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ABSTRACT. A nonlinear delay differential equation of van der Pol type is con-
sidered. Local stability conditions are derived together with the existence of
a sequence of Hopf bifurcations. The direction and stability of the bifurcating
periodic solutions is obtained using the center manifold theory. By perturba-
tion analysis techniques we obtain periodic solutions for both a weak and a
strong feedback equation. The effect of a delay in the promotion or suppression

of limit cycle oscillations is investigated.

1. INTRODUCTION

Discovered by the Dutch physicist and radio engineer Balthasar van der Pol in
1926 [23], the van der Pol equation has become a prototype for systems with self-
excited limit cycle oscillations. The equation has been studied over wide parameter

regimes and has been used by scientists to model a variety of physical and biological
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phenomena. Haven been constructed for an electric circuit with a triode valve, the
equation has been since used in ecology, biology, aerodynamics, seismology and
engineering. The Fitzhugh -Nagumo equation extends the van der Pol equation as
a model for action potentials of neurons [7, 14], while Forger, Jewett and Kronauer’s
analogue of the equation models the human circadian system [9]. In seismology,
the van der Pol equation has been used in the development of a model for the
interaction of two plates in a geological fault [3].

Time delays have been used by many researchers to account for the the reaction
times, as well as complexity of a process. In immunology, time lags have been used
at the cellular level to distinguish between an infected and an infectious cell as well
as a weak immune response [4, 19]. In epidemiology it is used to describe incubation
periods [2], while in population dynamics it describes gestation times [11].

The van der Pol equation has the form

d?z E

(1) a0+ [0

2 () + x(t) = g(x, t; 7).

Some studies have considered a constant damping effect f(x,t) = a [15], while
others have considered a non-linear effect f(z,t) = e(z?(t) — 1) [1, 18, 25, 26].
Equation (1), with a non-forcing term ¢g = 0, is a Liénard type equation [24],
known to have an unique stable periodic solution. Equation (1), with g(z,t) =
ax(t) + bx3(t), has a stable origin for positive constants, a and b, and an unique
stable periodic solution for a < 0 and b > 0. If we add an external excitation,
ccos(wt), to the function g we obtain a van der Pol-Duffing equation [6, 12, 18, 26].

Motivated by the need to either create or control motion, this equation has been

modified by the addition of either a time delayed position feedback [1, 17, 25, 26],
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gz, t;7) = ax(t — 1) + ba®(t — 1),

or a time delay in both the position and velocity [18],

gz, t;7) =azx(t — 1) + b%(x - 7).

We investigate the dynamics of van der Pol equation under effect of a linear

position feedback,

(2) %(t) +z(t) = e(1 — xQ(t))%(t) + kx(t — 7).

This equation has been investigated before for positive € [1] and a scaling of the
feedback parameter k = ke [25]. The main goal of this paper is to derive results
for the dynamics of (2) in the entire parameter space (e, k), i.e., for k = ke and for
k = O(1). The paper is structured as follows. In section 2, linear analysis results,
the conditions under which the Hopf bifurcations occur, and stability switches of
solutions for all (¢, k) as 7 varies are presented. In section 3, the direction and
stability of Hopf bifurcations are derived by the center manifold theory. In section 4,
analytical computations of periodic solutions for k = ke and numerical simulations

for k = O(1) are shown. Conclusions are drawn in section 5.

2. LINEAR STABILITY ANALYSIS

We examine the linear stability of the trivial solution z(¢) = 0. Linearizing (1)

about the zero equilibrium yields the equation for infinitesimal perturbations,
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Substituting Z(t) = exp(At) into (3), we obtain the characteristic equation for

eigenmodes of the linear problem,

(4) N 41 =e\+ ke,

where A € C. Equation (4) defines the spectrum of the linearized problem as a
function of three parameters (k, 7; €). The second degree transcendental polynomial
(4) has been studied by many researcher [5, 8, 16, 19, 21].

