Chapter 9

GREEN’S FUNCTIONS

This chapter discusses the Green’s functions for various systems. A Green’s
function is similar to the impulse response in the system theory. In electro-
magnetic problems, it corresponds to the solution of the partial differential
equation(s) with an impulse (Dirac delta) source as the driving function. For
example, for a scalar wave equation

VZ4(r) + k*¢(r) = f(r) (9-1)

where the wave field ¢(r) is due to the source f(r) in the medium, with appro-
priate boundary conditions. The corresponding Green’s function G(r,r’) can
be define as

V2G(r,r') + K*G(r,r') = 6(r — 1) (9.2)

with some (not necessarily the same) boundary conditions. It will become clear
that once the solution to the Green’s function is known, the solution for the
wave field can be obtained quite easily.

In this chapter, we will be mainly concerned with scalar Green’s functions.
At the end, we will briefly discuss the dyadic Green’s functions for vector wave
equations.

9.1 Green’s Identities and Methods

Let’s consider the scalar Helmholtz equation in (9.1) with the homogeneous
boundary condition on the enclosed surface S

0¢(rs
a16(rs) + as (1(;(; ) =0 (9.3)
or the radiation condition if S — S,
. 0¢(rs) . _
Th_r>r(1)O Ts [8—7’3 + jk(b(rs)] =0. (9.4)
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For the system (9.1) and (9.3) or (9.4), the corresponding Green’s function
G(r,r’) is defined by (9.2) and the following boundary condition

/
a1G(rs,r’) +O{2% =0 (9.5)
or the radiation condition if S — S
. OG(rs,') . N
T}gnm Ts [T + jkG(rs,r )] =0. (9.6)

In the above, 7 is the unit outward normal direction of the surface S.

9.1.1 Green’s First and Second Identities

If two functions ¢(r) and ¢ (r) have continuous first and second derivatives on
S, then

V- (¢VY) = ¢V + V¢ - Vi (9.7)

Integrating (9.7) and using the divergence theorem yields
7{(¢V¢) -ds = /¢V2¢dv + /(V¢ - Vab)dv (9.8a)
s 1% 1%

or
f{ (qﬁg—:f)ds = / oV pdv + / (Vo - Vip)dv (9.8b)
s 1 v

which is called the Green’s first identity.

Similarly, we have

7{ (V) - ds = / OV bdv + / (Vb - V)dv 9.9)
s 1% v

Combining (9.8a) and (9.9), we have
Fove—vve)-ds= [0V - uT o) (9.102)
s v

or
?f(gbg_:f - %)ds - /(w‘%p _YV28)dv (9.10b)
s v

which is called the Green’s second identity.
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9.1.2 Green’s Function Methods

Subtracting (9.1) multiplied by G from (9.2) multiplied by ¢, we have
oV2IG — GV2p = ¢pd(r — ') — fG,

which after volume integration yields

p(r) = J f(r)G(r,x')dv + ‘J/"[¢(1‘)VQG(R ') — G(r,r')V?¢]dv
:Jf(r)G(r, r')dv + g[gb(r)VG(r,r’) - G(r,v)V¢]-ds  (9.11)

where the Green’s second identity has been used. Exchanging r and r' and using
the reciprocity G(r,r') = G(r',r) in (9.11) yields

Mﬂ=/Gmﬂﬁwwﬁ+fWWﬁW%wﬁ—ﬂnﬂV%WHdd(9H)
\4 S

where the prime denotes the derivative with respect to r'.

Note that so far we have not yet specified the boundary conditions, which
will contribute to the second term in (9.12). Equation (9.12) expresses the field
¢(r) in terms of the Green’s function and the boundary conditions.

(a) Homogeneous Dirichlet boundary conditions:

If ap = 0in (9.3) and (9.5), we have the Dirichlet boundary conditions

é(r) =0, G(r,r')=0 res (9.13)
Then (9.12) becomes
o(r) = /G(r7 ') f(r)dv' (9.14)
1%

(b) Nonhomogeneous Dirichlet boundary conditions:

If the boundary conditions are
¢(r) = ¢o(r), G(r,r')=0 res (9.15)

Then (9.12) becomes

¢®:/bmwﬂwW+f%wwvmwdd (9.16)

\4 S
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(c) Homogeneous Neumann boundary conditions:

If the boundary conditions are

dp(r) OG(r,x') 1
=0 T = res (9.17)

Then (9.12) becomes

o(r) = / G(r,r') f(r)dv' + Sio f ¢o(r')V'G(r,r") - ds' (9.18)
\%4 S

However, the second term can be dropped since ¢(r;) is undetermined by an
additive constant.

