Chapter 7

SCATTERING

This chapter (Chapter 11 in the textbook) discusses the scattering problem. In
the presence of scatterers, the incident field is scattered. We aim to find the
scattered electromagnetic fields. Techniques used to find scattered fields are:
(1) Geometrical optics (GO); (2) Physical optics (PO); (3) Model techniques
(MT). In this chapter, we will discuss some analytical methods for canonical
problems and the PO approximation for PEC scattering problems.

7.1 Infinite Line Sources

In this section we study the radiation of uniform electric and magnetic line
sources extending in z direction to infinity. The current densities on the line
sources are assumed uniform. Thus this situation is different from the radiation
of a point source—it becomes a two-dimensional problem in a homogeneous
medium, or if the medium is also uniform along the z direction.

7.1.1 An Electric Line Source
The electric current density of a line source is given by
I(r) = 26(p—py)Le (7.1)
Therefore the magnetic vector potential A satisfies
(V2 + kA = —2ul.8(p— py)

Since both the source and the homogeneous medium are independent of z, we
have 8/9z = 0. In cylindrical coordinates, assuming that p, = 0, we have

10 0 .
(;a_ppé)_p + kYA, = —pd(p) L. (7.2)
The solution of this equation is
Ao = =2 LA (kp) (7.3)
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Note that to arrive at this solution, we have eliminated the other non-physical
solution proportional to the zeroth order Hankel function of the first kind. From
A we can obtain the electromagnetic fields as

— iwA -V, = —jwA— (v A) = -5, g
E = —jwA - V¢, = —jwA w,uev(v A) = zIe4weH° (kp) (7.4)

18A

= —v A= = —$jkI,AH® (kp) (7.5)

Ifpo#0,ie., when the line source is located away from the origin, we have

.7 K e
B = 2L, . H (klp - po) (76)

—j _H<2><k|,,_,,o|> (7.7)

Here, 9 is the circumferential angle around the source.
We define the wave impedance as

= _E; = ﬁ_H(?)(kp) %y (7.8)

AR >
Hy  we v (kp)

7.1.2 Magnetic Line Source

Similarly, for the magnetic line source located at p,, we have

k
E = $B; = )jln 1" (klp - pol) (7.9)
: e
H=:H, = —zImmHo (klp — pol) (7.10)

Again, note that ¢ is the circumferential angle around the source. In general
) # &¢ except for p; = 0.

7.1.3 An Electric Line Source above an Infinite PEC Plane

Assuming that an infinite PEC plane is located at y = 0. If an electric line
source with J = Z2I.A(p — p,) is located at p, = gh, then its image will be
J = —2I.A(p— p)) located at gy = —gh. The total electric field E will be the
sum of the incident field E; due to the original source and the reflected field E,
due to the image source:

~k2T (2) (2) .
¢ _ g gy =4 —Famc[Ho (kpi) — Hg”(kpr)] ify >0
E'=E +E { . e
pi = |p—po| = [p*> + h? — 2phsin @] (7.12)
pr = p—ph| = [p> + B + 2phsin ¢] (7.13)
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Figure 7.1: An electric line source above a PEC plane.

For the far field,
pi =p—hsing, p. = p+ hsing

Therefore,

E:{ —2jnley/4E sin (khsin ¢) <" if y > 0 (7.14)
0 ify<o0

7.2 Scattering by Planar Surfaces

Radar Cross Section (RCS) is the area intercepting the amount of incident power
that, when scattered isotropically, produces at the receiver a density that equal
to the density scattered by the actual target. Assuming the power density of
the scattered field is S and that for the incident plane wave is S;, the RCS o3p
is thus defined as

lim [47(7‘255] = Si03D
T—>00

Thus, the 3-D RCS is given by the following equivalent expressions

lim [47r2 22]

=00 |E ‘2
03D = Tli_}nolo[47rr2 B (7.15)

. H,|?
lim [47TT2|H—'|2—
ry00 HL: |
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For a two-dimensional target, since we assume that the medium and fields
are invariant in one (say z) direction, the target is actually infinite in size in that
direction. Therefore the RCS defined above is finite. To avoid this difficulty,
we define a scattering width to be the RCS per unit length in the invariant
direction. RCS «— scattering width (SW)

lim [27rp%
p—00 i
lim [27p Eel)
= Jim 2o (7.16)
lim [27rp—g‘H‘*|2]
pP—r00 |H;|

02D

Note that here a plane wave incidence is assumed. For an arbitrary target,
the scattered field in general cannot be found analytically. Therefore,either
numerical methods or some approximation should be used. In this chapter, we
will use the physical optics approximation. Full-wave numerical methods will
be discussed in a subsequent course on computational electromagnetics.

The dimensions of the RCS and SW defined above is m? and m respectively.
Most of the time, these are also shown in dB-m? and dB - m respectively by
defining

RCS (dB - m?) = 10log;,[RCS (m?)]

