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Problem Introduction  
Å Problem Statement:  

o Dynamic instability of a low 
aspect ratio cantilevered plate  

ÅSuch systems exhibit limit 
cycle oscillations (LCO) that 
persist even if the free stream 
velocity falls below the flutter 
onset velocity  

ÅMotivation:  
o Energy harvesting from flutter  

o Flutter characteristics  

Å Structural Model:  
o Classical linear Hamiltonian 

dynamics model  

Å Aerodynamic Model  
o Linear Vortex Lattice model  
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Hamiltonian Elastic 
Model  

ÅCantilevered plate is 

modeled as a beam  

ÅModel only accounts 

for out of plane motion  
o Accurate because 

experimentally observed 

motion does not involve 

twisting motions  

o Hamiltonõs Principal: 

Equation of Motion  

Boundary Conditions  
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Structural Consideration - 
Pinned vs. Clamped 
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Pinned Mode Shapes with 
Leading Edge Spring 
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Å Potential Energy of a leading 
edge torsional spring modeled:  
 
 

Å After plugging into Hamilton's 
principal and using Galerkinõs 
method the new governing 
equation becomes:  
 
 
 

 
Å Where       =  
Å Equation solved by placing in 
state space and using Matlabõs 
Generalized Eigenvalue solver  

 
 
 
 
 



Convergence Issues 
Spring Model  
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Å Looked at the number of pinned -
free modes required to model 
2õnd clamped-free mode (Flutter 
Mode)  

o Important because the more modes required 
larger (by number squared) aeroelastic 
simulation  

Å Interesting Spatial 
convergence(Not Monatomic)  

o May create interesting flutter behavior  

Å Upshot: Can use 7 -10 modes for 
2õnd mode flutter calculations 
 



 AeroElastic Structural 
Model  

Å In fluid flow the problem can be 
solved using Galerkinõs method 
starting with the assumed 
solution:  

 
 
 

Å Structural equations are then 
placed in state space form:  
 
 
 

 
 

Å Non Dimensionalize  Pressure 
using mass ratio and aspect ratio  
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Vortex Lattice Governing 
Matrix Equation  
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Governing Equation  
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Results 
Theoretical Mass Ratio Variation  
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Comparison to Existing 
Results 
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H*=1/2 

Pinned-Free flutters lower than Clamped -Free beam 
of the same configuration. Differs from previous 
results.  



Flutter Frequency vs. M* 
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Results 
Theoretical Pinned Free to Clamped Free Result  
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Flutter Velocity vs. Spring 
Stiffness (Pinned Beam) 
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Flutter Frequency vs. Spring 
Stiffness (Pinned Beam) 
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Experimental Results 
Clamped -Free Experiments  
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Experiment Setup 
Å Small p iezo sensor used to 

measure frequency.  
o Frequency data collected from 

spectrum analyzer  

Å Structural Frequencies 
found through òping testó 

o For H*=.5, good agreement 
between beam theory and 
experiment  
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Experiment Video  
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Flutter Velocity Vs. Mass 
Ratio 
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Natural Frequencies vs. 
Mass Ratio 
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Future Work  
ÅPinned -Free Experiments  

ÅUse larger structural value eigenmodes in 
Aeroelastic analysis. (2 -Step Analysis)  

ÅNon -linear beam dynamics  
o Include non -linear beam terms to predict the LCO behavior (may alter the 

ability to run analysis on different types of boundary conditions)  

ÅSweep Angle Effect  
o The flapping flag configuration shows coalescence flutter between the 

first two bending modes and the conventional wing between the first 
torsional and first bending   

o Explore the shift in dominant modes as you move from one configuration 
to the other  

ÅRun analysis on panel flutter for other boundary 
conditions  
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Hamiltonian Elastic 
Model (2) 

Å Potential Energy(V)  

 

 

Å Kinetic Energy (T)  

 

 

Å Virtual Work ( dW) 

 

 

ÅHomogenous Hamiltonõs Principle Result 
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Natural Frequencies of 
Homogenous System 

Å Hamiltonõs equation is first used 
on the homogeneous beam 
model ( dW=0) to discover the 
natural frequencies and spatial 
mode shapes of the system  

Å After applying Hamiltonõs 
Equation and integrating by 
parts the relationship for the 
natural frequencies become:  
 
 

 
Å Where kn is: 

 
 
 

Å The plot on the left shows the 
intercepts of the two sides of the 
equation.  
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