(d) Mixed boundary conditions:

If the boundary conditions are

¢(r) =0 () _
{ G(r,r")=0 r €5, agé:r') —0 reS—-=5 (9.19)
Then (9.12) becomes
o) = [ Gl faa (920)

(e) Radiation boundary conditions:

When S — S, and ¢ and G both satisfy the radiation boundary condition
(9.4) and (9.6), the surface integral

Flo6)VGlrr') - Glex) V606 - d'
S
~ r2{4[-jkG + O(r2) — Gl-jk¢ + O(r2)]}
~1%(¢ - G)O(r™?)
~0r =0 asr — o (9.21)

Therefore, (4.12) becomes

o(r) = /G(r,r')f(r')dv' (9.22)
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9.2 Sturm-Liouville Problems

In this section we study a 1-D problem that is more general than the Helmholtz
equation. It is the so-called Sturm-Liouville problem

o) - ey = 1),  a<z<h (023)

Note that a general 1-D PDE of the form

e )ZxQ + B )Zy +C)y = S(a) 9.24)

can be converted to the form in (9.22). To accomplish this, we convert (9.23)
and (9.24) into

dy 1 dpdy q(z) _ f(x)
@t i )’ o) 29

#y  B@)dy C(z) _ S

@ T A T Aw? T A (9:26)
Comparing (9.25) and (9.26) we obtain
p(r) =exp [gﬂ %dt]
C(z) (9.27)

which can be converted to SL form:

p(zr) =exp [f t%dt] =z
@) =- BN
flx) =0

Therefore, the SL form is

d dy 22— \2
da: dz T

y=20

In the following, we will derive the Green’s function for the SL problem in three
different forms.
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9.2.1 Green’s Function in Closed Form
A more general SL problem including an eigenvalue A can be written as

%p(x)j—z —q(z)y + Ar(z)y = f(z), a<z<b (9.28a)

or

[L+ Ar(2)]y = f(z) (9.28b)

where L is the SL operator, and r(x) is assumed piecewise continuous in the
region of interest a < x < b. The equation (4.28) is of course subject to some
homogeneous boundary conditions.
Equation (9.28) will have a Green’s function for all values of A except those
satisfying
[L+ Ar(z)]ly =0 (9.29)

If the Green’s function is defined as
[L+ Mr(2)]G(x,2') = §(x — ) (9.30)

which is also subject to the same homogeneous boundary conditions, then

b
y(z) = / f(@)G(z, 2")da’ (9.31)

Equation (9.31) can be derived from (9.28) and (15.30) by taking into account
the boundary conditions:

{1 8D Gt mpen PN 0 (0a2)
Formally from (9.28b), we have
(@) = [L+ M) (@) (9.33)

Hence G(z,2") can be thought of as the inverse of the operator [L + Ar(z)] is A
is not an eigenvalue satisfying (9.29).
The following items are some properties of Green’s functions:

(i) G(z, 2') satisfies the homogeneous differential equation except at the source
point z = 2’

(il) G(z,2'") is symmetric, i.e., G(z,2') = G(2',z). This is the result of the
reciprocity.

(iii) G(z,2") is continuous everywhere, even at = = z'. This can be proven by
reciprocity (ii) and perturbation.
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(iv) The derivative of Green’s function is discontinuous

dG(z =2'+0,2") dG@=2"-0,2") _ 1

dx dx -~ p(z) (9:34)
This can be proven by integrating (9.30) over (z' —€,2’ + ¢€),
dG(x, ') = +e o
lim {p(x)dix’ ot / [—q(z) + )\r(x)]G(x,:c')dx} =1

and recognizing that the second term is zero because ¢(z), r(z), and
G(z,2') are at least piecewise continuous.

Using the above properties, we can construct the Green’s function. First, as-
sume that y; (x) and y2(x) are solutions satisfying the homogeneous differential
equation [i.e., f =0 in (9.28)] for a < z < 2’ and for 2’ < = < b respectively.
Then @) )

A fora<z<z
n o_ 1Y1\1), orasx
Gz, o) = { Asya(x), foraz' <z <b (9-35)
The unknown constants A; and A, can be determined from properties (iii) and
(iv) above, since
Ay (') = Agya(a')
— A1y (@) + Asgh(2) = A

which gives

y2(z') yi(z')
Al=—"FF— Ayg=—"T - — 9.36
YW@y T s W) (3.36)
where
W(z") = y1(2")ys (") — ya(2")y1 (2') (9.37)
is called the Wronskian of y; and y2 at = z'.
Therefore, the Green’s function for (9.30) is
3’,2#’), T a<z<za
G@wﬁz{ngyﬂd)7 = (9.38)
Wy2($)7 x S < b
or in a shorthand notation as
/ y1(r<)y2(z>)
= L\rs /I 9.39
G = W) (239

where > = max(z,z’) and £« = min(z,2'). If the solutions to the homoge-
neous differential equation are known, then G can be obtained by (9.39).