SW (dB - m) = 10log;([SW (m)]

7.2.1 TM, Plane Wave Scattering from a Strip:
The PO Approximation

Consider a strip invariant in z direction. The PEC strip is assumed infinitely
thin in y direction and located at 0 < x < w. We assume a TM, plane wave
incidence so that the incidence direction is

k; = —& cos ¢; — 1 sin ¢;
and the incident electric field is

Ei — 2Eoe—jkki-r — 2E0€jk(:c cos ¢i+y sin ¢;)

The incident magnetic field H; can be obtained by

1. E : .
H; = —k;i x By = =2 (—#sin ¢; + § cos ¢; )elF(® cos ditysine:)
n n

The scattered fields cannot be found in a closed form. In this case, the rigorous
method requires numerically solving for the physical optics equivalent current,
from which the scattered fields can be evaluated.

However, when the width w of the strip is much larger than the wavelength,
we can use the physical optics approximation

Jy=2axH;, M,=0 (6.77)
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Figure 7.2: Scattering by a PEC strip along the z direction. For TM, incidence,
E;, =ZE;. For TE, incidence, H; = ZH;.

From this physical optics approximated current, we can find the scattered field.

The physical optics equivalent magnetic current density on the PEC surface
is zero. In the PO approximation, the physical optics equivalent electric current
density on the strip is

2F n s 6
Jo(z) = AxHy|y—o ~ 20 x Hy|y—o = ZTO sin(¢;)e?k 2% e [0,w] (7.17)

From this electric current density, we can calculate the scattered electromag-
netic field through the magnetic vector potential

A= u/SJp(a:',y’,z')gﬂr —r'|)dz'dZ’ (7.18)

where g(Jr — r'|) = e 7%= 'l /4x|r — ¢'| is the 3-D Green’s function. Note that
in the above equation, the integration is over (z',z'), i.e., both in z direction
and the invariant direction z. However, in our case the current density is only
a function of x’. Therefore, the integration over z’ can be carried out on the
Green’s function, resulting in

® oo [ kv AP CTF]
/ alo-pF+ (-7 4

This result is obtained by noting that

H (klp—p)

oo

/ expljave” 8 )y i (aa) (7.19)
N

Finally, equation (7.18) becomes

A= [ 3,@)0n(p-pl)ds (7.20)
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where C is the curve on which the surface current exists, in this case over the
strip with z € [0, w];
—J
g2p(lp—#) = 5 Hy” (klp—p)

is the 2-D Green’s function.
The far-zone scattered field can be obtained by using the approximation

p—p|=p>+p? —2pp cos(¢s — ¢') ~ p— p/ cos (¢ — ¢') (7.21)

and the asymptotic expression for the Hankel function

2‘ . " ’ 2 _Jkp . ! U
H? (klp— p|) ~ W_]gpe—]k(p—p cos(¢—¢")) :1/#_6\/?) eIk cos(6=9") (7 99)

Using these far-field approximations we have the approximate magnetic vector
potential A

i —Jjkp
sin X ] € =:4, (7.23)

A~ —5Aged 3 (cos 404 gip [
0 X \/ﬁ

_Jwpko [ g _ kw .
Ay = 7 5 X = 5 (cos ¢ + cos ¢;)

Noting that V - A = 0, we arrive at the far-zone electric field

where

E, = —jwA — L V(V-A) = —jwA = —3jwA, (7.24)
wpe
and the far-zone magnetic field
1 v
H,= pxE,= ¢4, (7.25)
Ui n
(Note the textbook has an important error here: it should be E,,

rather than Eg. This also affects the SW below.)
The bistatic scattering width at (8, ¢) direction is then

2 2 in? kw .
oop (bistatic) = lim [27rp|E5|2] = 2mw in2 i SH.I 22 (008 ¢ + cos )
p—roo |E:| A (B2)7(cos ¢ + cos ¢;)?
(7.26)
And the monostatic SW (¢s = ¢;) is
2mw? in’ i
o2p (monostatic) = T sin? i sin_ (kw cos ¢:) (7.27)

A k2w? cos? ¢;

Both are of the form Si')‘;x , which has a maximum at ¢ = w — ¢; for bistatic

and %T:W for monostatic case.
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TE, Incidence on A PEC Strip

Similarly, for TE, incidence,

. , in X —jkp
A = —GjuwHoy /;r_kej(kw/Z)(COs $+cos ¢;) [%] e\/ﬁ TA; (7.28)

1l

The far-zone fields are

E, ~ —jwl2(2-A) + ¢(¢ - A)] = —¢jwA, sin ¢ (7.29)

1 E j
H,~ - pxE, =222 = 22%4 sing (7.30)

n n n

The scattering widths are
. . 2rw? sin® X
oap (bistatic) = 3 sin® ¢ 2 (7.31)
2rw? in? ;

o2p (monostatic) = T sin? qﬁiw (7.32)

k2w? cos? ¢;
Note maximum for o2p (bistatic) does not occur at ¢ = 7 — ¢;. This is approx-
imately true for w > A, though.

7.2.2 Plane Wave Scattering from a Flat Rectangular Plate

In Chapter 7 we already studied this case using both the induction equivalent
and physical equivalent approximations, except that we used a different coordi-
nate system where the plate was on the yz plane. In this subsection, we have
a similar case except that the plate is on the xy plane located at z = 0. The
procedures are identical to those in the last example of Chapter 7, and will not
be repeated here. We only present a summary below.

