oo, with
SWR =1forI' =0, and SWR = oo for || = 1.
Assuming Ei are positive and Ef > E; , we have

|Ez(2)|max = |Ed | +|Ey |, for Bzmar = mm, m = integer (4.45)
and
|Ez(2)min = |Eg | — |Eg |,  for Bzmin = (m +1/2)7w, m = integer (4.46)

The distance between maximum and minimum location is

A

|(zmaz)m - (zmz’n)m| = Z (4.47)

and that between adjacent maximums or minimums is

|(Zmaz)m+1 = (Zmaz)m| = |(Zmin)m+1 — (Zmin)m| = 2 (4.48)

4.2 Polarization

Polarization is a property describing the time-varying direction and relative
magnitude of E(r, t) at a fixed location. It consists of the trace of E as a function
of time at a fixed location, and the sense of rotation of the trace with respect to
the direction of propagation. For example, a single plane wave E = Ege~7%*'T or
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E(r,t) = Eq cos(wt — kk - ) is called linearly polarized because E(r, t) is always
in a direction parallel to Eq.
Consider two linearly polarized waves given by

E, = ',i_EzOefjkz — i‘|E$0|67jkz+j¢m, E, = Z}Eyoe*jkz — glEy0|e*jkz+j¢y
(4.49)

where ¢ = ¢, — ¢, is the time phase lag of E; with respect to E;.
The sum of these two fields gives

E(r,t) = Ei(r,t)+Ea(r, t) = Z|Eyo| cos(wt—kz+¢,)+§|Eyo| cos(wt—kz+¢y) = TE,+9E,

(4.50)
From (4.50) we can obtain that
T = cos(wt — kz + @) (4.51)
|Ex0|
E, : .
Byl = cos(wt — kz + ¢y) = cos(wt — kz + ¢;) cos ¢ — sin(wt — kz + ¢,) sin ¢.
y0
(4.52)
From (4.51) and (4.52) we have
E E 2
) 2 Yy z
sin®(wt — kz + sin® ¢ = - cos 4.53
Using (4.51) and (4.53), we then obtain
1_[Ew ]2_[ E, B E,ccosqﬁ]2
|E$0| |Ey0| sin ¢ |E1-0| sin ¢
o B, 12 E, 1 6 E,E
- Y cos < Ey
n _gl0s¢  Buly 4.54
[|Emo| Singé] [|Ey0| sinqb] sin? ¢ | Ego|| Eyol (4:54)

which is an equation of ellipse in general. Therefore, the polarization of the sum
of two perpendicularly polarized plane waves is in general elliptical.

The sense of rotation of this elliptically polarized wave can be described by
the instantaneous angle 1(t) that E(r,t) makes with z-axis:

_ 4 E (I‘,t) _ — |E 0| :
¢(r,t) = tan~! m =tan ! {ﬁ[cos ¢—tan(wt—kz+¢,) sin (;5]} (4.55)

Depending on the sign of di/dt, there are three different polarization senses

¢ RHEP—Right-hand elliptical polarization. If this angle increases
with time (i.e., dp/dt > 0) this wave is said to have a clockwise sense of
rotation (right-hand polarization). Obviously, for —7 < ¢ < 0, it has a
right-hand polarization.

e LHEP—Left-hand elliptical polarization. If this angle decreases
with time (i.e., di/dt < 0 or 0 < ¢ < m/2) this waves is said to have
a counterclockwise sense of rotation (left-hand polarization).
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e Linear polarization. If ¢ = 0, ¢ does not change with time (dy/dt = 0)
then it is linearly polarized.

Three special cases can be obtained from equations (4.54) and (4.55).

4.2.1 Elliptical polarization with principal axes on
r and y axes

In (4.54) and (4.55), if $ = £7, then

Es 17 By 17 _
[lEzol] + [lEyol] =1 (4.56)
— an— | Eyol
Y(r,t) =tan™! { F |EZO| tan(wt — kz + ¢m)} (4.57)

Obviously if ¢ = m/2, it has a left-hand polarization; if ¢ = —7/2, it has a
right-hand polarization.

4.2.2 Circular polarization
If $ = £% and |Eyo| = |Eyo|, then (4.54) and (4.55) become
E2 + E2 = | Egol? (4.58)

Y(r,t) = Flwt — kz + ¢;) (4.59)

which is a left-hand circularly polarized (LHCP) wave if ¢ = 7/2, and a right-
hand circularly polarized (LHCP) wave if ¢ = —m/2.

4.2.3 Linear polarization

If £, and E, are in phase or out of phase, that is ¢ = 0 or =, then

E, E,
— = = 4.60
[Beal ~ Byl (.50
E
Y(r,t) = £tan? % = constant (4.61)
z0

which is a linearly polarized wave with the E field making a constant angle of

1 =+tan"! % with respect to z axis.