In the absence of delay the origin is stable provided that € is negative and k < 1,
and unstable otherwise. We are interested in the existence and stability of periodic
solutions bifurcating from zero for different values in our parameter space. For this,

we set A = iv, with v € R. After separating the real and imaginary parts we obtain

1— 2
(5) cos(vT) = ky , sin(vr) = %,

for frequencies v and threshold values of the delay parameter 7. If we square both

equations (5) and add the results we obtain the following relation for v
(6) V(e -2+ 1 -k =0.

Equation (6) has two real roots, (see regions II in Figure 1), under the conditions
i. k2> 1 and * —4€? +4k% > 0, or
ii. €2 <2, and €* — 4€? + 4k% = 0,
four real roots, (regions IV in Figure 1), under the conditions
ifi. €2 <2, , e —4e +4k% >0 and k? < 1,
and no real roots for either one of

iv. et —4€e? + 4k? < 0, (region III in Figure 1), or
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v. et —4e® + 4k > 0,62 > 2 and k? < 1, (region I in figure 1).
Without loss of generality we can assume v to be positive, since solutions of equation
(6) appear in complex conjugate pairs. Under the above conditions equation (4)

has up to four roots on the imaginary axis

92— €2) — /et — 4¢2 4k2
)\:iil/l,ylz\/( 6) 62 6+k,

2 — €2) + Vel —4e? + 4k?
)\::EiVQ,VQZ\/( 6)+ 62 o .

We present next stability results for the origin in the (e, k)-space as the delay

varies.

Insert FIG 1

Lemma 2.1. For e < 0, system (2) and the corresponding characteristic equation
(4), we have

(1) if k < 1 and, either (€2 > 2 and k*> < 1) or €* — 4€% + 4k? < 0 hold, then

the roots of the characteristic equation (4) have negative real part for all

7 > 0. Therefore the zero equilibrium of (2) is asymptotically stable for all

T72>0.

(2) if k < 1 and, either ( k> > 1 and ¢* — 4€* + 4k*> > 0) or (€ < 2 and
€* — 4€? + 4k? = 0) hold, then the characteristic equation (4) has a pair of

purely imaginary roots, tive, corresponding to the delay values
7'672(0) < TC)Q(].) < Tcyg(Q) <. < TC,Q(H) < ....

Therefore the zero equilibrium of (2) is stable if T € [0,7,2(0)) and unstable

if T > 7.2(0). Equation (2) undergoes a Hopf bifurcation at the origin when
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T ="Te2(n), for n=0,1,... .

(3) ifk? <1, €2 < 2 and e* —4€2+4k? > 0 hold then the characteristic equation

(4) has two pairs of purely imaginary roots, tive and tivy, corresponding

to the delay values

Ten1(0) < 7e1(1) < 7e1(2) < ... < 7e1(n) <

“eey
)

Te2(0) < Te2(l) < 7e2(2) < ... < Tea(n) < ...

)

Moreover, there exists a positive number, [, such that the origin is asymp-

totically stable when

T € [0,7¢,2(0)) U (7¢,1(0), 7e2(1)) U ... U (11 (L — 1), 7 2(1)),

and unstable when

T € (76,2(0),7¢,1(0)) U ... U (1o 2l = 1), 7c 1 (I = 1)) and 7 > 7.2(1).

711 {m —sin_1(|ﬂl/1) +2nm}, for k <O,

u% {2m —sinfl(‘%‘ vi) +2nx}, for k>0
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and
}2{ sin_1(|§|1/2)+2mr}, for k < 0,|k| > |€
712 {n- Sin_l(|ﬂ ve) +2nm}, fork <0,|k| < el
Q) 7ealn) = :
712 {m+sin ' (|£|v2) + 2n7}, for k> 0,k > ||
712 { 2m —sin ™' (|| v2) + 207}, fork >0,k < |e|
withn € Z4 .

Proof. For 7 = 0, negative € and k < 1 the origin is stable. By continuity, we know
that the stability of the zero solution remains unchanged until 7 > 0 touches one of
the critical values 7.1 or 7.2 at which the real part of an eigenvalue becomes zero.