Here we assume that the PEC plate is located at z = 0 with —a/2 < z < a/2
and —b/2 <y < b/2. The plane of incidence of the plane wave is on yz plane,
with the incidence direction

ki = (§sin; — Zcosb;).

A. TE, Scattering

For the incident TE, plane wave, we have
E; = nHy (4 cos 0; + 5 sin ;)¢ =7k sindi—zcos 0:) (7.33)
H; = i,Hoe—jk(ysinOi—zcosﬂi) (734)

Using the physical optics approximation, the induced current on the plate are
M, =0 and

Jp = ﬁXH'z:():éX{i‘(Hi-i-Hr)'z:O
2% X & Hj|,—0 = §2He=IFvsinbi (7.35)

R
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b/2

-b/2

-b/2

/2

Figure 7.3: Scattering by a rectangular PEC plate on xy plane. For TE, inci-

dence, H; = £H;. For TM,, incidence, E; = T E;.

For far field zone,

E. =~ 0
H, ~ 0
By ~ IR LNy
v Arre—dkr <8 TN
7k
E;, ~ ————(Ly—nN,
¢ 47rre—ﬂ"( o= nNg)
—-E
Hg ~ —
n
E
Hy ~ —2
n

Ny = / (Jycosfcos ¢ + Jy cosfsing — J, sin H)ejkrl cos P
s

N, = / (= J, sin ¢ + J,, cos ¢)e?h" 3¢ dg'
s

r'cos¢’ =1' -7 = (22’ + gy') (& sin b cos ¢ + §sinfsin ¢ + 2 cosh)
= 2’ sin @ cos ¢ + y' sin G sin ¢

Noting that

b/2 , a/2 .
/ egk:y (sin 0, sin ¢, —sin Gi)dyl / ejkz sin A cos 05 dz’
—b/2 —a/2

- 2abH0{ cos 05 sin ¢, [M] [Siny] }

X Y

(7.36)
(7.37)

(7.38)
(7.39)
(7.40)

(7.41)

(7.42)

(7.43)

(7.44)

(7.45)
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we obtain

N, = ZabHo{ cos 0, [%] [SiI;,Y] } (7.46)
where X = A2 in 6, cos ¢, and Y = 2 (sin 6, sin ¢, — sin ;)
03p = 47r(a7b)2 (cos2 8, sin® ¢ + cos® d)s) [Sir)l(X] ’ [sh;/Y] ’ (7.47)

Maximum scattering always lies in a plane parallel to the incidence plane (¢s =
m/2). So for this plane, the principal bistatic (¢s = 7/2,3m/2)

? in[£2 (si 05 i 91'
osp(¢s =7/2,3nw/2) = 47r(a_b) cos> 98{5111[ 5 (sinf; F sin

A % (sin s F sin 6;)
(7.48)
Back scattering direction (¢, = ¢; = 37/2, 05 = 6;),
_ ab\?2  ,  rsin(kbsiné;)12
o3p = 471'(?) COS 01 [W] (749)

For large b > A, (¢s = 7/2,37/2) has a maximum at ¢; =~ ¢;, similar to the
T E? scattering in strip.

B. TM, Scattering

Similarly, for a TM, Plane wave incidence,

sin X 72rsinY
7 v
The above solutions use the physical optics (PO) approximation to predict
RCS. This approximation is most accurate at the specular direction.
The monostatic RCS o3p and o2p are independent of polarization, which is
only true in PO approximation.

03p = 47r(%b)2 [cos2 (%((:os2 65 sin® ¢ + sin? qﬁs)] [ ]2 (7.50)

7.3 Cylindrical Wave Transformations and
Theorems

In this section we will study the scattering by circular cylinders. To facilitate
the formulation of the scattering of plane waves, we will first introduce the
transformation of plane waves into cylindrical waves. For scattering of line
sources, we will introduce the addition theorem.

7.3.1 Plane Waves in Terms of Cylindrical Wave
Functions

First we will prove the important formula

etike — otjkpcos¢ — i GE T, (kp)ei™? (7.51)

n=—oo

)]}2 for 0<6; <m/2
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To prove this formula, we only need to expand the left-hand side as the
summation of cylindrical functions, for example,

e~ IkT = gmikpcosd — Z anJn(kp)ei™? (7.52)

n=—oo

Here we have used J,(kp) rather than the other three cylindrical harmonics
(Y, Hﬁl) and Hﬁz)) because only this function is regular at the origin. The
other harmonics are singular at the origin and do not satisfy the regularity of
the left-hand side. Multiplying both sides by e~7™? and integrating over ¢, we
arrive

o o] 27
[ e tcimtas = S anihe) [ mas 5
0 n=-—oo 0
Noting that
27 .
/ ej(n—m)d¢ = 27r6mn (754)
0

27
/ e Ikpeosdtm) g — o i=m I (—kp) = 2w ™ (=1)>" T, (kp) (7.55)
0

we have,
am =3 (7.56)

which proves the first part of equation (7.51). The other part of (7.51) following
the same proof.

Note that (7.51) is the cylindrical harmonic expansion of a plane wave prop-
agating in +x or —x direction.