Note that G(x,2') has singularities when W(z') = 0.
Example: Sturm-Liouville operator L exhibits Hermitian (symmetrical) prop-
erties. Assuming that the B.C. is

aryi(a) + azyi(a) = 2
{&w@+&w® =2 (9.40)
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then one can easily derive

(y2Ly1 — y1 Ly2)dz = / [(y2py1)' — (y1Lys)'ldx

a

I p\e‘

= [yapy; — ylLyz]
2 (b

= 2R () 31 G030~ (N @) ~ 91 O]
—1%[ 2 ®) = O~ 22 (@) = 1 @)z

=0 if 2zob=2=0 (9.41)

Hence for a homogeneous B.C.,

b
/ (y2Ly1)d / (y1Ly2)d (9.42)

a

Example: 1-D electrostatic problem. The system is described by

&’V 1

- == <z<

e o plx), a<z<b

with Dirichlet boundary conditions V' (a) = V(b) = 0. Obviously,
Y1 = (l' - a)a Yz = (b - .’E)7 W(‘T’) = _(b - Cl).

Therefore, ( N )
N (z<—a)(zs —b
G(z,z') = == (b—a; .

There is no singularity for this Green’s function.

9.2.2 Green’s Function in Series Form

Now we derive the Green’s function in series form. Again we consider the SL

problem
[L 4+ Ar(2)]G(z, 2") =6(x —1')
{ a1G(a,z") + asG'(a,z') =0 (9.43)
B1G(b,z") + B2G'(b,2") =0

If {¢n(2)} is a complete set of orthonormal eigenfunction for the SL operator
L such that
[L + Anr(2)]¢hn(2) =0 (9.44)

subject to the same B.C.’s as in (9.43), with

b
[ @@ )iz = 5 (0.45)
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then is the Green’s function exists, it can be written as

Z an (2 )n (9.46)
where
b
an(z') = / Gz, 7)o (2)r (2)dz (9.47)
From (9.43) and (9.44) we have
b b
/ [0 (2) LG (2,2 )~ G (@, 2 ) L (2)]dz = —(A—Ay) / G, 7)oy () ()t ()
That is
—(A— ’\n)an(xl) + "pn(wl)
. $(@')
N x
@) = X
Finally, the Green’s function can be written as
Z w" ¥n( (9.48)

This is the bilinear formula for the Green’s function. Note that it has singu-
larities at A = A, i.e., when the parameter A coincides with the eigenvalues
An-

Example: The transmission line problem. The equation for a transmission
line problem for 0 < z <[ can be written as

d2¢(z
$(0) = <15(l) = 0
where k% = w2 pe.
Solution. Written in the SL form, we find
p(x) =1, q¢(®)=0, r(x)=1, A=k (9.50)

(a) Closed form solution. For the homogeneous differential equation, we
have the solutions

¢1(z) = sin(kz), 0<z<a
{¢2($) = mk(l—gt:)7 o <z<l

Therefore,

W(z') = —ksinkx' cosk(l — x') — kcoskx' sink(l — z') = —ksin ki
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Hence,
__sin[k(l—a')] sin kz ’
G($7xl) = { sin k:a:l'”ssllg[’/zél—z)]’ 0/S y S g
- Esinkl ¥ <z<l

Note that G is singular at kI = “F, or for f. = 21%/;%7" =1,2,--- where f, is
the resonant frequency.
(b) Series form. The eigenvalue problem is

L9e0) 1 2y (3) = 0
Y (0) = (1) =0

Hence ¢,,(x) = Bsin(™}*) where

l

2

Bz/sinz(@)dfc =1, B= 7
0

Thus

Finally

Again the singularities occur at k = *F or f,. = TN

9.2.3 Green’s Function in Integral Form

This is a special case when the domain of the Green’s function tends to infinity,
i.e., a or/and b approaches infinity. In that case, the eigenvalue A, becomes
continuous. Then the series representation (9.48) becomes an integral. We
discuss this with an example.
Example. A system is described as
2
¢+ k§o(z) = f(z), —oco<a<oo (9.51)
é(z) ~ edkolzl for |z| = oo

where the radiation is appropriate for this problem. The Green’s function is
defined as

d*G(x,z")