To study the change in stability we compute

dReX (202 — 2+ e2)?
(10) dr (kT — ecos(vT) — 2usin(1v))2 + (2v cos(Tv) — esin(Tv))

27

to obtain that % is positive on 7. 2(n) and negative on 7. 1(n) for all integers
n. This means that as 7 passes through the critical values 7.1(n) or 7. 2(n) a pair
of eigenvalues will cross the imaginary axis from right to left or left to right, so
the stability of the origin is turned on or off. The only thing left to show is that
7e2(0) < 7.1(0). Using the Taylor expansion of sin~*(z) for —1 < z < 1 and the

inequality 11 < vo we obtain the following result for k < 0, k > |e],
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2n+1
ot 2n

LS

1
Te,1(0) = {7r —sin™!(

€

k

€

k

€

k

1/1)}:1—

1551

i (2n — 1!
I
— (2n+1)(2n)
s o2n — 1 e 2ntl

( ) ‘ y22" = 7.2(0).

SN St
v Ikl 2= (2n+1)2n)!N 1k

Here we denote (2n)!! =2 x4 x ... x (2n) and 2n — D =1 x 3 x ... x (2n — 1).

Similar results follow for the other values of k. O

The stability results and the Hopf bifurcation of (2), when € is positive are

summarized below.

Lemma 2.2. Fore > 0, equation (2) and the corresponding characteristic equation
(4), we have

(1) if either (€2 > 2 and k? < 1) or €* — 4€% + 4k? < 0 then equation (4) has

at least one root with positive real parts for all T > 0. This implies that the

zero equilibrium of equation (2) is unstable for all T > 0.

(2) if k # 1 and either ( k* > 1 and €' — 4€* + 4k? > 0) or (€ < 2 and
€* — 4€? + 4k? = 0) hold then the characteristic equation (4) has a pair of

purely imaginary roots, tive, corresponding to the delay values

7'672(0) < TC)Q(].) < Tcyg(Q) < ... < TC,Q(H) < ...

Therefore the zero equilibrium of (2) is unstable for all 7 > 0. Equation (2)

undergoes a Hopf bifurcation at the origin when T = 1, 2(n), for n=0,1,... .

(3) ifk <1, k®<1, e <2 ande* — 4e® + 4k* > 0 hold then the character-

istic equation (4) has two pairs of purely imaginary roots, ive and +ivy,
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corresponding to the delay values
Te1(0) < 7e1(1) < 71(2) < .. < Ten(n) < ..o,

Te2(0) < Te2(l) < 7e2(2) < ... < Tea(n) < ...
Equation (2) undergoes a Hopf bifurcation at the origin when T = 7.1(n)

or Tc2(n) for all n=0,1,... . Moreover, there exists a positive number, I,

such that the origin is asymptotically stable when

T € (761(0), 7¢,2(0)) U (7¢,1(1), 7¢,2(1)) U oo U (7,1 (1), Te.2(1)),

and unstable when

T€[0,761(0)) U... U (1e2(l = 1),7c1(1)) and 7 > 7.2(1).

where
Vil {7r + sin_l(ﬁul) + 2n77} , fork <0
(11) Tea(n) = )
V%{ Sin_l(i vi)+2nm}, fork >0
and

V2

L { T+ sin_l(ﬁug) + 2n7r} , for k <0,]k| <e

V% {27r - sin_l(ﬁug) + 2n7r} , fork <0,|k| > €
(12) Tea(n) = )
LJ sin_l(i ve) +2nm}, fork >0,k <e

L —sin™' (£ w) 420}, fork >0,k >

V2
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withn € Z .
Proof. The proof follows easily using the same arguments as in Lemma 2.1. ([l
As in [20, 26] we can plot the critical curves in the (k, 7)-space for € = —0.5 (see

Fig 2, (a)) and € = 0.5 (see Fig 2(b)). One can notice that for e = 0.5 the origin
is stable for 7 € (7,,1(0), 7¢,2(0)) and unstable for 7 > 7, 2(0) which is consistent to

Lemma 2.2 (3) for [ = 0.

Insert FIG 2

3. DIRECTION AND STABILITY OF HOPF BIFURCATION

As seen in the previous section, under certain conditions, the system

dz
Ay —y(t)
(13) a 7

%(t) =e(1 — 2*(t)y(t) + kz(t — 1) — x(t)
undergoes a Hopf bifurcation at the origin, as the delay equals critical values 7. ;
or 7.2. We will apply the central manifold theory to derive conditions for the
direction, stability and period of these periodic solutions [10].