7.3.2 Addition Theorem of Cylindrical Wave Functions

The addition theorem for cylindrical wave functions are

Hy (klp—p)) = % Tulkp<)Hy (kps)er(4=9") (7.57)
H (Hp—p)) = 3 Ju(kp<)HSY (kps)erm(@=9") (7.58)
Joklp—p) = X Julkp)Ju(kp')ei™(@=4) (7.59)
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Yoklp—p) = 5 Ju(kp<)Va(kps)eim@ o) (7.60)

n=—0oo

where the short-hand notations of ps. and p< are defined as

p> =max(p,p'),  p< =min(p,p’)

These notations give a more compact formula than the fully expanded one, for
example for (7.56)

> Jnlkp)H (kp')em =9 for p < pf
HP (kp-p)) ={ "™ o (7.61)
> Tulkp ) Hy (kp)e?™@=9) for p > pf

n=-—oo

To show these addition theorems we expand the left-hand sides with the
cylindrical wave functions centered at the origin. The unknown expansion coef-
ficients can be solved in two ways: The first is that in the textbook, which uses
the continuity at the source radius p = p’, and the asymptotic behaviors the
the functions at p — o0; the second way is to use the continuity at the source
radius p = p’, and the jump condition of the derivative of the left-hand side.
This second way need to use the Wronskian defined as W[X,Y] = XY'-Y X’
for the cylindrical wave functions. In particular, these Wronskians are

2

Wdn, Yn] = Jn(x)yrlb(x) - J;b(x)Yn(x) = P (7.62)
Wi, HO] = Jn@) B (7) ~ T @HD @) = 22 (76

7.4 Scattering by Circular PEC Cylinders

7.4.1 Normal Incident TM, Plane Wave Scattering by Con-
ductive Circular Cylinder

Using the cylindrical wave transformation, the incident TM, electric field is
given by

E; = 2Ee /"% = 2By Y (=j)"Ju(kp)e’™? (7.64)

n=—0oo

Similarly, we can write the scattered electric field as

oo
E = 2E:=%E, Y cnHY (kp) (7.65)

n=—oo

where ¢, is an unknown coefficient to be solved by applying the boundary
conditions. Since this is a PEC circular cylinder, on the PEC surface at r = a,
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the total tangential electric field components should be zero, or

oy In(ka) s
cp=—j "—s——el" 7.66
H? (ka) (7:66)

Therefore, the scattered field is

Es, = —E Z (2) H(Z)(kp)eami
o . Jn(ka) 2
= —-F — )2 = Gpo) L H'D (kp) cosng  (7.67
on:z_:oo( )"( O)Hff)(ka) (kp) (7.67)

The total electric field is E = E; + E,, while the total magnetic field can be
obtained by
1 10F ~ 1 OFE

H=—jp—-l e’ 7.68

Jwpp 09 Jwp Op (7.68)

To calculate the induced electric current density on the PEC surface, we

need to computer the tangential magnetic field components. In this case, the ¢
component, is

kEo ~= ._ [ , Jn(ka) ,
Hy = — 5T T (kp) — —gr——yr (kp) | €7 (7.69)
P jen HP (ka)HY
At p =a,
kEy & J! (kp)H? (ka) — Jp(ka)H? (ka)
i Ko _ndn\Kp)n a n(ka)Hy” (ka) jne
H¢ (p - a) J (2) €
’]w'u n=-—0oo Hn (ka)
2E0 > . €jn¢
= o n;m] I (7.70)
The electric current density on the PEC is
2E > Jne
I, =nxH[\_ Oy (7.71)

“raon 2= ) HD (ka)

where we have used the Wronskian relation.
To calculate the far-zone scattering field, we use the asymptotic relation for
kp>1:

. 29
HO (kp) — ]jp jre—ike (7.72)

Therefore the field-zone scattered electric field is

o0

25 e Ikp Jn(ka) -
E} — —Eo\| = T edne 7.73
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The 2-D scattering width is

2

(7.74)

= k
Z ﬁ cosng

do_p = hmp—»oo:| =

In particular, if the radius of the PEC is much smaller than the wavelength,
or a < ), the scattering width can be approximated as

1 2

2 | In(0.89%a)

a<<)\ 7T)\
bo_p =

(7.75)

7.4.2 Normal Incidence TE, Plane Wave Scattering by
Circular PEC Cylinder

For a plane TE, incident wave, the magnetic field is
H' = Hpe 7% = sHpe I*P ¢ = 3 H, Z G T (kp)e™® (7.76)
The scattered magnetic field can be expanded as
oo
H:=:Hy > d,H? (kp)
n=-—oo

Then the total electric field can be written as

E= ~VxH (7.77)
Jwe

The ¢ component of the electric field is

1 9H, _ kHo >

Ey = =22 T (kp)e’™ + d H' (k 7.78
0= T Oy T jue n;w[a T (kp)e’™® + dn HY (kp) — (7.78)
At p = a, Ez + E5 = 0 Therefore,
!
dn = —j—”i‘](g)(,k“) ei? (7.79)
H,Y (ka)

For far field, kp — o0,

2] e b0 X Jh(ka)
H,, — —Hp I A (7.80)
e N Z 22 (ka)
The scattering width is
, |H5|2] A= T (kp) 2
o2p = lim |:27r = € ———— COSNP (7.81)
S Tl R P
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For a < A, we keep up to n = %1 terms (n = 0 term is zero) to arrive at the

approximate SW

ds_p s %)\(ka)‘*[l — 2 cos ¢)? (7.82)

This asymptotic behavior is very different from that for the TM, incidence.