2T k2G(z,2') = 8(x —2'), —oco<x< o0 (9.52)
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with the same radiation condition. We take a different approach than the text-
book to find this Green’s function. Let

17 |
G(z,2') = — / k,z")e 7k dk; 9.53
@) = 2= [ glia) (9.59
Using (9.53) and
_a= L / k(o)
oz —2') = 5 dke (9.54)
in (15.42), we have
1 eIk’
g(k,2') = —= 55—+ (9.55)

V2 (kg —k?)

Therefore, the integral form of the Green’s function is

1 ejkz'

—0o0

However, it turn out that (9.56) can be simplified to the closed form. Note there
are poles at k = k. Using residue calculus,

G(z,z') = %e*ﬂﬂolm’l (9.57)

9.3 2-D Green’s Functions

9.3.1 Static Fields in a Box

For DC problems, the PDE for the electrostatic problem is the Poisson’s equa-
tion. Since E = —VV, from V - D = p we have

V-eVV = —p(r) (9.58)
where p is the electric charge density. For a homogeneous medium, we have

vV = L) (9.59)
€0

Here we consider the 2-D problem

OV (x,y) . >’V (z,y)
ox? Oy?

1
= f(x,y) = ——p(x,y), 0<2<a,0<y<b (9.60)
€0

with the Dirichlet boundary conditions at x = 0,a and y = 0,b. Now we define
the Green’s function
0? o?
(52 + a—yz)G(x,y;wﬁy') =d(z—2")(y-y), 0<2<a0<y<b (9.61)
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with the same boundary conditions. Then by the Green’s function method

b a
1
V(z,y) = —6—//p(x',y')G(ac,y;x',y')da:'dy' (9.62)
%% %
(a). Closed Form

First we choose functions satisfying boundary conditions in z direction so that
= mm
Gz, y:7',y) = Y gm(y;2,y) sin(~_~z) (9.63)
m=1
Substituting (9.63) into (9.61) and multiplying the equation by sin("*z) and
integrating over x, we have

[ — (25)2]gu(y; @', y") = 2 sin(2=2')d(y — y') = Codly —¢')
{gin(ow,y)—gm(bx,y) 0 (9.64)

where the orthogonality of sinusoidal functions has been used, and Cp = = sm( DT o).

By the principle of superposition, we can solve (9.64) for Co = 1 and then mul-
tiply the result by the actual Cp. The system in (9.64) is a 1-D problem. The
homogeneous solutions are

{yl = sinh(%Ty), 0<y<y

The Wronskian is

W('saly) = —7%{sinh(""y/) cosh[ (b — )] + cosh(“y") sinh[ 75 (b — o))}

~ % sinh(" )
a a

Hence,
WA _a smh(—y<)smh[ (b —y>)]
gm(052y) = Co - ( m7r) smh(";”b)
Gl yiay') = _z i sin Mgr:’)sm( )smh(—y<)s1nh[m (b—ys)]

m sinh (D)
(9.65)
Of course, one can alternatively solve for the eigenvalue problem in y first.
Then the Green’s function can be written equivalently as

25

n=1

n sm( Ty )Sll’lh(—w<) sinh[”TW(a - (L’>)]

nsinh(%*a)

G(z,y;2',y")

=|Il\3

(9.66)
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Example: Closed-form Green’s function for a 2-D cylindrical shell.
The system is described as

{ V2V(p7 d)vz) = _%Q(pv ¢)
V(a,9) =0

where neither the source nor the geometry is a function of z. Therefore the
problem is 2-D. The Green’s function is thus defined as

{ V2G(p,¢:0',¢') = dlp—p) = 30(p = p')o(¢ — ¢')

Gla 1, ¢') = 0 (0.67)

where V2G = %a—p% + plg aag Since 6(¢ — ¢') is an even function of (¢ — ¢'),
we can expand
Gp,¢:p,¢") = Y gm(p;p',¢') cosm(¢ — &) (9.68)
m=0
Substituting (9.68) in (9.67), and using
- 1
8- = - — & .
(6~ 9 n;) T o0 M6 —¢) (9.69)
a 9 m? 1
—p=—— —Jgm=——0(p—p 9.70
9, 97 p]g AT ono)m (p—1p) (9.70)
which is already in the SL form with
m2
p(p) =p, alp) = - =0 r(p) =1 (9.71)