The same approach has been used for the van der Pol equation with k = ke
[25], the van der Pol equation with distributed delay [17] and for predator-prey
systems [22]. We will again consider the general case (k,¢) for which, under the
assumptions of Lemma 2.1 or 2.2, a Hopf bifurcation exists. We first consider the

change of variable u; (t) = x(t7), ua(t) = y(t7). Also, let 7 = 7. + p with p € R be

a perturbation of the delay from the Hopf bifurcation value. Equation (1) becomes
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duy
dt

dup
dt

(t) = Tua(t)
(14)

(1) = 7(—u1 () + e(1 — u2(t))us(t) + kuy (t — 1))

To transform system (14) into a functional differential equation, let C' = C([—1, 0], R?)
denote the space of continuous vector functions defined on [—1,0], whose domain
is independent of the delay, 7.

For every ¢ = (¢1,¢2) € C, let

$2(0)
(15) Lu¢ = (Tc + p) )

—$1(0) + €p2(0) + ko1 (—1)

be a family of linear operators and

(16) fu, ¢) = (e + p) ,
—e¢7(0)¢2(0)

contain the nonlinear terms. Moreover

f(p,0) =0 and D, f(u,0) = 0.

By the Riesz representation theorem, there exists a matrix valued function

n(0, i) : [-1,0] — R? whose components have bounded variation, such that

0
Lo= [ dn(6.o(6). for 6 € C.

In our case we can choose 7(6, 1) to be
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0 1
-1 €
(17) n(0,p) =
0 0
(1o + 1) ,if 0 € [1,0)
-k 0

We make the following assumptions on the spectrum of L,,,
o(p) = {Adet(\ — L,eI) = 0},

(1) there exists a pair of complex conjugate eigenvalues A(x) and A(u) such

that
A(p) = ap) +iB(u),

where o and 8 are real and «(0) = 0, 3(0) = 7.v and &'(0) # 0,

(2) all other elements of o(0) have negative real parts.

For ¢ € (C[-1,0),R?) let us define

W00) it g € [-1,0)

12, dnlu,s)é(s) , it 6 =0

and

0,if 0 €[~1,0)
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Then, since 4% = 4% system (14) becomes

(18) iy = A(p)ue + R(p)ue,

where u = (u1,u2)” and w, = wu(t +0), 6 € [-1,0]. For u = 0 let q() =

(q1,92)T e be the eigenvector of A(0) corresponding to A(0), i.e.,
A(0)q(0) = ivTeq(0).

The adjoint operator A*(0) is defined for every ¢ € C([0,1],R?) by

— )i s € (0,1]

J21 dn(t,0)(~1) if s =0
For every ¢ € C([—1,0),R?) and ¢ € C([0,1],R?) we define a bilinear inner

product
< 1,6 >= H(0)9(0) - / D(E — 0) dn(0)6(6) de,
—1Je=0

where 7(0) = 1(6,0). Let ¢*(s) = (¢}, ¢5)e™”™* be an eigenvector of A* correspond-

ing to the eigenvalue A(0), i.e.,

We find the eigenvectors ¢ and ¢* to be

g(8) = (1,iv)" "™,

q*(s) = B(—e+iv,1) ™™,
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where B can be found using the normalization formula < ¢*,g >=1 to be

—€+ 2V + eve W

€2 + 42 + €202 — 2627, cos(vT.) — dvTeesin(vr,)

Next we compute the coordinates that describe the center manifold Cy at u = 0,
following the same arguments as in [10]. For w;, a solution of (14) at p = 0, we

define
(19) z(t) =< ¢",uy > and w(t,0) = u,(0) — 2Re{z(t)q(9)}.
On the manifold Cy, w(t,0) = w(z(t), 2(t),0) where

22 z2

(20) w(z, z,0) = wgo(G)E +wq1(0)22 + ’UJOQ(@)? + ..,

and z and Z are local coordinates for Cy in C in the directions of ¢* and ¢*. Since
we are dealing only with real solutions, i.e., u; real, one can notice that w is real
as well.