7.4.3 Oblique TM, Scattering

Now let’s consider the oblique incidence of a plane TM, wave where the magnetic
field for the incident field only has a nonzero y component. The incidence vector
is k; = &sinf; — £ cosf;. The incident magnetic field is H; = A% exp(—jkk; - r)
and the electric field is

E' = Eo(% cos0; + 2sin §;)e~ ke sin i gikzcos b (7.83)

The z component of electric field can be expanded as

E; . = Epsin g ez cosbi Z J " Jn(kpsin Gi)ej"‘i’ (7.84)
E, . = Eysin e~z cos? Z i "an H® (kpsin 6)e’™? (7.85)
n=-—oo

At p = a, the boundary condition requires E, = 0, or

oo

Z [sin 0;e77% <% ;= ] (kasin 6;) 4 sinfeo 720 j=mq H2) (kpsin§)] = 0
n=-—o00
From phase matching of e/##¢8% and e=7k2¢03¢ we obtain cos# = — cosb;, or

03 =T — 01' (786)

Hence, we obtain the unknown expansion coeflicient

an = ——nlkasind) (7.87)
H;” (kasiné;)
The scattered electric field is
E,. = Eosinf;e/* 2% N~ jmq, H(? (kpsin6;)e™? (7.88)
n=-—o0

The other component of electric field can be obtained similarly, but the pro-
cedures are more involved because the x component involves both ¢ and p
components in cylindrical coordinates. For the sake of obtaining the RCS, we
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only need the scattered magnetic field, which is simpler than the scattered elec-
tric field as it does not have the z component. Therefore, we will derive the
scattered magnetic field below.

Since E; = j%eV x Hy and H; , = 0, we have

1 9H,y

,P Jwe az (7 89)
1 0H,,

8= T o (7.90)

On the other hand, since all z dependence is in the exponential form e*z cos?:
for the scattered field, we have

0 )
E — jkcosb; (7.91)
Furthermore, using
1
Hi=——-VxE; (7.92)
Jwp

‘Oge‘her Wllh (I .90) and (; .90) we Ob‘aln
() 1 ]. (9EZ
H

k% + =——- .
k2 ( 6z2) jwpp 0@ (7.93)
92 1 OE;
K + HS 94
k2 ( 822) o= jwp dp (7.94)
Using (7.91) in (7.93) and (7.94) yields
) ejk:z cos 0; e . @) ) i
Hs,p jEOW :_oon] aan (kpsm@i)ej
. Ey jkz cos 0; (2) jing
Hyy = —j— ” e Z J ManHyY (kpsin6;)e (7.95)
H,, = 0

For the far field p — o0, H; 1/,0%, Hj 1/p%. Therefore, with |H;| =
|Eo/n|, the scattering width is

(o} m [ - n0)Qan n I .
2D |IIZ|2 . 2 0

where a,, is given by (7.86). In particular, for small a < A, this can be approx-

imated as
1 2

In(0.89kasinb;)

a\ A
O2p ~ ;
2sind;

(7.97)
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and is independent of ¢.

In the case of a finite cylinder of length ¢, the radar cross section RCS o3p
have to be obtained by 3-D numerical or approximate methods. However, in
the special case where the length ¢ > A, we can obtain an approximate relation
between oop and o3p for the finite cylinder of length £

22, rsin® B (cos ¢ + cos ) 2}
g < , 7.98
03D 02D{ A p[ ke (cos ¢ + cos ;)2 ] e
where 0 f
or TMZ wave
0p = { 0; for TE, wave .

However, note that this equation is approximate for £ > X, and is not valid for
0, close to zero (or axial incidence).

7.4.4 Oblique TE, Scattering

Similarly, if the incident plane wave is an oblique TE, wave, we have

E; = —jHone 7"k = §sin6; — 2 cos;

H, = Ho(izcosei+2sinGi)emcosgie_ﬂ”smgi

oo
= Hpy(#cos8; + #sinf;)elF=cos Vs Z § " T (kpsin8;)e?™?(7.100)
Transformed in the cylindrical coordinates, this gives
H;,=H, cos¢ (7.101)
H¢,¢ = _Hi,:c sin¢ (7102)

Since E! = 0, we again obtain

1 92 1 10H;
1-—2 Vg, = — -2 1
< k2 8z2> “P jwe p 0o (7.103)
1 92 1 0H,;,
1—- —— EZ' = - _—— 104
( 2 8z2> 9 jwe Op (7.104)

Using the phase-matching condition and % — jk cos;, we have

oo
H,. = Hosin ;% " i b, HP (kpsin 6;)e’™? (7.105)

From the boundary condition H, = 0 at p = a, we find
J} (kasin 6;)

— (7.106)
Y (kpsin6;)

n =
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Finally, we obtain the scattering width