Note that the homogeneous solutions to (9.70) depends on the value of m.
To satisfy the boundary condition at p = a and the boundedness at p = 0, we
choose

ypi=p", 0<p<y

y2:{pm—%, form #0

, '<p<a
In(p/a), form =20 p=r=

Hence the Wronskian W = y;y5 — yjy2 can be calculated as

2m.
{ 27”;, , form#0

%, form =10

The solution to (9.70) is then
1 1 ™ (pm — azl) for m # 0

" — 2ma2m P<\P> p ) or m 9.72

g (2,9 (1 + dmo)m { In(ps /a), g form=20 (6.72)

Therefore, using (9.68), the Green’s function in closed form is

EmEEm - (™ 0.73)

1 1 1
(pa¢ap ¢) p>/a _7T E PN

m=1
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(b). Series Form
To find the series form, we first solve the following eigenvalue problem:

(% + [«)8_22)'¢1mn = _/\mn"pmn 74
{ ¢mn(0, yl)l = "pmn(aay) = "»bmn(xa 0) = ¢mn($, b) =0 (9' )

Using the separation of variables, ¥, (z,y) = f(z)g(y), we arrive at
2
(2 +P)f =0
(dd? + q2)g =0 (9.75)
Amn = p* + ¢*
Applying the boundary conditions, we then arrive at
nmw

UYmn = Bmn sin(%w) sin(Ty) (9.76)

where from the normalization we have B,,, = 2/vab. Now recognizing that
A = 0 for the Sturm-Liouville problem, we finally have

m7r I)

G(z,y;2',y) —ai 2_: z_: sin( Sl?nf) l( ()7( )sin(Fy) (9.77)

Example: 2-D potential in cylindrical coordinates. The PDE is the same
as

pappap %5’—] (p,930',¢') = 50(p — p)3(6 — ¢') (9.78)
G(a, 90, ¢)) =
The corresponding eigenvalue problems is
1250 4+ L 2l mn(p 8) = —Amathmn(p, 9) (9.79)
Ymn(a,¢) =0

Using the separation of variables, ¥.,, = f(p)g(¢), we have

{ oI+ 0"+ Oong? =) f =0 (950

Considering the boundary conditions at p = 0 and p = a, as well as the sym-
metric condition of §(¢ — ¢'), we have A\, = Xx2,,,/a® (where X, is the n-th
zero of Jp,(z), and the solutions

F(p) = AT (X2p), g() = C cos(é — &)

Hence,
wmn = Amnjm( /\mnp) COS(¢ - ¢I)
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Using the integrals

a

L= / T (Xeun ] @) o (Xpa @) dp = —[J' (Xmn)]*0ng

2w
o= [ cosm(6 — ) cosp(s — #)d6 = (1+ 6o}y
0

and the requirement that 1/, be orthonormal, we have

Apn = 1 . (9.81)
(1 + 6m0)77/2a‘];n (an)
Hence
1
¢mn = (1 o )7T/20,J' (X ) Jm(anp/a) COS’I’I’L(¢ - d)l) (982)
'm0 m\Xmn
(XOnp /a)JO XOnp/a anp /a’ (anp/ ) ’
G(p, o;p, -2 cosm(gp—¢').
(p:9ip ¢) 71'(leOn[Jo (xon) ]2 Z 7raerm[J (an)]2 (¢=¢)
(9.83)
9.3.2 Time-Harmonic Fields
For TM? waves, one can derive a system
0? 0?
(ﬁ+ﬁ+k2)& = jwpJ.(z,9)4 0<z<a,0<y<b (9.84)

and a Dirichlet boundary condition is assume at * = 0,a and y = 0,b. Here
let’s consider the Green’s function in series form.
The eigenvalue problem is

o2 62

+ k) mn =0, 0<z<a,0<y<b (9.85)
022 82 mn

with the Dirichlet boundary condition. In the above A = k2, and A\, = k2,,
Again using the separation of variables and orthonormality we have

2 . mm nmw
Ymn = T sm(Tx) sm(Ty). (9.86)
Then
Gloyia' o) = % Z_l Zl sin(™ ") ST([’(‘ngir)) sin((%)g]sin(%”y) (0.87)
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a

b
—qu//G(w,y;wﬁy’)Jz(x’,y’)dx’dy' (9.88)
0 0

Note that at the resonant frequency k = k., = /(%F)% + (54F)? the Green’s
function does not exist. This arise because of the nonuniqueness of the resonance
problem.