For solutions u; € Cy of (14) we have,
< q* U >=<q*, Auy + Ruy >,
which, for u = 0, is equivalent with
(21) 2(t) =tz + 3 (0)f(2,2,0) + 2 Re {2¢9(0)}) = ivrez + 77(0) fo,
which we rewrite as

(22) 2(t) = ivrez + 9(2, 2).



AN ASYMPTOTIC ANALYSIS OF THE VAN DER POL DELAY DIFF. EQN. 15
Note that g is a function of z and z that does not depend on 6. Let’s expand ¢ in

powers of z and z as follows

2 z? 2%z
(23) g(z,é):gg()? +91125+902?+gz17+....

From (19) it follows that
(24)
u(0) = w(t,0) +2 Re {z(t)q(0)}

= w20(9)§ +wi1(0)zZ + wog(ﬁ)% + (1,30)Tevmef% + (1, —iv)Te w0z 4 .

This, together with (16) gives the following formula for g

9(2,2) = q"(0)fo(2,2) = 77(0)f(0, ur)
0
—e(wt(0) + 2 + 2)2(w?(0) + ivz — ivz)
0

—e(w'(0) + 2 + 2)3(w?(0) + ivz — ivZ)

= —eBr(why(0)5 + wl(0)27 + wiy(0) 5 + ... + 2 + 2)2

2

(w3y(0)%-(0) + w?) (0)2Z + Wiy + ... + vz — iv3)
= —iBet.vz%z + O(222?).

If we equate (25) with (23) we obtain the following identities

(26) G20 = g11 = Go2 = 0, go1 = —2iBer.v,

which do not depend on w. Therefore,
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. 2 _
a(0) =g (911920 —2|g11]? — LO;' ) + L1 = —iBer.v

e27.v(1—7, cos(v7e))
(—etere cos(vTe))?2+(2v—eTe sin(vr.))??

o eTcv(—2v+et. sin(vr.))
T (—eterccos(vTe))2+(2v—eTc sin(vTe))?

+1

_ _ _Re(a(0) _ _ 1 erev(—2v4er. sin(vr,))

H2 Re (M (7e)) 2 Ro(V (70)) (—etere cos(0me))2+ (20 —ere sin(v7o))2 ?
= — etV (—2v+er. sin(vr.))

ﬁQ =2 Re (Cl (0)) = 2(76+e7'c COS(UTC))2+(2SI/767-C sin(07e))2

Ty — _ I (c1(0)+pz Tm (N (7e))

Thus, the periodic solutions bifurcating from the origin in the center manifold
are stable if #2 < 0 and unstable if G > 0. The sign of us determines the direction
of the bifurcation, i.e., supercritical (subcritical) if puo > 0 ( po < 0 ), and the
bifurcating solutions exist for 7 > 7. (7 < 7. ). Furthermore if T5 > 0 then the
period of the bifurcating periodic solution increases, and decreases if 7o < 0. The

results for equation (2) are summarized below

Theorem 3.1. Suppose that system (2) has a Hopf bifurcation at the origin, then

we have

(1) if 7 = Teq and er.v(—2v+eresin(vre)) > 0 (< 0 respectively) then the Hopf
bifurcation is supercritical ( subcritical). Furthermore, the periodic solution

is unstable (stable).
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(2) if T =Tc2 and eT,v(—2v+er.sin(v:)) > 0 (< 0 respectively) then the Hopf
bifurcation is subcritical ( supercritical). Furthermore, the periodic solution

is unstable (stable).

4. NUMERICAL RESULTS

In this section we will study the stability of the zero solution and the appearance

of limit cycles for different values of ¢ and k.

4.1. Weak feedback, weak positive nonlinearity. Let us consider the param-
eter k to be of same magnitude as € > 0, i.e., we rescale the delayed feedback by a
factor of € to obtain

d%x

dz -
g = — == —r
(28) 7 +z=¢1—-2°) ; + ekx(t ),

where k is real. The existence of periodic stable solutions of this equation was
proven by Atay [1] using the method of averaging for delay-differential equations.
We use the method of multiple scales [13], to investigate the nature of oscillations
and the effect different parameters have on the outcome of the solutions.