=1l 2 2y ) i(2—6 )by, cOS ¢2 (7.107)
o0 = AN 7rp|EZ|2 "~ 7sin®; — n0)On COSTY )

For small a < A, this can be approximated as

ax mA(kasin6;)*

_ 2
Oap = Ssing; [1 —2cos¢] (7.108)

7.4.5 Line-Source Scattering (Line parallel to z)
A. Electric Line Source (TM,)

For an electric line source, the incident field is

o

Tn(kp)H® (kps)e™@=9) (7.109)

where the addition theorem has been used.
The scattered field can be also expanded as

Z cn H? (kp) for p>a (7.110)

n=-—oo

4we

On the circular PEC surface at p = a, the boundary condition requires E, = 0,
or

— _H®(kp) =7(r;§ka) in(6=2") (7.111)
HyY (ka)

Therefore the scattered electric field is

kI, o Ty (ka) , ,
E,,=-—° H® (ko) 22\ (2) in(¢—9¢") 112
e X O o L H (k)e (7.112)

The total electromagnetic fields are

2 0 (2) _ (2) . )
E:—ék I, Z H£2)(kp>)[Jn(kP<)Hn (ka) — Jy(ka)Hn (kp<)]e]n(¢—<€?_113)

HP (ka)
_ oL SN oy [alke) B (ka) — Ju (k) HRY (kp<) | jnio-o
H = P% Z an (k’p>) H(2)(ka) €
; 1 K,

. 7.114
Jwp Op ( )
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Far field,

gt KL [25 e s [Jn<kp'>H£2’<ka> = J(b)H (k)| jnio-)
i dwe V 7k \/p = H,(LQ)(ka)
(7.115)
Obviously, at the shadow zone (the back of the cylinder where the observation
point is 7/2 < ¢ — ¢' < 37/2), the fields are not zero. These are known as the
“creeping” waves. If the cylinder is infinite in radius (i.e., a planar PEC), there
would be no waves in this shadow zone.

B. Magnetic Line Source (TE,)

For a magnetic line source parallel to z, the incident wave is

kI

Hiw = =2 mH (ko —p)
Fln < () (1 o ) ein(6=4)
= —or 2 ko) HP (kps)e (7.116)

The scattered magnetic field can also be written as

k%I ; ’
I _NMim § : H(2) Jn(¢—¢") 11
8,2 4w'u d’ﬂ n (kp)e (7 7)

n=—0oo

To find the unknown expansion coefficient d,,, we apply the boundary condi-
tion for the tangential electric field component Ey. Specifying (7.116) for p < p/,
we have the total magnetic field as

k21,

H, = — o [J (kp)H® (kp') + d H<2>(kp)] eM@=9")  (7.118)

n=—oo

From the magnetic field, we can find

1 OH, 17 — ) o
E =_izm J (kp)H® (kp') + d, H? (k ] in(¢=¢9.119
o= e = S |0 ) + 4B (k)| 19

n=—oo
At the PEC surface p = a, the boundary condition E4 = 0 yields

J; (ka)

dn = —HP (kp') 20—
HY (ka)

n

(7.120)

For the far-zone kp > 1, we obtain the total magnetic field

k oo
R 2j e MH@(M') (66
4wu k = H (ka)

(7.121)
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7.5 Scattering by a Conducting Wedge

We now consider the scattering by a conducting wedge with its faces between
—a < ¢ < o and extends to p — 0o, and the wedge is infinite in 2z direction. The
scattering of incident waves from line sources in z direction will be considered
here.

7.5.1 Electric Line Source

For an electric line source in z direction, the incident electric field is

2 o ]
: I o
Bi= -2l S ko) k) HE) (bps)em@=) (7.122)

z

dwe

Note that this expansion is for a periodic problem in ¢. Now we have a non-
periodic problem, so we seek an alternative form for the total field. Instead of
using the integer index m, we now use a noninteger index v so that the total
electric field for a < ¢/2m — « is written as

5 cof (0) T (ko) sinfo(@ — a)]sinfv(é — )] for p < p
S 7.123
5 dug(p) HE (kp) sinfol — o) sinfo(g — )] for p> p 2
At p = p', the continuity of E! requires
w=dy =ay, [f(p)= H7(12) (kp"), g(p') = J7(12) (kp")
Atp=aand ¢ =2r —a, EL. =0
mn
_ - . 124
v 2(7_[__&)7 m 172737 (7 )

Thus, the total electric field is
E. = ayu(kp<) HO (kply) sinfo(¢ — )] sinfo(@—a)]  (7.125)

The magnetic field can be obtained by

1 10E, _ 1 9E,
? ? 7 jwn 9p

- - (7.126)
Jwp p 99
The unknown coefficient a, can be obtained by the boundary condition at
the source location p = p’. This boundary condition requires that

J.=px[H(p=p"+0)-H(p=p -0)]
where the surface current J; = 2I. 27.5(¢ — ¢').