Example: 2-D polar coordinates. Again we consider the system in polar
(p, @) coordinates

10 0 1 062

(p ap"ap TP p? 9¢>

with the Dirichlet boundary condition at p = a. The corresponding Green’s
function is defined as

10 0 1 02 n_ 1 / ’
(;6_,0 8_p+_28752+ 0)G(p, ¢;p 7¢)—;5(P—P)5(¢—¢) (9.89)

with the same boundary condition. Then

B.(p.0) = jun [ 1.(0'.8)G(p. 60, 6)0/dp' (9.90)

3
In the closed form, we express
o
Gp,d:0,8') =Y gm(pip',¢) cosm(e — ).
m=0

By using this and the delta function in (9.69) in (9.90), we have

o} m? 1
= k2 _ 0 m = 7(5 NG

which is in the standard SL form with

The two solutions to the the homogeneous differential equations satisfying bound-
ary conditions are
y1 = Jm(kop), 0<p<p

Y2 = Jm(kop) — %

Using the Wronskian of J,,, and Y,,

Ym(kop)v /)I S P S a

T (2) Y (7) = Yin () T3, () = —
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we have 2 T (ko)
n_ _ 2 Jm 0a
W) = wp Y (koa)

Hence

Gm = — 1 Jm(k0p<)
mn 2(1 + 5m0) Jm(koa)

[Jm (k0p>)Ym(k0a) - Jm(koa)Ym(kop>)

1 X Im (kop<)
G(p,d;p',¢") =73 Z 1+(5 Im (koa)

[T (Kop>)Y, (koa) —Jm (koa) m(kop>)] cosm(¢ — ¢'). (9.91)

Note that the Green’s function is singular at Jy, (kga) = 0 which is the resonant
frequencies.

Example 2: Green’s function for a line source in 2-D polar coordinates
for a open domain. The PDE is

190 0 1 92 1

S p + ===+ EG(p,b; 0, ) = =8(p— p')o (¢ — &' 9.92

355 * g 1060 6) = 25— )56 )  (092)
where the Green’s function G(a, ¢;p’, ¢') satisfies the radiation boundary con-
dition at p — oco. Similar to the static problem, we expand

G=) gnl(pp,¢)cosm(¢ — &) (9.93)
m=0
Then (9.92) gives
d dg m? 1
— 22 (K p— —)g = —+—8(p—p' 9.94
3"y + (k°p — p)g TN (p—0r) (9.94)

which has the SL form with p = p, ¢ = m?/p, r = p, A = k?. Because of the
radiation condition, we have

_ ,
(s e
Then
W(p') = =kl T (ke VHID (k) = T3 (p ) HLP (kp')] = _:_;'
Therefore, .
o = mjm(kk)ffﬁ)(km) (9.96)
Gp,¢:p,¢') = mz_:o mJM(kk)Hg) (b Jeosm(@ =)

However, by the addition theorem, we get

Glp,¢;p, ) = ’wam—ﬂn (9.97)
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9.4 3-D Scalar Green’s Functions

9.4.1 Cartesian Coordinates

We try to solve a rectangular waveguide problem with the EM fields excited by
a ¢ direction probe located at y = b. From Chapter 3 we know that E field is
governed by the following PDE

vpei

(VZ+E)E =V x M; + jupd; + (3.22)

Therefore, if p; = 0,i.e., V-J =0, and M; = 0, the PDE for the E, component
is
V2E, + k*E, = juuld, (9.98)

with the tangential components of the electric field being zero on the waveguide
walls at © = 0,a and y = 0,b. At x =0 and = = a, these B.C.s’ are

E, =0, forz=0,a (9.99)
Because of V-E=0and E, = E, =0 at y = 0,b, we have

OE,
Jy

0E, OE, -
=—( 9 52 ) =0, fory=0,b (9.100)

Therefore, the Green'’s function is defined as

(2 + L + Z)G(w,y, 52y, 2') = 8z — 2')o(y — y')d(z — #)

G=0, at z=0,a (9.101)
% =0, aty=0,b

It is obvious that this problem cannot be written in the series form as the
dimension in z is infinite.