Let us consider € to be a small positive parameter, i.e., 0 < ¢ < 1. To apply the
method of multiple scales, we begin by considering two time scales ¢, and T = et.

Regard the solution of (2) as a Taylor series in ¢, for e small

(29) x(t, T;e) = xo(t, T;0) + ex1(t, T;0) + 2xo(t, T;0) + ...

We substitute the expansion into equation (1) to obtain the following relations
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(30)

d2

?‘Zo(ta Ta 0) + ‘TO(ta T’ 0) = Oa

d2$1 dQl‘o - 2 dxo

— (¢, T T,0) = — T, —7,T; 1-— —(¢,7;0).
dt2 <t7 a0)+$1<ta ,0) dth(t, ,0)+k.ﬁ1)0(t T, 70)+( xO) dt (t7 7O>

A solution of the first equation has the form z¢ = r(T) cos(t + 6(T)) where r(T)

and 6(T) are found, after substitution into the equation for 1, to satisfy

do B k cos(r)
D=5

dr 1 r2(T) z .
ﬁ(T) = —§7~(T)(T — 14 ksinT).

(31)

The solution for the amplitude r is given by r(T') = 2y/1 — ksin 7. In the absence
of the feedback effect we recover 2 cost to be the limit cycle of unforced van der Pol

oscillator. As k changes away from zero, and for small €, we obtain

2(t) = 2v/1 — ksint cos(1 — gl_f cosT)t + O(€°).

to be an attracting periodic solution of (2), provided that 1 — ksinT > 0 . This
is consistent with the results obtained in [1] using the method of averaging. If the
attracting solution exists, then it exists for all time delay and a change in 7 only
affects the amplitude of the limit cycle.

If 1 — ksinT < 0 then limit cycle disappears and the zero solution is stable.
Numerical example for this case are shown in figure 3.

Insert FIG 3
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4.2. Strong feedback, weak positive nonlinearity. In this section weak nonlin-

earities will still be consider, i.e., € < 1, but unlike [1], we change the feedback effect,
k, to be of magnitude one. In particular we will consider k € (—oo, —1) U (1, 00).

As in section 4.1 we apply multiple scale analysis to derive e-order solutions of

(2). For z of form (29) we obtain the leading and the e-order solutions

(32)

d2

S T0) + a0(t, T3 0) = kao(t = 7.T50),

d2CE1 dziL’o de
—=(t,T; t,T;0) = — t,T; kay(t — 7, T; 1—a23)—=(t,T;
dt2 (a ,O)+I1(, 10) dth(7 70)+ 171( T, 70)+( IO) dt (7 70)7

to be delay differential equations. The characteristic equation for leading term xg

is given by

(33) N 41 =Fke 7.

In the absence of delay the origin is a saddle if £ > 1 and a center if k£ < 1. We
vary 7 and look for solutions of (33) of the form A = a + iv , where o and v are

real. Substitute into (33), separate the real and the imaginary parts to obtain

(34) v? —1=ke " cos(v7), 2av = —ke " sin(vT).

We set a = 0 to obtain pure imaginary roots of (33) in the following cases
i Ifk<—1, \==iv , for 7=7.1(n),
i If -1 <k<1, A=divy, \==ivy , for 7=17.1(n), and 7 = 79,

iii. Ifk>1, A==xivy , for 7=1.2,
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where 1y = V1—k, o = V1+k, 7e1(n) = (271%_1]1” and 7.2(n) = \/2% for all
integer n. The origin will change stability if % < 0 along any of the critical

curves 7.1(n) or 7. 2(n). If we adapt (11)and (12) to this case we obtain

dRe\
sgn( ‘S: ) = —sgn(k) > 0 on 7. 1(n),
(35)
sgn( d?e)\) =sgn(k) > 0 on 7.2(n),
T

which shows that the origin stays unstable for all values k& € (—oo, —1) U (1, 00),
when the nonlinearity e = 0. We now look at the changes in the stability of the
zero solution due to the nonlinearity e. If € is positive, we are in the case (2) of
Lemma 2.2 which implies that the origin is unstable for all 7 > 0 (see figure 4). If
€ is negative, the origin changes from stable to unstable when the delay parameter
crosses the critical value 7.2(0). Figure 5 displays the numerical solutions of (2),
together with phase diagrams, for strong negative feedback and different values of
7. The increase in the delay has an effect in the amplitude of the limit cycle.