16%5(915—%) = [Hy(p = p+0)~Hy(p = f/~0)) = —— 3" a,sinfo(&/ ~a)] sinlv(¢—0)]

Twpp' 4
(7.127)
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where we have made use of the Wronskian W[J,, H (2)] —2j /7. But since

J. = Z sinfv(¢’ — a)]sinfv(¢p — a)] (7.128)

(m—a)p
we finally obtain

(7.129)
Far field,

kp—o0

E. 'R fup) > §Ju(kp) sin[o(¢' — a)]sin[v(¢ — a)] (7.130)

) wp eIk
fe(p)z—Ie\/%W_”a 7 (7.131)

Note that if expanded in terms of these sine series, a delta function is

5(p—¢') Z sinfv(¢’ — a)]sin[v(¢ — )] (7.132)
This can be proved by integration. Similarly,

ﬁ 2(2 — d50) cos[s(¢' — a)] cos[s(p — a)] (7.133)

Equations (7.132) and (7.133) can be easily derived by multiplying these equa-
tion with sin[w(¢ — a)] and cos[w(¢ — )] respectively and integrating from «
o (27 — a).

3¢ —¢) =

7.5.2 Magnetic Line Source

For a magnetic line source, the total magnetic field is now expanded in terms
of cosine series

Zb Js(kp)Hs(p') cos[s(¢' — a)] cos[s(¢ — a)] for p < p'
H, = , , (7.134)
5 by J, (ke Hy (p) cosls(@' — )] cos[s(¢ — )] for p > p
The electric field can be written in terms of H as
1 10H!
=—-_Z2 7.135
To satisfy boundary condition, it is required that
s=—"" 1 =01,23,-- (7.136)

2(m — a)
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From M, = —# x (Ef, —E’) we obtain

wwel,

bs = (2 — 650)m

(7.137)

In the far-field zone,

H, R Im\/g F“fa e:};p $(2 = 8,0)° T, (k') cosls(@' — )] cos[s(¢ — )]
(7.138)

S
For a source at long distance (kp’ > 1,p’ > 1)
k U
H, "R Ho Y (2= 8505° Js(kp) cos[s(¢/ — )] cos[s(d — )] (7.139)
where
] we A

/7
Ho =g.(p)) = I, YR —— (7.140)

For a uniform T'E? plane wave of strength Hy, this is also the total field.
A special case is a half plane (o = 0). In this case

s=20 I 1 =0,1,2,3, (7.141)
2n 2
kp'—o00 > m
H,"=" Hy Z (2—0m0)j 2 Jum (kp) cos(m¢'/2) cos(mp/2)  (7.142)
m=0

7.5.3 A Combined Formula for TE, and TM,

If a new reference ¥ = ¢ — « is chosen, then ¢’ = ¢’ — . Furthermore, let

200=(2—n)worn=2—22 then
s = %:% m=0,1,2,3, - (7.143)
a, = - ;;; /I;) (7.144)
by = “’62Im (e /) (7.145)
Then,
E! = —wZIeG(p, o' n)  for TM, (7.146)
H = ‘”if’” Gp,p/ 0,9 \n)  for TE, (7.147)



qrriw 102 CHAPTER 7. SCATTERING

where

1™
- Z 2 6m0 m/n(kp<)HT(n}n(kp>)
m=0

3

cos[ (1 — /)] & cos - (4 + )] {ffﬁi%‘; (7.148)

7.6 Spherical Wave Functions
7.6.1 Dipole Fields

For infinitesimal electric dipole J = 4l.¢6(r — r') and magnetic dipole M =
al,0o(r — r') produce magnetic and electric vector potentials

o plle IR kLl oy
A = a4ﬂ_ =] = -3 i hg’ (k|lr —r'|) (7.149)
I,
F — —dj—€k4 EhD (ke — 1)) (7.150)
™

respectively, where r’ is the location of the dipoles. These potential expres-
sions are written in terms of spherical wave functions. Similar to cylindrical
coordinates, here we will present wave transformation relations in spherical co-
ordinates.

7.6.2 Orthogonality Relationships

Legendre Polynomials (also called zonal harmonics) P, (cosf) satisfy the follow-
ing orthogonality relationship

2
P, = — .151
/ (cos )P, (cos b)) sin0do = Y 16mn (7.151)

Because of this orthogonality, a function of 6 can be expanded as a Fourier-
Legendre series

Z anPp(cos), for0<6<m (7.152)
n=0
2 1
a, = + / £(8) P, (cos ) sin 6d6 (7.153)
The even and odd tesseral harmonics are defined as
Ty (0, ¢) = P (cosf) cos(me) (7.154)
T°. (6, 9) = P™(cos @) sin(ma) (7.155)
which satisfy the following orthogonality relationships
27 o
/ / (0 @) sin dfdp = o+ 1 ———(14610)0ij0mpOng where 1,j = e or o

(7.156)
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7.6.3 Wave Transformations and Theorems

on iw 103

Similar to cylindrical coordinates, a plane wave can be represented in terms of

spherical wave functions:
oo
e Ikz = gkroost — Z anjn(kr) Py (cosf)
n=0

To find a,, we multiply both side by P,, and integrate to obtain

20,
2m +1

/ e~Ikreos B (cos 6) sin Bdf = Jm (kr)
0

However, we can use an identity

Jo e7IFreosl P (cos @) sin df = 25~ ji, (kr)

to arrive at

am =7 "(2m+1)

X X oo
e Ikz = gmikroost — z_:oj—"(Qn + 1)jn(kr) P, (cos 6)