(a). Closed Form

We first use Fourier series to reduce the 3-D problem into a 1-D problem

o ., mm nm
G(x,y, 22"y, 2") = Z ngn(z;w’,y’,z') sm(Tw) cos(Ty) (9.102)

m=1n=0
Noting that

oz —2a') = % Z_: Sin(?m') sin(?w) (9.103)

m=1

21 nmw nmw
Sy—vy) == Z - cos(Ty') cos(Ty) (9.104)
n=0 "

b
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where €, = 1 + d,0, we have

2

d 9 ., mT nm , , 9 5 MW o N 5
) mn = - 5 0(z— ) = —\7 ) T\~
(G0 = o sin(ra) cos(Ty ) (—), k2 = K=" =(5)

(9.105)
This has a closed solution of
R L L NV S P
Imn = Py, sin( P ) cos( 5 Y Je (9.106)
Hence
G(z,y, 22"y, 2) ab mZ”;) . sin :OS( oY) Sin(?m) cos(n%ry)e’j’“z‘Z’Z'|
(9.107)

Note that at the resonant frequency k, = 0, the Green’s function is singular.

9.4.2 3-D Cylindrical Coordinates

We consider a TM? wave

(V2 + I)E; = juwnl:(p,,2)
{ Ez = 07 for p=a (9108)

Note that
V2 = 19 9 + la_Q + 6_2
pop’op T 2o T 922
S —r') = %w — )6(6 — 88z — )

We can derive the Green’s function G in closed form as

G(p, 9,20, ¢',2") Z ngn 22 X"”‘p’)Jm(%p) cosm(¢ — ¢')

m=0n=1 a
(9.109)
where xmn is the zeros of J,,(x). Noting that
|
5(p—¢") =) ——cosm(¢p—¢) (9.110)
m=0 Tem
1, (322 /) T (322 )
- a 111
p a2 Z J/ an] (9 )
we have
a? 2 _ 2 6(z = 2") 2 _ 12 Xmn 2
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Hence,

= J kel 9.113
Imn @2k [T (xmn 2 (9-113)

. X'mn Xmn_
a p Im a P —jky|z—2"
Glp, ¢, 20, 6,2 a2 Z Z ) Be20) cosmig - gr)e 3kl

' (Xmn]®
(9.114)
Note that the Green’s function is singular at k, = 0, i.e., the resonant frequencies
of the waveguide.

9.4.3 Spherical Coordinates

The scalar Green’s function in spherical coordinates is defined as

1
(V2 + R)G(r,6,037",6',0') = 8l =) = ———d(r —1")6(6 — 8)3(6 — ¢
(9.115)
and satisfies the Dirichlet boundary condition at r = a
G(a,0,0;0",0',¢') =0 (9.116)
Note that in spherical coordinates
, 10 2 0 1 0o . , 0 1 0?
= — —sinf— 4+ ————— 11
2or or + rZsing o6 0 + r2 sin § 0¢? (9.117)

The Green’s function can be written in terms of the tesseral harmonics

G(T, 0, ¢; Tlv 017 ¢I) = Z Z gmn(r; rlv 017 ¢I)T:~m (9/’ ¢I)Tmn(07 ¢) (9'118)

n=0m=—n

where the tesseral harmonics are given as

Tmn (07 ¢) = CmnPTTLn(COS e)ejmqb
{ T (0,¢") = CpnP™(cosd')e im¢’ (9.119)
_ [Cn+1)(n—m)!
Cmn = \/ 4n(n +m)! (9.120)

and P*(cos @) are the associated Legendre polynomials. The tesseral harmonics

satisfy

L2 6T 1)
sinfog " e MM

The tesseral harmonics have the orthonormal relation

— g1 Tn =0 (9.121)

2t 7

/ / n 8, ¢) sin 0dfdd = Sypdng (9.122)
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Note that we can write

513106(9 0)5(¢ — Z Z )Tmn (6, ) (9.123)

Then substituting (9.118) and (9.123) into (9.115) yields

0 agmn
6r or

+ [k3r? — n(n + 1)]gmn = 6(r — 1) (9.124)

which is already in the SL form with p = r%, ¢ = —n(n + 1), r = r%, X = k2.
Recognizing that (9.124) is the spherical Bessel differential equation, we can
write down two solutions to the homogeneous equation

yl:jn(ko) OSTSTI
Y2 = jn(kor) — 2408y, (kor), 1’ <r<a

Then Wronskian is

W) = O;nikoa; Lin (Kor"Yyn (Kor') = j (kor')y;, (Kor')] = ,}2 gJ/nEkZZ;
Then "
g = —ko 22T (5 Yy (hoa) — (hoa)yn (ors)]
Jn(kO )
Hence
G(r,0,6:7,0/,¢') = —ko io > LU, (hors Jyn (hoa) — o)y (For)]
Ton(0', 6" ) Trun (0, 9) (9.125)
Since
Tpy(0,0) = (—=1)"T(_p), (6, 9) (9.126)
we have
a(r, 6,6:0',0,6) = —ko > 3 (—1)mC,, dalhere)

n=0m=—n

Lin (kors Yy (koa) — j(koa)yn(kors )] P™ (cos ) P ™ (cos 8')ed™@(9127)