Insert FIG 4 and Fig 5

4.3. Negative nonlinearity. In this subsection, we present numerical solutions
of (2) for different values of 7, negative nonlinearity ¢ and k£ < 1. In section 3 we
studied the direction of Hopf bifurcation and the stability of periodic solutions. If
we consider ¢ = —1 and k = 0.9 we are in the case (3) of Lemma 2.1, i.e., the
origin is stable in the absence of the delay and switches stability three times as the
delay passes through critical values 7. 2(0) = 5.79, 7.1(0) = 11.26, 7. 2(1) = 13.07,
Te2(2) = 20.35, 7.1(2) = 23.7 and so on. Moreover since Re (¢1(0)) > 0 at
T = 7.,2(0) we have that po < 0 and B2 > 0. Thus, the Hopf bifurcation occurring
at 7.,2(0) is subcritical and the bifurcating periodic solutions are unstable. On the

other hand, since Re (¢1(0)) < 0 at 7 = 7,1(0) we have that us < 0 and 82 < 0.
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Thus, the Hopf bifurcation occurring at 7. 1(0) is subcritical and the bifurcating
periodic solutions are stable. These results are shown in Figure 6, (a)-(f).

Insert FIG 6

5. DiscussioN

We have studied the effects of a linear delayed feedback on the dynamics of the
van der Pol equation. Using the time delay as a bifurcation parameter, we have
proven the existence of Hopf bifurcations. Moreover, we have derived the parameter
space where the local stability of the zero solution switches stability as the delay
increases. The direction and the stability of the periodic solutions bifurcating from
zero were also proven. For different values of the non-linearity parameter € we have
found stability and instability domains of the origin. We have shown, using multiple
scale techniques, that with a small feedback gain the origin is either stable or there
exists an attracting periodic solution. Special attention was given to the effects
that a strong feedback has on the destabilization of the origin. In this situation
the multiple scale techniques no longer apply. We have shown numerically that
the origin becomes unstable, as the delay increases. The last section presents a
numerical example of the appearance of a subcritical Hopf bifurcation and a change
in stability of the solution for system (13) with nonnegative nonlinearity.

An appropriate choice of feedback, damping or time delay parameters for the van
der Pol equation leads to rich dynamical behaviors. By presenting conditions in the
parameter range that lead to creation of oscillations as well as their suppression,
we help understand when such an equation is useful in biological and physical

problems.
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6. FIGURE CAPTIONS

Figure 1. Regions in the (¢, k)-plane where Hopf bifurcations occur: four bifur-
cation points in regions IV, two in regions II and on the dashed lines, and none in

regions I and IIT .

Figure 2.  Unstable regions for the zero solution in the (k,7)-space for (a)

e =—0.5, (b) e=0.5.

Figure 3. Solutions of equation (2) for weak feedback k = 0.1, weak nonlin-

earity ¢ = 0.1 and 7 = 1 (dashed line), 7 = 5 (dot line) and 7 = 10 (solid line).

Figure 4. Solutions of equation (2) for e = 0.1 and 7 =1 and (a) k = 3, (b)

E=5and (c) k=9.

Figure 5. Simulations of the van der Pol equation (2) for k=-2, ¢ = 0.1 and

(a) 7=1, (b) 7 =5 and (c¢) 7 = 10.

Figure 6. Simulations of the van der Pol equation (2) for k=0.9, e = —1 and
(a)-(c) 7= 4.5 < 72(0); (b)-(d) 7e,2(0) <7 =65 <71(0), (e)-(F) 7= 12 > 7.,1(0)

At 7 = 7. a Hopf bifurcation occur.
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Figure 1
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Figure 3
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