Similarly,

E; = e/k# = gikreost — S~ in(2n 4 1), (kr) P, (cos6)

n=0

The addition theorem for spherical wave functions are

WO (ke —t)) = 32 20+ 1)jn(kr B (k) P (cos 6)

n=0

WO (ke —v)) = 3 20+ 1)jn(kr<)h) (k) P (cos 6)

n=0

7.7 Scattering by a PEC Sphere

(7.157)

(7.158)

(7.159)

(7.160)

(7.161)

(7.162)

(7.163)

(7.164)

Assuming an incident TM, plane wave propagating along the z axis. The inci-

dent electric field can be written as
E; = i Eoe %" %% = fE! + 0E} + ¢E}

In spherical coordinates, the r component is

Ei, = #-Ei=¢.3Ee "% = Eisinfcos¢ = Ey

COS P o ._ ) 0
Y5720+ 1)jn(kr) =7 Pr
0 T n:O] (2n+1)j (kr)ae (cos )

cosqﬁi
jkr 06

(7.165)

(e—jkr cosG)

(7.166)
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Eig = 0-iFge %70 = Fcosf cos e Ikrcosb

= Epcosfcos¢ Z 7 ™(2n 4+ 1)jn(kr)Py(cos6) (7.167)

n=0
Ei’(ﬁ = (ii-Eoe—jkr cosf _ —Ejsin ¢e—jkr cos 0
= —FEpsing Z J7"(2n + 1) jn(kr) Py (cosf) (7.168)
n=0

Using Schelkunoff spherical Bessel and Hankel functions

B, (kr) = krby(kr) (7.169)
and the relation that
0P, _ Pi(cosf), Py =0 (7.170)
00
We have
. COSO = ._ A 1
E;, = —jEy vt n(2n + 1)1, (kr)P 171
=" o(kr)2n§g (2n + 1).J, (kr) P2 (cos 0) (7.171)
cosf cos ¢ > . N o
Eig=E—— Z] (2n+1)Jn(kr)P, (cosb) (7.172)
kr =
Sing = ._ A
E,,=—FE (2 1)J, PO 1
b 0 HEZ:O] (2n + 1) J, (kr) P (cos8) (7.173)

In spherical coordinates, waves can be written as the superposition of TM,.
(A,) and TE, (F,), which are always coupled. For TM,. wave, H, = 0 and

1,02
E’I‘ = - (_2
Jwue  Or

+ kA, (7.174)

Comparing (7.171) and (7.174), we arrive at

Ay = B8 S 0 i (k) P (cos ) (7.175)
w
n—¢
where
oy = j-n 2Pt (7.176)

n(n +1)
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Similarly for TE",

S

F;, = Ey

)

37"5 3" andu(kr) P (cos6) (7.177)
n=1

Similarly, for the scattered fields, the vector potentials can expanded as

., cos¢ > (2) 1
A = Bo— ;ann (kr) PL(cos 6) (7.178)
F,, =Ey Siff S e B (kr) P2 (cos 6) (7.179)
n=1

The reason for the ¢ dependence of A, and F, to differ is make the two terms
in Ey to have the same ¢ dependence that will make the electric field to be an
even function of z as in the incident field. Thus the total fields are

E, = L(a—2+k2)A (7.180)
T jwpe Or? ! ’

1 10%4, 1 1 OF,
By = jwper 0rod  ersinf 9¢ (7.181)

1 1 0%A, 110F,
B, = - r 182
¢ Jwpe rsin @ 0rdeg + er 00 (7.182)

In particular, the § component of electric field is
[es) R n ’ ,
By = —j%{% cosp 3 [anj,g(kr) b, B (kr)]Pnl (cosa)}
n=1

A

£ Lcosg 3 [ann(kr) + cn B (k)| Pi(cos6) b (7.183)
n=1

ersinf | w

The boundary conditions at r = a requires that Fy =0, or

71
b, = —an:](g)ﬂ (7.184)
Hy (kr)
n
Cn = —an:]@gir) (7.185)
Hy7 (kr)

To calculate the far-zone scattered field, note that asymptotic forms for

By (kr) = \/ ZEZ By t1 /2 (k) are

H® (k) F128° jntle—ihr (7.186)
HE (kr) F128° jne—ikr (7.187)

H®" (kr) F125° _jnt1g=ikr (7.188)
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Thus, the far-zone scattered fields are

Es,r — 0 (7189)
~ efjk”“
Esp — jEo—— cosbfo (7.190)
N —Jjkr
Esy — jEo . sin 6 fy (7.191)
where
- P! (cos )
_ : " _ n
fo= ; [bn sinfP, (cosh) — ¢y, By ]
e P! (cos®) ) ,
fo= 7; [bnsiT — ¢y sin 6P, (cos 9)}

The radar cross section for the PEC sphere is

2 2
||]]§S.||2 ) = %[cosQ | fol* +sin® ¢l fs|*]  (7.192)

o3 (bistatic) = lim (4m«2

p—00
The monostatic RCS is

2

4z

oo

3 (=)"@2n+1) ?

o3 p(monostatic) = — ~ (7.193)
’ = AP (ka) B (ka)