9.5 Dyadic Green’s Functions

9.5.1 Dyadics
(a) Dyad
A dyad is the juxtaposition of two vectors d = ab defined by

d-c=a(b-c) (9.128)
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c-d=(c-a)b (9.129)
Or in matrix form,
B azby azby agzb,
d=ab = |ayb, ayb, ayb, (9.130)
azby azby azb,

or di; = ab; (1,5 = z,y, 2).

(b) Dyadic
A dyadic is a linear combination of dyads
N
D=) A"B" (9.131)
n=1

where in general N = 3 since D" = A"B" is a special second rank tensor having
a null space of rank 2 (since in three dimensions there exists a two-dimensional
plane orthogonal to B™). In general we can write

_ Dy Dig Dz D;
D =:D; + ﬂDz +2D3=|Dy; Dsyy Dos| =|Dy (9132)
D31 D3y D33 Ds
where for i =1,2,3
D, =1zD; + gDiQ + 2Dy3 (9133)
(c) Unit dyadic
A unit dyadic I is defined as I-¢ = ¢-I = c. Obviously
I1=28+99+ 32 (9.134)
(d) Differentiation
VoI = GL 432 4 20) (aag+dgg+ 250) = Vo) (9.135)
9(r) = (@5 + 25~ +25-) - (129 +§gg + 229) = Vg .
V x V xIg(r) = V[V -Ig] - TV?g = VVg — TV?g (9.136)
VxVVg=(VxV)Vg=0 (9.137)
If a is a constant vector,
Vx[a-D(r)] = V x[(#a;+ja, + 2a;) - (D1 + §D2 + 2D3)]
= VX [ale + ayDz + azDg] .
= [agV xDq1+ayDs+a,D3s]=a-(VxD) (9.138)
Jdg Jdg dg
VV - ag(r) = V[ama + ya—y + aza]
.0 0 .0 dg Jg dg

= a-[VVg(r)] (9.139)
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9.5.2 Dyadic Green’s Function for Homogeneous Space

For a homogeneous medium we can derive the PDE from Maxwell’s equations
as
VxVXE—-KE=—juu -V xM (9.140)

This is a vector equation. So we define a dyadic Green’s function G(r,r’) such
that

E= /dv'[—jqu(r') -V x M(r")]- G(r,r’) (9.141)
v

However, we first write

(—jopd —V x M) =E = / [ jopd (') — V x M(r')] - To(r — ') (9.142)
|4

From (9.140)—(9.142) we have
V x V x G(r,v') — k*G(r,r') = T5(r — 1) (9.143)

Note that the interchange of differential operator VxVx and the volume integral
has serious implications when v € V. This is related to the singularity of the
dyadic Green’s function, and will not be discussed further in this chapter.

A heuristic way to derive G is to let

G=[+ %VV]g(r, ') (9.144)

Then by using a x (b x ¢) =b(a-c) —c-(a-b), we have
— - 1 =
VxVxG(rr)=VxVx[I+ k—QVV]g(r, r' = (VVg—1V?g) (9.145)
Hence ((9.143) becomes
-I(V? + k%) g =T5(r,1)

or
(V2 4+ k?)g = —6(r, 1) (9.146)
which has a solution of
e 9.147
g(r,r') = m (9.147)
Finally,
e—jk:\r—r'|

G(r,r') =TI+ %VV] (9.148)

Anlr — 1’|’
An alternative derivation is to use the vector potential

E=—jwA - L V(V-A) (9.149)
Wie
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where

I'L / e_JkR ! !/ ! !
A= E/J(r) 7 dv ZM/J(T )g(r,r")dv (9.150)
v v
Hence,
E =[-jwu-— wiéVV-] JI(@)g(r,x")dv'
v
= —jwpl + HVV] [I@)g(r,r')dv'
v
= —jwp [ IE)I+ HVVig(r,r')dv' (9.151)
v
Therefore,
— = 1
G(r,r')=[I+ PVV]g(r,r’) (9.152)

Again, the interchange of the differential and integral operators introduces the
singularities in the dyadic Green’s function.



